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Abstract

The promise of string theory is quantum gravity, and its concrete predictions are cor-
rections to Einstein’s equations whose one-loop coefficients are integrals of modular graph
functions over the shape of the torus the string sweeps out. For a thin torus these func-
tions reduce to Laurent polynomials, whose coefficients are conjectured to be single-valued
multiple zeta values and to map into one another under the cosmic Galois group. D’Hoker
and Green found only odd zeta values in the melon functions, D’Hoker and Duke in every
three-edge function, and for odd zeta values both conjectured properties are automatic. We
compute in closed form the Laurent polynomials of all forty-nine functions of the two-vertex
four-edge family at weights seven through twelve. Multiple zeta values of depth three occur
in this family, and we prove that in any two-vertex four-edge function they can appear in
only one Laurent coefficient, fixed by the weight. At each weight these depth-three values
span, modulo products, a space of the full dimension allowed by the Broadhurst–Kreimer
conjecture. The generators of the cosmic Galois group can only send them to combinations
of products of two odd zeta values, and every image lies in the span of the family’s own
lower-weight coefficients. Through transcendental weight twenty-one, past the reach of the
explicit constructions of Dorigoni et al., every coefficient in the family is single-valued.
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1 Introduction

String theory is, before anything else, a proposal for quantum gravity. Fifty years in, the proposal
has produced few concrete quantum-gravity predictions. Those it does produce are corrections
to Einstein’s equations, an infinite series of higher-derivative terms whose coefficients the theory
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fixes, with no free parameters. At one loop each of these numbers is a period integral over the
shape of the torus the string sweeps out. The integrands are combinations of modular graph
functions [1], one for each Feynman graph of a scalar field on the torus. When the torus is
long and thin, a modular graph function reduces to a finite Laurent expansion. Its coefficients
involve rational numbers, values of the Riemann zeta function at odd integers and, for sufficiently
complicated graphs, multiple zeta values that are not polynomials in these [1, 2].

The modular graph functions [1, 3] in the low-energy expansion of the genus-one four-graviton
amplitude [4, 5] are SL(2,Z)-invariant solutions of inhomogeneous Laplace equations [1, 6]. The
two-vertex graph with exponents a1, . . . , aℓ on its ℓ edges gives

Ca1,...,aℓ(τ) =
∑

p1,...,pℓ∈Λ\{0}
p1+···+pℓ=0

ℓ∏
r=1

(Im τ/π)ar

|pr|2ar
, Λ = Zτ + Z , (1)

of weight w =
∑

r ar and symmetric in the exponents. We write Ca with |a| = w. Near the cusp
a weight-w modular graph function is a Laurent polynomial in y = π Im τ up to exponentially
small terms [1, 2],

C(τ) =

w∑
k=1−w

ck y
k + O(e−2y) . (2)

Integrated over the fundamental domain, a weight-w function enters the one-loop D2wR4 inter-
action [7, 8, 9].

The ck are known in closed form, as polynomials in odd zeta values, for the melon graphs
C1,...,1 [10] and for every three-edge function Ca,b,c [11]. Zerbini [2] gave the Laurent polyno-
mials of the two-vertex functions C2,1,...,1 with up to seven edges, the last with one coefficient
undetermined, and of several three-vertex functions. Single-valued multiple zeta values of depth
three already occur in the two-vertex d1,1,5 = C2,1,1,1,1,1 and d1,1,6 [1, eq. (6.6)]. Dihedral and
trihedral graphs are tabulated through total modular weight 12 (w ≤ 6) [12], one coefficient
of each Ck,1,1,1 is known [13], and at modular depth two the Laurent polynomials follow from
Poincaré series [14, 15].

Zerbini proved that the coefficients ck are cyclotomic multiple zeta values and conjectured
that they are single-valued in Brown’s sense [2, 16]. Motivic multiple zeta values carry derivations
Dm, oddm ≥ 3, which lower the weight bym and generate Cartier’s cosmic Galois group [17, 18,
16]. Under this group the constants of a physical theory are expected to map into one another [19,
20]. The Broadhurst–Kreimer conjecture [21] gives the number of irreducible multiple zeta values
of each weight and depth, and at depth three the cusp forms of SL(2,Z) lower it.

In the melon and three-edge families the coefficients are polynomials in odd zeta values, which
are single-valued and mapped to such polynomials by every Dm. Hence Zerbini’s conjecture and
stability under the derivations hold there automatically. Neither family involves multiple zeta
values of depth three, so the Broadhurst–Kreimer count and the Galois action have not yet been
tested against a complete genus-one family in which such values occur.

In this paper we compute the Laurent polynomials of the two-vertex four-edge modular
graph functions, all forty-nine functions of weights seven through twelve. We obtain all 740
coefficients, one for each Laurent power to which the sector decomposition described below
contributes, in closed form in the ring of multiple zeta values. Poisson resummation of (1)
splits each function into sectors given by signed Mordell–Tornheim sums, which we evaluate in
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closed form for arbitrary exponents. The sector in which all four momenta pr have a nonzero τ -
component produces the depth-three values, for instance Brown’s ζsv(5, 3, 5) in the y−5 coefficient
of C2,2,2,2, Eq. (33). We call the resulting table of Laurent polynomials the atlas.

The forty-nine four-edge functions obey three laws, of which the first is the confinement of
depth three: for every a we find

ck(Ca) ∈ Pw−k = Q[ζ3, ζ5, ζ7, . . . ]w−k (k ̸= 3− w) , c3−w(Ca) ∈ S2w−3 , (3)

where ck has transcendental weight w − k and Sn ⊃ Pn is the weight-n part of the algebra
generated over Q by the odd zeta values and Brown’s single-valued multiple zeta values of depth
three. Hence depth three occurs only in one slot, the deep coefficient c3−w of transcendental
weight 2w− 3. At four edges this follows from the sector decomposition (Proposition 1). In the
Laplace equations [6] a solution’s Laurent coefficients follow from those of its source except at
a resonant eigenvalue k(k− 1). A transport theorem, proved for the invertible case, carries ring
statements such as (3) through the Laplace equations to functions not computed directly, and
the resonant functions the theorem cannot reach are covered by the atlas itself (Section 4).

The second law, saturation, concerns the depth-three parts c̄3−w of the deep coefficients
modulo products:

dimQ span
{
c̄3−w(Ca) : |a| = w

}
= D2w−3, 3 , w = 7, . . . , 12 . (4)

Here Dn,3 is the conjectural Broadhurst–Kreimer number of depth-three irreducibles of weight
n, equal to 1, 2, 2, 4, 5, 6 at n = 11, 13, . . . , 21 by (14), and bounds the left-hand side a priori,
since the classes c̄3−w lie in the corresponding depth-three quotient.

The third law is closure under the derivations: for every a, relative to a fixed basis of the
irreducible generators,

Dm c3−w(Ca) ∈ A2w−3−m , m odd, 3 ≤ m ≤ 2w − 5 , (5)

where An is the Q-span of the weight-n Laurent coefficients of the forty-nine functions. Each
image Dm c3−w(Ca) has depth at most two (Section 5.2) and is therefore a rational combination
of products of two odd zeta values [16]. We find that every image lies in the span of the family’s
lower-weight coefficients alone, which is the content of (5).

The twenty-six deep coefficients at w = 11, 12 (transcendental weights 19 and 21) arise at
total modular weight 2w > 20, past the range in which the constructions of [22] account for
single-valuedness. We find that they all belong to the single-valued ring, as the zeta-generator
framework of that reference predicts conditionally.

When C2,2,2,2 is integrated over the fundamental domain, its depth-three constant drops out
of the divergent and logarithmic parts of the α′8 coupling integrals. The two undetermined
constants of [23], fixed there under a transcendentality assumption, are reproduced by a zero-
mode matching that takes the printed ultraviolet zero modes as inputs, hence are consistent
modulo that assumption. Uniform transcendentality at order α′8 then requires the cancellation
of two ln(2π) coefficients, rational multiples of πζ7, (57).

Our results have the following status. (i) Computed exactly, by symbolic algebra: the forty-
nine Laurent polynomials, by sector expansion and exact reduction, checked numerically and
against [13, 24]; the images Dm c3−w, which satisfy (5); and, by rational decompositions, the
single-valuedness of the twenty-six deep coefficients at w = 11, 12. (ii) Proven: confinement of
depth three to c3−w for every four-edge exponent vector (Proposition 1); Laplace transport at
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non-resonant eigenvalues in Zerbini’s class of cusp expansions (Theorem 1). (iii) Conjectural or
external input: the Broadhurst–Kreimer dimensions in (4), Zerbini’s conjecture as the statement
tested, and the assumptions of [23, 13] in the coupling results. (iv) Extracted numerically by
integer relations: sixty-one of our formulas for the ζsv(a, b, c), each reproduced exactly from
Brown’s single-valued map by the algebraic construction of Appendix C, which alone gives
the other twenty-two; and the independence of the classes in (4) beyond the known relations.
(v) Open or not done: why particular irreducibles are absent from particular deep coefficients
(an identity of [24] explains one case); uniform transcendentality at order α′8, for which (57) is
only necessary; resonant Laplace systems, coupled [6] or three-vertex above weight eight [25];
depth four in five-edge functions beyond those computed in Appendix F.

Section 2 reviews the background, Section 3 gives the sector decomposition, Section 4 the
Laurent polynomials, the first two laws and the single-valuedness of the deep coefficients, Sec-
tion 5 the third law, and Section 6 the couplings at order α′8. The appendices contain the proof
of the transport theorem, the Broadhurst–Kreimer count, the ζsv(a, b, c) formulas, numerical
checks, the Laurent data and the five-edge functions.

2 Modular graph functions and single-valued periods

Throughout we set y = π Im τ , and w denotes the weight in (1).

2.1 Modular graph functions and their Laplace equations

The low-energy expansion of the genus-one four-graviton amplitude of type-II superstring the-
ory [4] involves the modular graph functions of D’Hoker, Green, Gürdoğan and Vanhove [1], one
for each Feynman graph of a conformal scalar field on the torus. Each is an SL(2,Z)-invariant
real-analytic function with the expansion (2) at the cusp. For two edges (1) reduces to the
Eisenstein series Ew. We write the invariant Laplacian, which acts diagonally on the monomials
of (2), as

∆ = y2∂2y + (y2/π2)∂2x , x = Re τ , ∆ yk = k(k − 1) yk . (6)

The two-vertex functions of a given weight with three or more edges obey an inhomogeneous
system

(∆− λi)Ci = Si +
∑
l

qilCl , (7)

with rational λi, qil and sources Si polynomial in functions of lower weight [5, 1, 3, 24]. Basu’s
Laplace system for the Ca,b,c,d [6] covers the four-edge family in principle but is not solved.
For an uncoupled equation, (6) and (7) determine ck(Ci) from the Laurent polynomials of the
sources unless λi = k(k − 1), as Theorem 1 makes precise.

For the melon graphs DN = C1,...,1, D’Hoker and Green [10] proved that every Laurent
coefficient is a polynomial in odd Riemann zeta values with rational coefficients. D’Hoker
and Duke [11] gave the Laurent polynomial of every three-edge function Ca,b,c in closed form.
Gerken [12] tabulated all dihedral and trihedral modular graph forms of total modular weight
(2w for a weight-w function) at most 12. The four-edge functions of weights 7 to 12 (total mod-
ular weight 14 to 24) lie above this range. D’Hoker and Geiser [13] computed the y1 coefficient
of each Ck,1,1,1, and Poincaré series yield Laurent polynomials for infinite families of modular
depth two [14, 15].
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The three-point functions dl1,l2,l3 of [4] have weight l1+ l2+ l3, and their Laurent polynomials
below weight six are known [4, 5]. Zerbini [2] computed the complete Laurent polynomials at
weight six, those of d1,1,5 and d1,3,3 at weight seven, and all but one coefficient of d1,1,6 at weight
eight. Beyond these results Laurent polynomials are known only in isolated instances [23].
Zerbini’s d1,1,5 = C2,1,1,1,1,1 and d1,1,6, both two-vertex functions, contain irreducible single-
valued multiple zeta values of depth three [2, 1].

2.2 Single-valued multiple zeta values

The coefficients ck we obtain are rational combinations of multiple zeta values (MZVs),

ζ(n1, . . . , nr) =
∑

k1<···<kr

1

kn1
1 · · · knr

r
, nr ≥ 2 , (8)

of weight n1 + · · ·+ nr and depth r, with ζn = ζ(n) =
∑

k≥1 k
−n. We use this ascending-index

convention throughout, and motivic MZVs [18, 16] for the coaction below.
Brown’s single-valued map ζ 7→ ζsv [16] annihilates ζ2 (and with it every even zeta value)

and doubles the odd ones,

ζsv(2n) = 0 , ζsv(2k + 1) = 2 ζ2k+1 , (9)

and maps onto the subalgebra of single-valued MZVs. In Brown’s model U⊗Q[f2] of the motivic
MZVs, with U = Q⟨f3, f5, f7, . . . ⟩ the shuffle algebra on one letter per odd degree, the map sends
f2 to zero and acts on words by [16, eq. (7.3)]

sv(w) =
∑
uv=w

u ⊔⊔ ṽ , sv(fafbfc) = 2 (fafbfc + fafcfb + fcfafb + fcfbfa) , (10)

with ṽ the reversed word. On two letters (10) is a shuffle, and single-valued MZVs of depth
two are therefore polynomials in odd zeta values, for instance ζsv(3, 5) = −10 ζ3ζ5. The first
single-valued MZV that is not such a polynomial is ζsv(3, 5, 3), at weight 11 [16, 1]. Closed forms
for the depth-three values are given in [16, eq. (7.4)] at weights 11 and 13, and in [22] through
weight 17; we tabulate them through weight 21 in Appendix C.

Zerbini [2] proved that the Laurent coefficients of modular graph functions are cyclotomic
MZVs and conjectured the sharper statement that they are single-valued MZVs. The conjecture
is the natural genus-one extension of what the closed string does at tree level, and it is open.
At tree level the coefficients of closed-string amplitudes are single-valued MZVs, since these
amplitudes are single-valued images of open-string amplitudes [26, 27, 28, 29].

2.3 Equivariant iterated Eisenstein integrals

Brown’s class of real-analytic modular forms [30, 31] is generated by iterated integrals of holo-
morphic Eisenstein series with lower-depth completions whose coefficients are MZVs or further
periods, and modular graph forms can be written in terms of such integrals [8, 9, 32]. A two-
vertex function with ℓ edges has modular depth at most ℓ − 1, and for a weight-w four-edge
function the part of modular depth three is a combination of equivariant iterated Eisenstein
integrals of total modular weight k1+k2+k3 = 2w [32, 22]. At modular depth ≤2 these integrals
have been constructed at all weights [30, 31, 32]. At modular depth three, Dorigoni et al. [22]
construct every integral through total modular weight 20 from zeta generators, with coefficients
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that are single-valued MZVs after specialization to modular graph forms. Periods beyond MZVs
first enter such integrals at total modular weight k1+k2+k3 = 18 [22], in combinations that drop
out under that specialization, and no published construction reaches total modular weight 22.

2.4 Motivic derivations and the Broadhurst–Kreimer count

Motivic MZVs carry a coaction [18, 33, 16] encoding the action of the motivic Galois group of
mixed Tate motives over Z, Cartier’s cosmic Galois group [17]. Its infinitesimal generators are
derivations Dm, one for each odd m ≥ 3,

Dm = (id⊗ πm) ◦∆mot : HN −→ HN−m , m = 3, 5, 7, . . . , (11)

where HN denotes the motivic MZVs of weight N , ∆mot is Goncharov’s coproduct, and πm
projects the weight-m factor onto its coefficient of ζm, sending products and ζ2 to zero. Hence

Dm ζn = δmn , Dm ζ
j
2 = 0 , Dm(ξη) = (Dmξ) η + ξ (Dmη) , (12)

and, for example, D5 ζ(3, 5) = −5 ζ3 while D3 ζ(3, 5) = 0. For m ≥ 11 the MZVs of weight
m include depth-three irreducibles besides ζm, and πm then depends on a choice of basis. We
fix the depth-three generators (30) of Section 3.3, and every statement about the Dm below is
relative to this choice. Moreover, the Dm preserve the subalgebra of single-valued MZVs [16].
Brown proposed, and Panzer and Schnetz observed for the ϕ4 periods, that the periods of a
quantum field theory span a space stable under the coaction [19, 20].

Broadhurst and Kreimer [21] conjectured (see also [34]) that the numbers Dn,k of MZVs of
weight n and depth k that are irreducible modulo products and lesser depth have the generating
function

1− x3y

1− x2
+

x12y2(1− y2)

(1− x4)(1− x6)
=

∏
n≥3

∏
k≥1

(
1− xnyk

)Dn,k (13)

(eq. (7) of [21] and eq. (3.5) of the Data Mine [35]). The left-hand side is G(x, y) = 1−O(x) y+
S(x) y2−S(x) y4 with O = x3/(1−x2) counting the odd zeta values and S = x12/((1−x4)(1−x6))
counting cusp forms for SL(2,Z). At the odd weights n = 11, . . . , 21, Möbius inversion of (13)
(Appendix B) gives(

D11,3, D13,3, D15,3, D17,3, D19,3, D21,3

)
=

(
1, 2, 2, 4, 5, 6

)
, (14)

to be compared with the free count 1, 2, 3, 5, 7, 9 of Lyndon words of length three in the letters
of U . Each pair of an odd zeta value and a cusp form whose weights sum to n lowers Dn,3 by
one, the first being (ζ3,∆12) at weight 15. The Data Mine tables [35] verify the counting at low
weight; the conjecture itself is open.

We list which statements of this section are proved and which are conjectured.

� Proved: modular invariance and the Laplace systems (7); Zerbini’s theorem (cyclotomic
MZVs); the melon theorem [10]; Brown’s single-valued projection (10); the motivic coac-
tion and its derivations (11).

� Conjectured: Zerbini’s single-valued conjecture; the Broadhurst–Kreimer dimension for-
mula; and the cosmic Galois principle that the constants of a physical theory close under
the derivations.
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3 Sector decomposition of two-vertex lattice sums

Near the cusp we evaluate the lattice sum (1) by Poisson resummation. Its Laurent polynomial
then splits into sector sums, labeled by the set S of edges with nonzero winding number, whose
coefficients are rational combinations of signed Mordell–Tornheim sums. At four edges the sector
with all four winding numbers nonzero contributes triple sums, which we reduce to multiple zeta
values of depth at most three for arbitrary exponents.

3.1 The four-edge family

The function (1) has weight w = a1 + · · · + aℓ and is symmetric under permutations of its
exponents. The distinct four-edge functions of weight w are thus labeled by the partitions of w
into exactly four positive parts. There are 3, 5, 6, 9, 11, 15 of them at w = 7, . . . , 12, 49 functions
in all. We use the weight-eight function C2,2,2,2 as the running example.

3.2 Poisson resummation and the sector sum

On the imaginary axis τ = iτ2 we write pr = mrτ + nr, with |pr|2 = m2
rτ

2
2 + n2r , and call mr

the winding number of edge r. The constraint
∑

r pr = 0 splits into
∑

rmr = 0 and
∑

r nr = 0.
We impose the second by integrating e2πiu

∑
r nr over the relative position u ∈ [0, 1] of the two

vertices, and for fixed winding vectorm we Poisson resum the nr-sum of every edge withmr ̸= 0.
Since the Bessel function Ka−1/2 is elementary, the Fourier transform of (n2 + y2)−a is a finite
sum: for integer a ≥ 1,

Φa(y, ξ) :=
2πa

Γ(a)

(
|ξ|
y

)a− 1
2
Ka− 1

2
(2π|ξ|y) = e−2π|ξ|y

a−1∑
j=0

da,j π
a−j |ξ|a−1−j y−a−j , (15)

with rational da,j = (a−1+j)!
/
[(a−1)! j! (a−1−j)! 4j ]. For an edge with mr = 0 the sum over

nr ̸= 0, with its factor (τ2/π)
a from (1), is instead a Bernoulli polynomial,

Pa(u) = (−1)a+1 22aπa

(2a)! τ
a
2 B2a(u) . (16)

We organize the sum over winding vectors by the sector S ⊆ {1, . . . , ℓ}, the set of edges with
nonzero winding. The constraint

∑
rmr = 0 excludes |S| = 1, and

Ca(iτ2) =
∑
|S|̸=1

TS(τ2) + O(e−2πτ2) , T∅ =

∫ 1

0

∏
r

Par(u) du . (17)

The remainder is the exponentially small part of (2), and the Laurent polynomial is the sum of
the TS . For |S| ≥ 2 the integrand carries the factor exp

[
−2πτ2 u

∑
r∈S |mr|

]
from (15). Hence

the u-integral localizes at u → 0 and, by the symmetry u → 1−u, at u → 1. Extending
∫ 1
0 to∫∞

0 changes TS only by O(e−2πτ2), and
∫∞
0 upe−λudu = p!/λp+1 evaluates every term:

TS = 2
∑

m∈(Z\0)S∑
m=0

∫ ∞

0
du

∏
r∈S

(
τ2
π

)arΦar(|mr|τ2, u)
∏
r/∈S

Par(u) . (18)
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Collecting the powers of τ2, π, u and |mr| from (15) and (16), we obtain every TS as a rational
combination of the signed Mordell–Tornheim sums

WS(p; q) =
∑

m∈(Z\0)S∑
m=0

1∏
r |mr|pr

(∑
r |mr|

)q , (19)

with pr = ar + jr and q − 1 the total degree in u of the term being integrated. Here jr denotes
the summation index of (15) for edge r. We write W|S| when only the size of S matters. In
every term the power of τ2 equals the power of π, which makes each TS a Laurent polynomial in
y = πτ2 with no free powers of π. Since no step above depends on the values of the exponents,
the reduction to (19) holds for every a.

For S = ∅ the Bernoulli integral T∅ is a rational multiple of yw, the leading term. For
|S| = 2 the constraint forces m = (M,−M), and W2(p; q) = 21−qζ(p1 + p2 + q) is a single
Riemann zeta value. For |S| = 3 one winding number ms has sign opposite to the other two,
and |ms| = |mr|+ |mt| with {r, t} = S \ s, hence

∑
r′ |mr′ | = 2|ms| and

W3(p; q) = 21−q
∑
s∈S

T (pr, pt; ps + q) , T (a, b; c) =
∑

m,n≥1

m−an−b(m+ n)−c , (20)

where T (a, b; c) is the double Tornheim sum. Inserting 1 = (m+ n)/(m+ n) gives the recursion
T (a, b; c) = T (a−1, b; c+1) + T (a, b−1; c+1). For example, for C1,1,1 we find

T∅ =
2

945y
3 ,

∑
|S|=2

TS = ζ(3) + 3
4ζ(5)y

−2 − 3
2ζ(4)y

−1 , T{1,2,3} = +3
2ζ(4)y

−1 , (21)

the last from W3((1, 1, 1); 1) = π4/60. The even zeta values cancel, and C1,1,1 =
2

945y
3 + ζ(3) +

3
4ζ(5)y

−2 +O(e−2y), that is, C1,1,1 = E3 + ζ(3) in the D’Hoker–Green normalization [1].

3.3 Reduction to multiple zeta values

The recursion for T (a, b; c) terminates at a = 0, where, in the convention of (8),

T (0, b; c) = ζ(b, c) = ζ(b)ζ(c)− ζ(b+ c)− ζ(c, b) (b ≥ 2) , T (0, 1; c) =
∑
k≥1

Hk

kc
− ζ(c+1) ,

(22)
with Hk =

∑
j≤k j

−1. Euler’s evaluation of the harmonic sum,

∑
k

Hk/k
s = (1 + s

2)ζ(s+1)− 1
2

s−2∑
i=1

ζ(i+1)ζ(s−i) , (23)

then expresses T (0, 1; c) in Riemann zeta values. As a consequence, every W3 is a rational
combination of multiple zeta values of weight |p|+ q and depth at most two.

The powers of y to which a sector contributes follow from (15)–(18): an edge r ∈ S gives a
factor y−jr , an edge r /∈ S a factor yar times a polynomial in u of degree 2ar, and the integral of
up a factor

(
2y

∑
r∈S |mr|

)−p−1
. For |S| ≥ 2, with aS =

∑
r∈S ar, a term in which the Bernoulli

factors supply the power ui, where 0 ≤ i ≤ 2(w − aS), is proportional to

yk WS

(
(ar + jr)r∈S ; w − k − aS − |j|

)
, k = |S| − 1 + w − 2aS − i , (24)

9
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for every choice of the Bessel indices j = (jr)r∈S , with |j| =
∑

r jr. The Mordell–Tornheim sum
multiplying yk thus has weight w − k, which is the transcendental weight of ck. In particular,
a sector containing every edge has i = 0 and contributes to the single power y|S|−1−w, which is
y3−w at four edges. For C2,2,2,2 the ranges given by (24), together with T∅ ∝ yw, are

|S| = 0 : y8 , |S| = 2 : y1 . . . y−7 , |S| = 3 : y−2 . . . y−6 , |S| = 4 : y−5 , (25)

so c8, c1, c−1, c−7 come from |S| ≤ 2 alone and are rational or single zeta values, c−3 comes
from |S| ≤ 2 as well (the |S| = 3 contribution at y−3 vanishes because its Bernoulli coefficient
is zero), and only c−5 receives an |S| = 4 contribution.

For |S| = 4 either one winding number ms has sign opposite to the other three, in which case
|ms| =

∑
r ̸=s |mr|, or the winding numbers form two pairs of opposite sign with |mr|+ |mr′ | =

|mt|+ |mt′ | = N . In either case
∑

r |mr| is twice |ms| or twice N , the overall sign of m gives a
factor of two, and

W4(p; q) = 21−q
[∑
s∈S

T
(
pS\s; ps + q

)
+

∑
S=A⊔B

∑
N≥2

σA(N)σB(N)

N q

]
,

σ{r,t}(N) =
∑

m+n=N
m,n≥1

1

mprnpt
,

(26)

where T (p1, p2, p3; d) =
∑

m1,m2,m3≥1m
−p1
1 m−p2

2 m−p3
3 (m1+m2+m3)

−d is the triple Mordell–
Tornheim sum and A ⊔ B runs over the three splittings of S into pairs. For the convolution σ
we use the partial-fraction decomposition

σ{r,t}(N) =
∑
i≥1

[(
pr+pt−i−1

pt−1

)
+
(
pr+pt−i−1

pr−1

)] H
(i)
N−1

N pr+pt−i
, H

(i)
N−1 =

∑
0<m<N

1

mi
, (27)

with
(
n
k

)
= 0 for k > n. The triple sum obeys the recursion T (p1, p2, p3; d) =

∑3
r=1 T (. . . , pr−1,

. . . ; d+1), which terminates at T (0, p2, p3; d) =
∑

N σ{2,3}(N)
∑

M>N M−d, and after (27) the
remaining sums are multiple zeta values by definition,

∑
N≥2

H
(i)
N−1H

(j)
N−1

N c
= ζ(i, j, c) + ζ(j, i, c) + ζ(i+j, c) ,

∑
2≤N<M

H
(i)
N−1

N bMd
= ζ(i, b, d) . (28)

Hence everyW4(p; q) is a rational combination of multiple zeta values of weight |p|+q and depth
at most three, and with (20) and (22) the sums WS of a sector S have depth at most |S| − 1.
In a four-edge function depth three can therefore arise only from |S| = 4, in the coefficient c3−w

determined by (24). At unit exponents we can carry out the reduction by hand with the classical
evaluations of ζ(1, 1, 3) and ζ(2, 3), which gives

W4((1, 1, 1, 1); 1) = 30ζ5 − 12ζ2ζ3 , (29)

as required by the Laurent polynomial of D4 = C1,1,1,1 [5] once the TS with |S| ≤ 3 are sub-
tracted.

We carry out (17)–(28) for the whole family in exact rational arithmetic. By Gaussian
elimination over Q, the resulting multiple zeta values are reduced weight by weight modulo the

10
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regularized double-shuffle relations [36] in depth at most three (the only depths that occur),
namely the stuffle and shuffle families and Hoffman’s regularization relation, as in [35]. We call
the quotient the exact relation ring. Every Laurent coefficient thus has rational coordinates in a
basis of this ring formed by products of odd zeta values, powers of ζ2 and depth-two generators
ζ(a, b), and by the depth-three generators

11 : ζ(3, 3, 5) ,

13 : ζ(3, 3, 7), ζ(3, 5, 5) ,

15 : ζ(3, 3, 9), ζ(3, 5, 7) ,

17 : ζ(3, 3, 11), ζ(3, 5, 9), ζ(5, 3, 9), ζ(3, 7, 7) ,

19 : ζ(3, 3, 13), ζ(3, 5, 11), ζ(5, 3, 11), ζ(3, 7, 9), ζ(5, 5, 9) ,

21 : ζ(3, 3, 15), ζ(3, 5, 13), ζ(5, 3, 13), ζ(3, 7, 11), ζ(5, 5, 11), ζ(7, 3, 11) ,

(30)

labeled by transcendental weight. The numbers of generators at these weights, 1, 2, 2, 4, 5, 6, are
the Broadhurst–Kreimer dimensions (14).

The sector sums, evaluated numerically to at least 290 digits (Appendix D, Table 4), agree
with the exact coefficients of the forty-nine functions, and for the thirty-eight functions evaluated
directly from (1), the lattice sum minus its Laurent polynomial decays as e−2πτ2 . The coefficients
used below are those of the exact reduction. Every law stated in Sections 4 and 5 is consequently
a statement about derived exact values, not about numerical fits.

4 Laurent polynomials at weights 7 to 12

By the reduction of Section 3, the Laurent coefficients ck of the forty-nine four-edge functions
of weights 7 ≤ w ≤ 12 are elements of the ring of multiple zeta values. Depth three can occur
only in the deep coefficient c3−w, of transcendental weight 2w − 3 (Proposition 1).

4.1 The function C2,2,2,2

For the weight-eight function C2,2,2,2, the simplest member of the family with every exponent
at least two, we obtain, in y = π Im τ ,

C2,2,2,2(τ) = 229
3 322 873 125 y

8 + 1
540 ζ7 y −

7
180 ζ9 y

−1 + 1
12 ζ

2
5 y

−2 + 63
80 ζ11 y

−3

− 21
4 ζ5ζ7 y

−4 + c−5 y
−5 − 1

64

(
810 ζ5ζ9 + 567 ζ27

)
y−6 + 6825

512 ζ15 y
−7 +O(e−2y) .

(31)
All other ck with −7 ≤ k ≤ 8 vanish. No coefficient other than c−5 contains ζ3: by (18) the
smallest zeta argument in W2 is 2min(ar) + 3 = 7, and the Tornheim recursion for |S| = 3 with
all pr ≥ 2 terminates in ζ(b, c) with b+ c ≥ 7, whose odd-weight reductions start at ζ5.

The coefficient c−5 of (31) has transcendental weight thirteen and the value

c−5 = 15.818917 . . . . (32)

We find no expression for it as a rational combination of the odd-zeta monomials of that weight,
ζ13, ζ

2
3ζ7 and ζ3ζ

2
5 . In terms of single-valued MZVs it has the closed form

c−5 =
13803

800
ζ13 +

153

10
ζ3ζ

2
5 +

51

400
ζsv(5, 3, 5) , (33)

11
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where ζsv(5, 3, 5) is the depth-three single-valued multiple zeta value of [16, eq. (7.4)],

ζsv(5, 3, 5) = 2 ζ(5, 3, 5)− 22 ζ5 ζ(3, 5)− 120 ζ3ζ
2
5 − 10 ζ5ζ8 , (34)

in the ascending-index convention of (8). In ordinary multiple zeta values alone,

c−5 =
13803

800
ζ13 −

153

875
ζ42ζ5 −

561

200
ζ5 ζ(3, 5) +

51

200
ζ(5, 3, 5) . (35)

The only ζ2-dependence of (35), the term in ζ42ζ5, is the −10ζ5ζ8 piece of (34), and the irreducible
part of c−5 is single-valued. Zerbini’s single-valued conjecture therefore holds for C2,2,2,2, but
the D’Hoker–Green odd-zeta-only theorem does not extend past the melons.

Of the two independent depth-three single-valued MZVs at weight thirteen, ζsv(5, 3, 5) and
ζsv(3, 7, 3), both present in Zerbini’s d1,1,6, only the first appears in c−5, and the ζ23ζ7 coeffi-
cient also vanishes. Within the four-edge family the weight-seven functions C3,2,1,1 and C4,1,1,1

already contain ζsv(3, 3, 5) in their y−4 coefficients (39), (40) below; modulo products it is a
rational multiple of the ζsv(3, 5, 3) of Zerbini’s d1,1,5, by (30). What C2,2,2,2 supplies is the first
such coefficient in a four-edge function with every exponent at least two, with the full Laurent
polynomial derived in exact arithmetic (Section 3.3).

4.2 Structure of the Laurent polynomials

All forty-nine Laurent polynomials have the same form, (37) below. Recall that the ring of
polynomials in odd zeta values is P = Q[ζ3, ζ5, ζ7, . . . ], with Pn its weight-n part, and Sn is
the weight-n part of the ring generated over Q by the odd zeta values and the depth-three
single-valued MZVs ζsv(n1, n2, n3) of [16],

Sn = Pn +
∑
m≤n

Pn−m ·
〈
ζsv(n1, n2, n3) : n1 + n2 + n3 = m

〉
Q , (36)

with the ζsv(n1, n2, n3) written as combinations of multiple zeta values as in (34). The common
form is

cw ∈ Q , c1−w = r ζ2w−1 , c2−w =
∑

a+b=2w−2
a,b odd

rab ζaζb ,

ck ∈ Pw−k (k ̸= 3− w) , c3−w ∈ S2w−3 ,

(37)

with rational r and rab; the second line is Proposition 1 below. At weight seven we obtain

C2,2,2,1(τ) = 2
2764125 y

7 + 1
900 ζ5 y

2 + 7
80 ζ9 y

−2 − 11
32 ζ11 y

−4 + 63
32 ζ5ζ7 y

−5 − 825
512 ζ13 y

−6

+O(e−2y) ,
(38)

C3,2,1,1(τ) = 136
174139875 y

7 + 2
42525 ζ3 y

4 + 43
56700 ζ5 y

2 − 1
1890 ζ

2
3 y +

137
15120 ζ7 +

1
360 ζ3ζ5 y

−1

− 11
480 ζ9 y

−2 + 7
48 ζ3ζ7 y

−3

+ 1
6720

(
20860 ζ11 − 735 ζ23ζ5 − 9450 ζ2ζ9

− 252 ζ22ζ7 + 120 ζ32ζ5 − 210 ζ(3, 3, 5)
)
y−4

+ 1
128

(
27 ζ3ζ9 − 75 ζ5ζ7

)
y−5 + 269

512 ζ13 y
−6 +O(e−2y) ,

(39)

12
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C4,1,1,1(τ) = 566
638512875 y

7 + 1
4725 ζ3 y

4 − 1
2700 ζ5 y

2 + 1
630 ζ

2
3 y − 1

1008 ζ7 −
1

120 ζ3ζ5 y
−1

+ 37
192 ζ9 y

−2 − 7
16 ζ3ζ7 y

−3

+ 1
17920

(
−71015 ζ11 + 5880 ζ23ζ5 + 75600 ζ2ζ9

+ 2016 ζ22ζ7 − 960 ζ32ζ5 + 1680 ζ(3, 3, 5)
)
y−4

− 1
128

(
249 ζ3ζ9 + 189 ζ5ζ7

)
y−5 + 2835

1024 ζ13 y
−6 +O(e−2y) .

(40)

All coefficients not shown vanish. In the deep coefficients c−4 of C3,2,1,1 and C4,1,1,1 the weight-
eleven analog of (34) combines ζ(3, 3, 5) and the powers of ζ2 into a rational multiple of ζsv(3, 3, 5)
plus odd-zeta products. The remaining forty-five polynomials are in the ancillary files described
in Appendix E, which displays five of them.

Our coefficients agree with the literature wherever the two can be compared (Table 8):
with the Ck,1,1,1 coefficients of [13], the only individual coefficients published above Gerken’s
range [12], and, coefficient by coefficient, with the two weight-seven identities (71) of [24]. To
our knowledge the full Laurent polynomials of Ck,1,1,1 for k ≥ 4, and of every other atlas function
above the Gerken range, appear here for the first time; at weight seven that of C2,2,2,1 is fixed
up to its constant term by a weight-seven identity of [24] together with the three-edge Laurent
polynomials [11].

4.3 Confinement of depth three

The sector count of Section 3.3 and the exact reduction together give the first law, (3).

Proposition 1 (Confinement of depth three). (i) For every vector a of four positive integer
exponents with |a| = w, each ck(Ca) with k ̸= 3 − w lies in the weight-(w − k) part of the
ring generated over Q by multiple zeta values of depth at most two, and c3−w(Ca) is a rational
combination of multiple zeta values of weight 2w − 3 and depth at most three; in particular,
depth three occurs only at transcendental weight 2w−3. (ii) For each of the forty-nine four-edge
functions Ca of weights 7 ≤ w ≤ 12, moreover,

ck(Ca) ∈ Pw−k for every k ̸= 3− w ,

c3−w(Ca) ∈ S2w−3 ,
(41)

and the depth-three part of c3−w is nonzero for every a except (2, 2, 2, 1).

Proof. (i) By (24), the sector S = {1, 2, 3, 4}, which has no Bernoulli factor, contributes only to
the power y3−w, through rational multiples of W4(a+ j; w− 3−|j|) of weight 2w− 3, for every j
and every four-entry a. The sectors with |S| ≤ 3 give depth at most two, each WS having depth
at most |S| − 1 (Section 3.3). Hence depth three enters only through W4, at y

3−w and weight
2w− 3. (ii) We read (41) off the exact reduction of all 740 coefficients. The 691 with k ̸= 3−w
are odd-zeta polynomials, and the 49 deep coefficients are rewritten in S2w−3 with the formulas
of Appendix C by exact elimination over Q (Section 4.5 treats transcendental weights 19 and
21 in detail).

At four edges the confinement of depth three to that single slot follows from the sector
expansion; that the other slots are free of even zeta values and of depth-two irreducibles is
established function by function by the exact derivation. The nearest statement in print is that
of Dorigoni et al. [22], who localize the new periods of their depth-three basis functions F+(s)
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at the single per-eigenvalue power y1−s. The law here is of a different kind: a single-slot y3−w

statement for the functions Ca themselves, one slot per function across the whole family, rather
than per eigenvalue for a basis. In Figure 1 we display all 740 coefficients aligned on k = 3−w;
at five edges the same sector count allows depth three in several coefficients and depth four in
one (Appendix F).

4.4 Laplace transport and resonant eigenvalues

Matching power-behaved terms in the inhomogeneous Laplace equations has been used to fix
Laurent data since [5, 1] (see also [6, 22]). The following theorem makes that step rigorous,
with uniqueness and a criterion for coupled systems, in the cusp-expansion class of Zerbini’s
theorem [2], which contains every modular graph function, and so carries ring statements such
as (3), once the sources’ Laurent polynomials are known, to functions that we do not compute
directly.

Theorem 1 (Laplace transport). Let λ /∈ {k(k−1) : k ∈ Z} and let S be a finite Q-combination
of at most three-fold products of functions with Zerbini-type cusp expansions (Laurent-polynomial
mode shells with exponents in [1 − w,w] and polynomially bounded coefficients). If C is a
moderate-growth solution of (∆− λ)C = S in the same class, then its Laurent coefficients are

ck =
sk

k(k − 1)− λ
, (42)

where
∑

k sky
k is the product of the sources’ Laurent polynomials; the cross-mode parts of the

source contribute nothing to any ck, and no homogeneous ambiguity survives: any two such
solutions have identical Laurent polynomials.

The proof (Appendix A) rests on the zero-mode equation y2u′′−λu = E with exponentially
small E: it has an exponentially small particular solution, and its homogeneous solutions yα,
y1−α with α(α − 1) = λ have non-integer exponents, which the class excludes. Theorem 1 is
proved exactly for the invertible case, and the family splits cleanly along its hypothesis. For a
single equation the hypothesis is λ /∈ {k(k − 1) : k ∈ Z}; for a coupled system with constant
rational couplings qil,

(∆− λi)Ci = Si +
∑
l

qilCl , Mk = diag
(
k(k − 1)− λi

)
− (qil) , (43)

it is the invertibility of every Mk. The Laurent data then follows power by power, and source
coefficients in a Q-subalgebra force every coefficient ck of the solution into the same subalgebra.
The Kleinschmidt–Verschinin tetrahedral systems [25] of weights six to eight satisfy the hypoth-
esis, with eigenvalues −6,−6,−4,−4,−10, whereas at higher weight the tetrahedral spectra also
contain resonant values (Appendix A).

At a resonant eigenvalue λ = k(k − 1) the coefficients ck and c1−k drop out of (42), which
then imposes sk = s1−k = 0 and determines every other coefficient. In Basu’s system for the
four-edge functions [6] the diagonal eigenvalue of Ca is

λa =
∑
r

ar(ar − 1) , resonant when λa = k(k − 1) for some 1− w ≤ k ≤ w , (44)

and by (44) twelve of the forty-six tuples a at weights 8–12 have a resonant eigenvalue. These
are the seven tuples (3, 3, 1, 1), (3, 2, 2, 2), (4, 3, 2, 1), (3, 3, 3, 2), (4, 4, 3, 1), (5, 3, 2, 2), (6, 4, 1, 1)
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(2, 2, 2, 1)
(3, 2, 1, 1)
(4, 1, 1, 1)

w = 7

(2, 2, 2, 2)
(3, 2, 2, 1)
(3, 3, 1, 1)
(4, 2, 1, 1)
(5, 1, 1, 1)

w = 8

(3, 2, 2, 2)
(3, 3, 2, 1)
(4, 2, 2, 1)
(4, 3, 1, 1)
(5, 2, 1, 1)
(6, 1, 1, 1)

w = 9

(3, 3, 2, 2)
(3, 3, 3, 1)
(4, 2, 2, 2)
(4, 3, 2, 1)
(4, 4, 1, 1)
(5, 2, 2, 1)
(5, 3, 1, 1)
(6, 2, 1, 1)
(7, 1, 1, 1)

w = 10

(3, 3, 3, 2)
(4, 3, 2, 2)
(4, 3, 3, 1)
(4, 4, 2, 1)
(5, 2, 2, 2)
(5, 3, 2, 1)
(5, 4, 1, 1)
(6, 2, 2, 1)
(6, 3, 1, 1)
(7, 2, 1, 1)
(8, 1, 1, 1)

w = 11

(3, 3, 3, 3)
(4, 3, 3, 2)
(4, 4, 2, 2)
(4, 4, 3, 1)
(5, 3, 2, 2)
(5, 3, 3, 1)
(5, 4, 2, 1)
(5, 5, 1, 1)
(6, 2, 2, 2)
(6, 3, 2, 1)
(6, 4, 1, 1)
(7, 2, 2, 1)
(7, 3, 1, 1)
(8, 2, 1, 1)
(9, 1, 1, 1)

w = 12

−2 0 2 4 6 8 10 12 14 16 18 20

Laurent power k relative to the deep slot: k − (3− w)

k = 3− w (tw = 2w − 3)

depth three, also identified numerically

depth three, exact reduction only

products of odd zeta values

rational (leading slot k = w)

zero

exact reduction only

Figure 1: Every depth-three coefficient of the forty-nine four-edge functions sits in the single marked column
k = 3 − w. Rows are the functions Ca of weights 7–12 and cells the Laurent powers yk to which at least one
term of the sector sums (18) contributes by the power count (24) (740 coefficients in all), with rows aligned on
k − (3 − w) so that c3−w, of transcendental weight 2w − 3, falls in the marked column. Shades give the type
of coefficient: rational (leading power k = w), zero, polynomial in odd zeta values, or carrying depth three;
forty-eight of the forty-nine deep slots carry depth-three constants (all by the exact reduction, twenty-two of
them also identified numerically and twenty-six by the reduction alone, C8,1,1,1 at weight 19 among them at 470
digits against its 700-digit evaluation), and the deep coefficient of C2,2,2,1 is a polynomial in odd zeta values. A
white dot on a depth-three cell, and elsewhere a pale cell with a diagonal stroke, mark coefficients obtained by
the exact reduction alone and not also identified numerically (Appendix D). Gaps are powers to which no sector
term contributes, and a cell marked zero is one whose contributions cancel exactly.
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and the entire line Ck,1,1,1, whose eigenvalue is k(k−1) identically. (For tuples with an exponent
≤ 2, all of the forty-six but (3, 3, 3, 3), the eigenvalue formula itself can shift, as Basu notes, and
whether the coupled Mk is then singular is certain only for the Ck,1,1,1 line below.) We form no
coupled Mk for these resonant tuples; since we compute all forty-six functions directly, no result
here depends on the classification, which only identifies the coefficients a Laplace system might
leave undetermined.

For Ck,1,1,1 the obstruction is structural as well as spectral: no equation of the fixed-weight
family produces Ck,1,1,1 on its right-hand side, so its column inMk has no off-diagonal entries and
the two slots float in every formulation; independent data is mathematically required, not merely
convenient. We compute the resonant functions directly, which supplies in particular every
coefficient a Laplace system leaves undetermined, and for the Ck,1,1,1 line, to our knowledge,
those atlas Laurent polynomials are the only computation of that data. In Basu’s weight-six
consistency equation [6], with λ = 12, the conditions s4 = s−3 = 0 hold, (42) gives every other
coefficient of the solution, and its coefficient

c−3 = −ζ33/6 + 5ζ9/288 (45)

follows only from the direct computation.

4.5 Single-valuedness of the deep coefficients

By Proposition 1 the coefficients with k ̸= 3−w are polynomials in odd zeta values, single-valued
since ζsv(2n+ 1) = 2ζ2n+1. Hence Zerbini’s conjecture [2] is at issue only for c3−w, and each of
the forty-eight deep coefficients with a depth-three part is potentially a test of it. At low weight
the constructions in the literature already account for single-valuedness, and agreement there is
a consistency check, not a test of the conjecture.

The equivariant iterated Eisenstein integrals that carry the depth-three part of c3−w involve
no period beyond multiple zeta values at w = 7, 8, and at w = 9, 10 such periods drop out of the
constructions of [22] specialized to modular graph forms (Section 2.3). Through w = 10 these
published constructions therefore account for a single-valued c3−w, granted that the coefficients
with which the integrals enter a modular graph function are themselves single-valued, which the
authors of [22] note is not yet established in general. At w = 11, 12 (modular weights 22, 24,
transcendental weights 19, 21) nothing in print forces the answer either way: the weight-19 and
weight-21 slots are the first in the family not covered by an explicit published construction. The
zeta-generator framework of [22], which deduces the products and higher-depth multiple zeta
values of modular graph forms from the odd zeta values, does imply single-valued coefficients at
these weights as well, but conditionally, on a group-like structure of its generating series that is
established through modular weight 20 and conjectural beyond it.

For the eleven deep coefficients of transcendental weight 19 and the fifteen of weight 21,
which the reduction gives in a basis containing powers of ζ2, we determine directly whether they
lie in S19 and S21. Such a coefficient lies in S2w−3 when it equals a rational combination of the
weight-(2w− 3) generators of (36): the ζsv values of that weight, written in the same basis, the
odd-zeta monomials, and the products of lower-weight ζsv values with odd-zeta monomials. The
ζsv values absorb the ζ2-dependent terms as ζsv(5, 3, 5) does in (33). We decide membership by
Gaussian elimination over Q: the coefficient lies in S2w−3 when its remainder vanishes identically.

With the extracted weight-19 and weight-21 ζsv expressions of Appendix C, each also recov-
ered there algebraically, we find that all eleven coefficients lie in S19 and all fifteen in S21, each
by an exact rational decomposition given in the ancillary files. At weight 19 each decomposition
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so obtained has eleven terms, all ζsv values; at weight 21 each has fourteen, eleven ζsv values
and three monomials in odd zeta values. Such a decomposition is not unique, the ζsv values
of one weight being rationally related; Eq. (69) is the one obtained for C8,1,1,1. The numeri-
cal re-evaluations of Appendix D serve only as checks of these decompositions. In this family,
Zerbini’s conjecture holds at every slot determined through weight 21, all eleven weight-19 slots
among them, which lie past the modular weights that explicit published constructions reach
(Section 2.3) and are therefore the first slots whose outcome no computation in print decides.

4.6 Ranks modulo products

The saturation law (4) concerns the rank of the deep coefficients modulo products. We write Sn

for Sn modulo Pn and products, spanned by the classes of the ζsv(n1, n2, n3) with n1+n2+n3 = n.
In the exact relation ring these classes span a space of the Broadhurst–Kreimer dimension
Dn,3 of (14), with basis the classes of the generators (30). The rank of the weight-w deep
coefficients in S2w−3, which we compute by exact elimination over Q on their (30) coordinates, is
therefore at mostD2w−3,3. At each of the six weights the rank equals the conjectural Broadhurst–
Kreimer depth-three dimension, derived here from the generating function rather than quoted
(Appendix B):

rankQ
{
c3−w(Ca) : |a| = w

}
= D2w−3,3 ,

2w − 3 11 13 15 17 19 21

D2w−3,3 1 2 2 4 5 6
(46)

from two, five, six, seven, eleven and fifteen of the functions respectively.1 That the D2w−3,3

classes of the ζsv(n1, n2, n3) are themselves independent, so that no relation outside the ring
lowers these ranks, rests on integer-relation searches among their numerical values, which, with
independence meaning no relation found to coefficient height 1015 in the ζ2-free sector, give
quotient rank 1, 2, 2, 4, 5, 6.

The Broadhurst–Kreimer dimensions themselves are conjectural, and the ranks are a priori
bounded by them; the measurement finds equality at all six weights, which tests the family
against the conjecture and does not prove the conjecture. What the measurement adds is that
the string’s coefficients reach the bound six times in a row, with no unexpected rational relation
among them.

4.7 Irreducible parts and selection rules

Table 1 lists, for every function of weights seven to nine with depth-three content, the class of
its deep coefficient in S2w−3, which the ranks (46) do not determine. At transcendental weight
15 three of the six rows lie on one line and three lie off it, among them the Ck,1,1,1 member
(6, 1, 1, 1), with coordinates proportional to (−14, 15). At transcendental weight 11 the deep
coefficient of C2,2,2,1 contains no irreducible, by (38), although Zerbini’s d1,1,5 = C2,1,1,1,1,1, a
six-edge two-vertex function of the same weight, contains the weight-eleven irreducible in the
same coefficient. The exception follows from an identity that D’Hoker and Kaidi [24] prove, the
first identity in (71): a combination of C2,2,2,1 with three-edge functions and Eisenstein series
is independent of τ . Hence every non-constant Laurent coefficient of C2,2,2,1 is a polynomial in
odd zeta values, and none contains a depth-three value. The companion identity, the second in

1At transcendental weight 17, 7 of the 9 weight-ten functions already attain the maximal rank 4; C3,3,2,2 and
C6,2,1,1 also contain depth-three values.
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tw a irreducible part of c3−w line

11 (3, 2, 1, 1) − 3
192 ζsv(3, 3, 5)

11 (4, 1, 1, 1) + 24
512 ζsv(3, 3, 5)

13 (2, 2, 2, 2) −204
800 ζsv(3, 5, 5)

13 (3, 2, 2, 1) + 756
19200 ζsv(3, 5, 5)

13 (3, 3, 1, 1) 1
9600

(
−225 ζsv(3, 3, 7)− 108 ζsv(3, 5, 5)

)
13 (4, 2, 1, 1) 1

76800

(
600 ζsv(3, 3, 7)− 624 ζsv(3, 5, 5)

)
13 (5, 1, 1, 1) 1

6400

(
75 ζsv(3, 3, 7)− 84 ζsv(3, 5, 5)

)
15 (3, 2, 2, 2) 1

5120

(
−168 ζsv(3, 3, 9) + 108 ζsv(3, 5, 7)

)
on (−14, 9)

15 (3, 3, 2, 1) 1
61440

(
672 ζsv(3, 3, 9)− 432 ζsv(3, 5, 7)

)
on (−14, 9)

15 (4, 2, 2, 1) 1
30720

(
224 ζsv(3, 3, 9)− 144 ζsv(3, 5, 7)

)
on (−14, 9)

15 (4, 3, 1, 1) 1
15360

(
14 ζsv(3, 3, 9)− 69 ζsv(3, 5, 7)

)
off

15 (5, 2, 1, 1) 1
122880

(
−728 ζsv(3, 3, 9) + 828 ζsv(3, 5, 7)

)
off

15 (6, 1, 1, 1) 1
40960

(
−280 ζsv(3, 3, 9) + 300 ζsv(3, 5, 7)

)
off

Table 1: At transcendental weight 15 three of the six functions lie on one rational line. For
each four-edge function Ca of weight w = 7, 8, 9 with depth-three content, the depth-three part
of its deep coefficient c3−w (y = π Im τ ; transcendental weight tw = 2w − 3) is given by its
rational coordinates on the classes of the single-valued MZVs ζsv(n1, n2, n3) of Appendix C
modulo products, with the fractions left unreduced as computed. The coordinates depend on
that basis; the last column does not, since it indicates only whether a row of transcendental
weight 15 is proportional to −14 ζsv(3, 3, 9)+9 ζsv(3, 5, 7). The (2, 2, 2, 2) row is the depth-three
part of c−5 in (33), rewritten in this basis. At transcendental weight 11, C2,2,2,1 (not shown) has
no irreducible part at all.

(71), likewise forces the depth-three parts of C4,1,1,1 and C3,2,1,1 into the ratio 3 : −1, that of
the (4, 1, 1, 1) and (3, 2, 1, 1) rows of Table 1.

We refer to such patterns as selection rules, and at higher weight we read them off Appendix E
in the same way. At transcendental weight 19, for instance, the deep coefficient of C8,1,1,1 has
nonzero coordinates on all five weight-19 depth-three generators (30),

c−8(C8,1,1,1) = − 79497
191426560 ζ(3, 3, 13) +

369
382853120 ζ(3, 5, 11)−

20187
47856640 ζ(5, 3, 11)

+ 81963
191426560 ζ(3, 7, 9) +

164097
382853120 ζ(5, 5, 9)

+
(
a rational multiple of ζ19

)
+
(
products of zeta values of depth at most two

)
,

(47)

and the complete expression is (76). We have not examined whether identities of the kind (71) at
higher weight account for the weight-15 line. Apart from the weight-eleven exception explained
above, the mechanism behind these selection rules is open; Sections 5 and 7 discuss it.

5 Motivic derivations of the depth-three coefficients

The derivations Dm of (11) send each depth-three value ζsv(a, b, c) of the family to single-valued
constants of lower weight. We write n = a+b+c ∈ {11, 13, . . . , 21} for the weight of such a value,
and the deep coefficient c3−w(Ca) of a weight-w function contains values of weight n = 2w − 3.
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5.1 Derivation images of the single-valued multiple zeta values

A value ζsv(a, b, c) of weight n has one image Dm ζsv(a, b, c) for each odd m with 3 ≤ m ≤ n− 2,
an element of the single-valued ring of weight n−m [16]. We compute each image by applying
Dm term by term to a formula for ζsv(a, b, c) in ordinary multiple zeta values and writing the
result as a rational vector in the basis of the exact relation ring. Here Dm is defined on all
motivic multiple zeta values through the Goncharov coproduct [18] and normalized by (12).
We therefore need formulas for all 83 values ζsv(a, b, c) with odd a, b, c ≥ 3 at weights 11–21.
Appendix C lists them: we extracted 61 numerically by integer relations, and the algebraic
construction described there reproduces these exactly and alone gives the other 22.

For example, the weight-11 value ζsv(3, 3, 5), whose rational multiples are the irreducible
parts of c−4(C3,2,1,1) and of c−4(C4,1,1,1) (Table 1), has

D3 ζsv(3, 3, 5) = −10 ζ3ζ5 , D5 ζsv(3, 3, 5) = −10 ζ23 , D7 ζsv(3, 3, 5) = D9 ζsv(3, 3, 5) = 0 .
(48)

The last two images vanish because the single-valued ring is zero in weights 4 and 2. The two
nonzero ones are rational multiples of four-edge coefficients of the same transcendental weights,
for instance of c1(C6,1,1,1) = −ζ3ζ5/12600 and c1(C4,1,1,1) = ζ23/630 [13].

5.2 Closure of the family

The form of the images Dm ζsv(a, b, c) follows from Brown’s model (10), in which a derivation
removes one letter and the image of a depth-three value therefore has at most two letters. Since
a single-valued combination of at most two letters is a polynomial in odd zeta values [16], the
image at the even weight n−m has the form

Dm ζsv(a, b, c) =
∑

r+s=n−m
r, s odd

qrs ζrζs (49)

with rational qrs.
Let Cv denote the set of Laurent coefficients ck(Cb) of transcendental weight v over the forty-

nine functions, and Av = spanQ Cv the space entering (5). At every even weight v = n−m that
occurs, the elements of Cv, the c2−w of (37) included, are rational combinations of products of
two odd zeta values, and we find that in this family they span the whole space of such products.
The form (49) then gives

Dm ζsv(a, b, c) ∈ An−m for all odd m with 3 ≤ m ≤ n− 2, (50)

for each of the 83 values.
We have computed the 627 images of the 83 values in rational arithmetic, relative to the fixed

basis of irreducible generators that defines πm for m ≥ 11 (Section 2.4). Each of the 382 nonzero
images (256 from the extracted and 126 from the derived formulas) is a rational combination of
the coefficient values in Cn−m alone (zero and nonzero counts by weight in Table 7).

The deep coefficient c3−w(Ca) is a rational combination of values ζsv(a, b, c) of weight 2w−3
and of products of odd zeta values, on which Dm acts by the Leibniz rule. In the forty-nine
deep coefficients these products have at most three factors. By (12) their images are again
rational combinations of products of two odd zeta values, of weight 2w − 3 − m, and lie in
A 2w−3−m because the family’s even-weight coefficients span all such products. Hence (50) gives
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Dm c3−w(Ca) ∈ A 2w−3−m for every function of the family and every oddm with 3 ≤ m ≤ 2w−5,
which is (5). This closure would be automatic if the Q-span of all Laurent coefficients of the
family were a comodule under the derivations. A span computation on a finite family establishes
membership, not structure: the 627 images are consistent with a comodule structure; they do
not demonstrate one.

The formulas of Appendix C express the ζsv(a, b, c) through ordinary multiple zeta values
and powers of ζ2, and an incorrect formula would in general leave π2 in its images, which a
single-valued image cannot contain [16]. The 627 images are free of π2 as computed, with no
single-valued projection applied. The agreement is what the structure requires; it checks the 83
formulas and the implementation of the derivations rather than adding a property of the family.

5.3 Coaction structures and the selection rules

Two structures in the literature could restrict which depth-three constants appear in the Laurent
polynomial of an individual graph, beyond what the closure (50) implies. The first is the
motivic coaction on the generating series of modular graph forms of Kleinschmidt, Porkert and
Schlotterer [37]. By (10), whose right-hand side is twice the reversed word modulo shuffles, the
single-valued map is twice the identity on three-letter words modulo shuffles. Hence the single-
valued images of the depth-three classes of that series span the entire depth-three quotient at
every weight. A principle that admits the whole space cannot cut it, so coaction membership
alone yields no selection rule; any graph-by-graph prediction would need the per-graph coefficient
data of the generating series, which is not available at these weights.

The second structure is the coaction principle of Brown and of Panzer and Schnetz [19, 20],
that the constants of a physical theory close under the motivic Galois action. Our results are
consistent with this principle, and at depth three it imposes nothing beyond the closure (50).
Indeed, each cusp form paired with an odd zeta value of complementary weight lowers the
dimension of the depth-three quotient by one (cusp-form censorship), leaving the Broadhurst–
Kreimer dimension at each weight. Since by (46) the deep coefficients of the family already
span this whole quotient, the principle cannot single out directions inside it. Neither structure
explains the selection rules of Table 1 at transcendental weights 11 and 15. The first of them is
accounted for by the weight-seven identity (71) of [24], which lies outside both structures; the
weight-15 rule and the patterns read off Appendix E at higher weight sit below the resolution
of coaction and censorship, and remain the main open question of the atlas (Section 7).

6 The couplings at order α′8

At order α′8 (the D16R4 terms) the genus-one four-graviton amplitude involves two independent
weight-eight combinations of modular graph functions, the coefficients of σ2σ

2
3 and σ42, with

σn ∝ sn12 + sn13 + sn23 the power sums of the Mandelstam invariants sij in the normalization
of [4, 23]. Each combination is a sum of products of modular graph functions (its strata),
which we integrate separately over the fundamental domain. In the representation of [23] the
two combinations carry undetermined constants c1 and c2,

2 fixed there by assuming both are
rational multiples of ζ3ζ5, as uniform transcendentality requires [13].

We determine which Laurent coefficients of the integrand enter the cutoff dependence of the
integrated couplings and reproduce c1 and c2 by zero-mode matching. Uniform transcendentality

2This notation of [23] is unrelated to the Laurent coefficients ck of (2).
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then requires the cancellation of the two ln(2π) coefficients (57), each a rational multiple of πζ7.

6.1 Laurent coefficients in the regularized integral

For a weight-w modular graph function C with Laurent polynomial (2) written as
∑

k ĉk τ
k
2 ,

ĉk = πkck, and ML the fundamental domain cut off at τ2 = Im τ = L, the integration formula
of [13] is∫

ML

C dµ = IC + ĉ1 lnL +
∑
k ̸=1

ĉk
k − 1

Lk−1 + O(e−2πL) , dµ =
dτ1 dτ2
τ22

, (51)

where IC is independent of L. The growing powers Lk−1, k ≥ 2, cancel against the contribution
of the region Im τ > L [4, 13] and are dropped, while for k ≤ 0 one has Lk−1 → 0. Hence the
coupling retains only IC and ĉ1 lnL.

In the integrands of both weight-eight combinations the depth-three constants of weight
thirteen (cf. (33)) appear only in the coefficient of y−5. The representation of [23] in equivariant
iterated Eisenstein integrals βeqv leaves further constants undetermined, a weight-nine constant
U and higher-weight constants of modular depth four, and these appear in the coefficients of
y−1 through y−4. None of these constants enters the coefficient of lnL or a growing power of
L in (51); they can affect the couplings only through IC , which c1 and c2 enter as the volume
terms πc1/3 and πc2/3. This is slot arithmetic: it follows from counting Laurent powers in (51)
rather than from a computed cancellation, and needs no transcendentality input; in particular
ζsv(5, 3, 5) enters neither a growing power of L nor the coefficient of lnL. For instance, on the
strip |τ1| ≤ 1

2 , 1 ≤ Im τ ≤ L, the y−5 term alone integrates to∫ L

1
ĉ−5 τ

−5
2

dτ2
τ22

=
ĉ−5

6

(
1− L−6

)
, (52)

whose L-independent part ĉ−5/6 can cancel only against the rest of the integral.
The constant terms IC depend on the full modular graph function, and slot arithmetic

determines neither them nor whether these constants enter them. Deciding whether U enters
IC would require the regularized integral of the modular function that multiplies U , which we
have not evaluated. No cusp-form L-value enters them, since the rapidly decaying cuspidal
components of any modular graph function are orthogonal to the constant; that the IC of the
thirty-nine strata not yet integrated (Section 6.3) carry no depth-three value of any weight
follows under the weight-nine assignment of [13], no irreducible depth-three value existing below
weight eleven, and is otherwise part of that open computation.

6.2 The constants c1 and c2

Assembling the y0 coefficient I0 of each combination from the Laurent polynomials of its equiv-
ariant iterated Eisenstein integrals [23, 22], we find

I0
∣∣
σ2σ2

3
= c1 +

154781
2639952 ζ3ζ5 , I0

∣∣
σ4
2
= c2 +

55229
2933280 ζ3ζ5 , (53)

in agreement with [23]. Matching (53) to the ultraviolet zero-mode values of [23] (286/2835 and
11/420, in units of ζ3ζ5), taken as inputs, fixes

c1 =
(

286
2835 − 154781

2639952

)
ζ3ζ5 =

79673
1885680 ζ3ζ5 , c2 =

(
11
420 − 55229

2933280

)
ζ3ζ5 =

617
83808 ζ3ζ5 . (54)
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This matching reproduces the c1 and c2 of [23], with rational parts 79673/(97 · 33 · 720) and
617/(97 · 62 · 24). The printed values are thereby shown to be consistent, modulo their ζ3ζ5-
proportionality assumption; that assumption is exactly the weight-nine uniformity which the
uniform-transcendentality pattern of [13] requires of the amplitude, and nothing in the uncon-
ditional data here contradicts it.

6.3 The ln(2π) terms and three corrected formulas

At weight eight, in the strata whose integrals are known in closed form, uniform transcendentality
can fail only through a term ln(2π), which has no consistent transcendental weight and enters
through exactly one regularized integral, namely

∫
ML

E∗2
2 E

∗
4 [13]. Here Ek = C1,k−1 is the

Eisenstein series in the normalization (1) and E∗
k = 1

2Γ(k)Ek. The two partitions of 8 into three
integers ≥ 2 give ∫

ML

E∗
2E

∗2
3 dµ ≈ πζ7

1728
, (55)∫

ML

E∗2
2 E

∗
4 dµ ≈ − πζ7

4320

[
ln(2π)− ln(2L) + Z(7)− 2Z(4)

]
, (56)

where ≈ denotes equality up to positive powers of L and O(e−2πL). The symbol Z(n) denotes
the weight-one combination of ζ ′(n)/ζ(n) and harmonic numbers of [13, eq. (A.44)]. In (56) we
have used the corrected sign (58), derived below.

By Section 6.1 and (54), c1 and c2 contribute no ln(2π) term. Summing over the strata
whose integrals are known in closed form [5, 13], we find that their contributions to the two
ln(2π) coefficients are

11
60 u (σ2σ

2
3) , − 99

640 u (σ42) . (57)

Here u = −πζ7/3240 denotes the coefficient of ln(2π) in the regularized integral
∫
ML

E2
2E4 dµ.

There remain twenty-nine strata in the first combination and ten in the second whose in-
tegrals are not known in closed form, including

∫
E2

2C2,1,1,
∫
E4

2 and
∫
C2
2,1,1, and those of the

connected trihedral, box, kite and tetrahedral graphs at weight eight. This count and (57) ex-
clude the one term of the σ2σ

2
3 combination of [23] that carries seven Green functions, item (ii)

below. As a consequence, uniform transcendentality at order α′8 requires these strata together
to contribute exactly −11

60 u and + 99
640 u to the ln(2π) coefficients of the two couplings respec-

tively, and holds if, further, their finite parts IC are otherwise uniform. The requirement follows
because the ln(2π) coefficient of each coupling is additive over its strata. Conversely, sufficiency
would need πζ7 ln(2π) to be the only term of non-uniform weight that a finite part IC can carry,
which is known only for the strata integrated in closed form [13]. We therefore do not decide here
whether the couplings at order α′8 are uniformly transcendental, and (57) remains a requirement
on the strata not yet integrated.

Three formulas of [13, 23] enter the computations above in corrected form (Table 8). (i) For
w = s1+s2+s3 even, the triple-Eisenstein integration formula for

∫
E∗

s1E
∗
s2E

∗
s3 , eq. (5.7) of [13],

carries the overall sign (−1)⌊(w+1)/2⌋. By analytic continuation of the exact eq. (5.4), along two
independent directions at (2, 2, 4), (2, 3, 5), (3, 3, 6) and (2, 4, 6), we find instead

(−1)⌊(w+1)/2⌋ −→ (−1)⌊w/2⌋+1 (w even) , (58)
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the sign of eq. (5.6). Direct quadrature of
∫
E∗2

2 E
∗
4 and the lnL coefficient of

∫
E4C2,1,1 from

(51) agree with (58), and the odd-w branch is unaffected.3

The other two corrections concern [23]: (ii) in their σ2σ
2
3 combination the term + 1

45360 C
+[11111111]

Tri[1|1|1] carries seven Green functions (edges) against eight in every other term, and we ex-
clude it. (iii) Their C2,1,1 example reproduces the Laurent polynomial of C2,1,1 [5] only with
−18βeqv[ 2 0

4 4 ] in place of their −18βeqv[ 0 2
4 4 ]. With their label the y4 and y−1 coefficients differ

from those of C2,1,1 by −1/1125 and −5ζ5/6, in the conventions fixed by the weight-six example
of [23] and by (53). Both are transcription-level defects; neither propagates into any value used
in this paper: the seven-edge term is excluded from the strata split above, (57) is stated with
that exclusion, and (53) and the βeqv route do not involve it.

7 Conclusions and outlook

We have computed the Laurent polynomials of the forty-nine two-vertex four-edge modular graph
functions of weights seven through twelve. These are all the two-vertex four-edge functions
at those weights, and they obey the three laws (3)–(5). More specifically, the depth-three
constants occur only in the coefficient c3−w and are single-valued through transcendental weight
twenty-one. At each weight their classes modulo products span a space of the dimension that
the Broadhurst–Kreimer conjecture predicts. Their images under every motivic derivation Dm

(rational combinations of products of two odd zeta values, as Brown’s model (10) requires [16])
lie in the span of the family’s lower-weight coefficients.

At five edges the power counting of (18) shows that the four-fold Mordell–Tornheim sums
of the sector |S| = 5, the only possible source of depth four, enter a single coefficient, c4−w. In
all twenty-nine five-edge functions computed through weight 11 that coefficient is free of depth
four. Whether depth four appears beyond weight 11 is open. The three coefficients below c4−w,
where determined, have the same form as the corresponding four-edge coefficients (Table 9). By
contrast, depth three is no longer confined to c3−w and appears in several coefficients above it
(Appendix F).

Beyond two vertices, the tetrahedral functions of Kleinschmidt and Verschinin [25] satisfy
Laplace systems whose eigenvalues, through weight eight, are not of the resonant form k(k− 1).
Theorem 1 applies there, and (42) yields their Laurent polynomials once those of the sources are
supplied. We have set up these Laplace systems and enumerated their eigenvalues (Appendix A),
but the sources are the obstruction: the required kite Laurent polynomials are not in print, and
the sector expansion of Section 3.2 is a two-vertex method, so a three-vertex analog would have
to be built before the transport can be run.

For the couplings at order α′8 we have derived a necessary condition for uniform transcenden-
tality: the thirty-nine strata not yet integrated must contribute the negatives of the two ln(2π)
coefficients in (57). Among these strata, the two-vertex products

∫
E2

2C2,1,1,
∫
E4

2 and
∫
C2
2,1,1

can be evaluated by quadrature with their lnL coefficients exact, which does not fix their ln(2π)
parts; those parts and the connected weight-eight graphs require methods not developed here,
so the target of Section 6.3 remains open.

For the cosmic Galois symmetry, a first problem is to extend our computation of the images
under Dm from depth three, the maximal depth of the four-edge family, to depth four. A second
question is whether the Laurent coefficients of the family form a comodule under the derivations,

3In [38], Doroudiani independently prints the corrected value of the affected triple-Eisenstein integral without
remarking on the conflict; to our knowledge the sign error itself has not been reported before.

23



PR
EL
IM
IN
AR
Y

which would explain (5). Part of the fine structure remains unexplained: that C2,2,2,1 contains
no irreducible while its weight-seven siblings do follows from the first identity in (71), due to [24],
but no principle we tested says why three of the six weight-nine functions share a single rational
line. It would be interesting to see whether these selection rules have a world-sheet origin.

A Proof of the transport theorem

Throughout, y = πτ2, the Laplacian is ∆ = y2∂2y + (y2/π2)∂2x on functions of τ = τ1 + iτ2 with

x = τ1, and on x-independent monomials ∆ yk = k(k − 1) yk. The Zerbini cusp-expansion class
Mw of Theorem 1 consists of the functions F that are smooth, 1-periodic in x, and have an
absolutely and uniformly convergent, termwise differentiable double expansion on τ2 ≥ ϵ,

F =
∑
µ,ν≥0

d
(µ,ν)
F (y) qµq̄ν , d

(µ,ν)
F (y) =

w∑
k=1−w

a
(µ,ν)
k yk , (59)

with q = e2πiτ and polynomially bounded coefficients |a(µ,ν)k | ≤ CF (1 + µ+ ν)AF . The Laurent

polynomial of F is LF := d
(0,0)
F . All bounds below hold for y ≥ y∗ := max(1, πϵ), and R denotes

the set of functions bounded by Ke−cy on [y∗,∞) for some constants K and c > 0. Modular
graph functions of weight w belong to the class Mw by Zerbini’s theorem [2], and the union
of the classes Mw over w is closed under finite products (the exponent ranges add and the
polynomial bounds multiply).

Let Fn(y) denote the n-th Fourier coefficient of F in x. For the source S =
∑

j rj
∏

i Fj,i

of the theorem we write LS :=
∑

j rj
∏

i LFj,i =
∑

k sky
k and P (y) :=

∑
k sky

k/(k(k − 1) − λ),
whose denominators are nonzero by the hypothesis on λ. For a solution C of (∆− λ)C = S in
the class, the theorem asserts that (i) LC = P , which is (42); (ii) C0 − LC ∈ R, with S0 − LS

contributing to no ck; and (iii) every other such solution has the same Laurent polynomial as C.
Step 1 (mode bounds). Set n± := max(±n, 0). Since qµq̄ν equals e2πi(µ−ν)x e−2(µ+ν)y, only

the terms with µ − ν = n contribute to Fn; parametrizing them by m = min(µ, ν) ≥ 0 with
µ+ ν = |n|+ 2m gives

Fn(y) =
∑
m≥0

d
(m+n+,m+n−)
F (y) e−2(|n|+2m)y . (60)

For y ≥ y∗ the Laurent polynomials in (59) obey |d(µ,ν)F (y)| ≤ 2wCF (1 + µ + ν)AF yw, and
(1 + |n| + 2m)AF ≤ (1 + |n|)AF (1 + 2m)AF together with e−4my ≤ e−4my∗ gives the uniform,
geometrically dominated bounds

|Fn(y)| ≤ BF (1 + |n|)AF ywe−2|n|y , |F0(y)− LF (y)| ≤ B′
F y

we−4y , (61)

with finite constants BF , B
′
F . In particular F0 − LF ∈ R at every rate c < 4.

Step 2 (the zero mode of the source). For F,G,H in the class, (FG)0 =
∑

n FnG−n and
(FGH)0 =

∑
m+n+p=0 FmGnHp, both absolutely convergent by (61). In every term with a

nonzero index at least two indices are nonzero, since the indices sum to zero. By (61) such a
term is bounded by a power of y and of the indices times an exponential no larger than e−4y

(for two factors, e−2|n|ye−2|n|y = e−4|n|y), and by geometric domination in the indices the sum
of these terms lies in R. The term with all indices zero is the product of the zero modes, which
differs from the product of the Laurent polynomials by a function bounded by a polynomial times
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e−4y. It follows that (FG)0 = LFLG+E(2) and (FGH)0 = LFLGLH +E(3) with E(2), E(3) ∈ R
at every rate c < 4, and for the source of the theorem S0 = LS + E with E ∈ R. Projecting
(∆− λ)C = S onto the zero mode, we obtain y2C ′′

0 − λC0 = LS +E, while y2P ′′ − λP = LS by
construction. Therefore v := C0 − P satisfies y2v′′ − λv = E, and v = Q+ h with Q := LC − P
a finite integer-exponent Laurent polynomial and h := C0 − LC ∈ R.

Step 3 (decay of the particular solution). Let α solve α(α−1) = λ and set u1 = yα, u2 = y1−α

(for λ = −1
4 , u1 = y1/2, u2 = y1/2 ln y). The Wronskian W = u1u

′
2−u′1u2 is the constant 1− 2α

(resp. 1). Taking +∞ as the base point of both variation-of-parameters integrals, we define

uE(y) :=

∫ ∞

y

u1(y)u2(t)− u2(y)u1(t)

W

E(t)

t2
dt (62)

which converges absolutely by the bound on E. The function uE solves y2u′′E − λuE = E,
since differentiation under the integral sign is justified by the same estimates and the boundary
term at t = y vanishes because the kernel is zero there. It obeys |uE(y)| ≤ (4K/c|W |) y−1e−cy

for all sufficiently large y, by the elementary bound
∫∞
y tσe−ctdt ≤ (2/c)yσe−cy valid for y ≥

max(1, 2σ/c). In particular uE ∈ R at the same rate as E. A finite base point in either integral
would instead add to uE a constant multiple of yα or y1−α, which is not exponentially small and
is a homogeneous solution of the kind excluded in Step 4.

Step 4 (exclusion of the homogeneous solutions). We first prove the following lemma. Let
(β1,m1), . . . , (βr,mr) be distinct pairs with βj ∈ C and mj ∈ {0, 1}; if

g(y) =
r∑

j=1

bj y
βj (ln y)mj = O(e−cy) as y → ∞ (63)

for some c > 0, then every bj = 0. To prove the lemma, we discard the zero coefficients, let
σ∗ = maxj Reβj over the remaining terms, let m∗ be the largest power of ln y among the terms
with real part σ∗, and divide by yσ

∗
(ln y)m

∗
. After this division the left-hand side tends to

zero because e−cyy−σ∗
(ln y)−m∗ → 0 for either sign of σ∗ (here the exponential decay of g is

used), and so does each subleading term. The leading group T of terms with Reβj = σ∗ and
mj = m∗ therefore satisfies ψ(L) =

∑
j∈T bje

iτjL → 0 in the variable L = ln y, with distinct real
frequencies τj = Imβj . The Fourier–Bohr mean

lim
T ′→∞

1

T ′

∫ T ′

0
ψ(L) e−iτlL dL (64)

equals bl when computed term by term, and also equals 0 because ψ → 0; hence every bl with l
in T vanishes, which contradicts the choice of T among the nonzero coefficients and proves the
lemma.

Now suppose that c+y
α+ c−y

1−α equals the sum of an integer-exponent Laurent polynomial
and a function in R. Since the hypothesis λ /∈ {k(k − 1)} makes α and 1 − α non-integers, no
exponent of the Laurent polynomial coincides with α or 1− α. Moving the Laurent polynomial
to the left-hand side therefore produces a sum of the form (63) with distinct pairs (βj ,mj), and
this sum equals a function in R. By the lemma, c+ = c− = 0 and every coefficient of the Laurent
polynomial is zero, and hence the function in R vanishes as well. The homogeneous solutions are
thus excluded by membership in the class Mw, in which the zero mode is an integer-exponent
Laurent polynomial plus an exponentially small remainder. Moderate growth alone would not
exclude them: for λ > −1

4 the solution y1−α has real exponent below 1
2 and is of moderate
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growth, and for λ < −1
4 the two solutions y1/2±it oscillate with neither one dominant; the mean

value (64) is needed for this latter case.
Assembly. By Steps 2 and 3, gh := v−uE solves the homogeneous Euler equation y2g′′h−λgh =

0 and is therefore of the form gh = c+y
α + c−y

1−α (with the logarithmic solution at λ = −1
4),

while also gh = Q+ (h− uE) with Q an integer-exponent Laurent polynomial and h− uE ∈ R.
Step 4 forces c+ = c− = 0, Q = 0 and h = uE . Hence LC = P , which is conclusion (i), and
LC depends on the sources only through LS . Moreover C0 −LC = uE ∈ R, which is conclusion
(ii), and the remainder E of the zero-mode source enters only uE and therefore contributes to
no ck. For uniqueness, the difference D of two solutions in the class satisfies the homogeneous
equation. Its zero mode is a combination c+y

α + c−y
1−α and is also LD plus a remainder in R.

By Step 4, LD = 0 and the two Laurent polynomials coincide, which is conclusion (iii).
The coupled case. For the systems (∆− λi)Ci = Si +

∑
l qilCl of Section 4.4, with constant

rational qil, all λi /∈ {k(k − 1)}, and Mk = diag(k(k − 1) − λi) − (qil) invertible for every k,
we project each equation onto its zero mode and substitute Ci,0 = Li + hi, Si,0 = LSi + Ei.
The combination Vi := y2L′′

i − λiLi −
∑

l qilLl − LSi is then a finite integer-exponent Laurent
polynomial and at the same time a member of R (the tails hl may be differentiated termwise,
and the resulting series obey geometrically dominated bounds of the same form as in Step 1). By
the lemma of Step 4, Vi = 0 identically. Reading off the coefficient of yk, we obtain Mk ℓk = sk
for the vectors ℓk and sk of k-th Laurent coefficients of the solutions and of the sources. The
Laurent coefficients of the Ci are therefore determined through M−1

k by the Laurent coefficients
of the sources at the same power of y, with no mixing between powers. If all source coefficients
lie in a Q-subalgebra A ⊂ C, then so do all coefficients of the Ci, since M

−1
k is a rational matrix.

Resonant and non-resonant examples. At λ = 12 = k(k − 1) for k ∈ {4,−3} the hypothesis
fails, since the exponents α = 4 and 1−α = −3 are integers inside the range of Laurent exponents.
The homogeneous solutions are then admissible Laurent monomials themselves, so Step 4 no
longer forces c+ = c− = 0, and the denominators in (42) vanish at those two powers of y. For
Basu’s weight-six consistency equation [6], whose eigenvalue is 12, the source assembled from
the Laurent polynomials collected there satisfies the two solvability conditions s4 = s−3 = 0,
(42) holds for every other coefficient, and the coefficient c−3 of (45) does not enter the equation.

A non-resonant example is the weight-six tetrahedral function at λ = −6, for which α =
(1± i

√
23)/2 is a complex pair and the source is a single product of two factors. Applied to its

Laplace equation [25], formula (42) gives the same Laurent polynomial as the algebraic identity
of [24], which expresses this function through two-vertex functions and an Eisenstein series. The
tetrahedral systems of [25] at weights seven and eight are likewise non-resonant, with eigenvalues
−6 and −4,−4,−10, and for the coupled weight-eight triple detMk = 3 (k(k−1)+4)2(k(k−1)+
10) ̸= 0 for all k, so that every Mk is invertible. At higher weight the tetrahedral spectra of [25,
Section 3.6] contain resonant eigenvalues, namely 0 at weight nine, with multiplicity three, 6 at
weight ten and 2 at weight twelve, each of the form k(k − 1). On those eigenspaces (42) leaves
two coefficients undetermined and imposes two conditions on the sources, as in the resonant
example above.

B Derivation of the Broadhurst–Kreimer denominator

We derive here the Broadhurst–Kreimer integers Dn,3 of Eq. (14), which enter the saturation
law (4), from the generating function Eq. (13). The generating function is itself a conjecture,
so the derivation and its controls fix the integers it predicts without testing the conjecture; the
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ranks of Section 4.6 are a priori bounded by those integers, and the measurement finds equality.
We write G(x, y) = 1 − O(x) y + S(x) y2 − S(x) y4 for the left-hand side of Eq. (13), with

O = x3/(1− x2) and S = x12/((1− x4)(1− x6)), and P (x, y) =
∑

n,kDn,k x
nyk for the counting

series. The logarithm of Eq. (13) is logG(x, y) = −
∑

m≥1
1
mP (x

m, ym), and Möbius inversion
yields

P (x, y) = −
∑
m≥1

µ(m)

m
logG(xm, ym) . (65)

We expand Eq. (65) as a power series in x and y with rational coefficients, truncated at
weight 30. All coefficients Dn,k obtained are non-negative integers, and Dn,k = 0 unless n ≡ k
(mod 2). In depth three we find that the coefficients satisfy Dn,3 = Lyndon3(n) − [O · S]n at
every n ≤ 30. Here Lyndon3(n) counts the Lyndon words of length three and weight n in the
odd letters of weight at least 3, and [O · S]n is the coefficient of xn in O(x)S(x).

The deficit [O · S]n of Dn,3 relative to the free Lyndon count is the number of pairs of an
odd zeta value counted by O and a cusp form counted by S whose weights sum to n. At the
odd weights 11 through 21 the coefficients Dn,3 are the six integers of Eq. (14). Against the
free Lyndon counts 1, 2, 3, 5, 7, 9 the deficits are 0, 0, 1, 1, 2, 3, arising from the pairs (ζ3,∆12) at
n = 15; (ζ5,∆12) at n = 17; (ζ7,∆12) and (ζ3,∆16) at n = 19; (ζ9,∆12), (ζ5,∆16) and (ζ3,∆18)
at n = 21.

We first compare our computation with Table 1 of [21], which lists the numberMn of weight-
n generators of the algebra of MZVs. For n = 1, . . . , 20 the table givesMn = 0, 1, 1, 0, 1, 0, 1, 1, 1,
1, 2, 2, 3, 3, 4, 5, 7, 8, 11, 13. We reproduce all twenty entries by Möbius inversion of the generating
function 1 − x2 − x3 of eq. (2) of [21]. Because the product in Eq. (13) starts at weight 3, the
depth sums

∑
dDn,d of our series give the eighteen entries with n ≥ 3 a second time.

We next compare our expansion with Table 16 of the Data Mine [35], which tabulates
the number of basis elements in a minimal-depth representation for n ≤ 30 and depth ≤ 10.
The n = 2 entry ζ(2) lies outside the n > 2 product in Eq. (13) and is not compared. Our
series P (x, y) reproduces all 75 other entries of the table and gives zero in every blank cell. In
particular, the depth-three column at odd weights 11 through 21 coincides with Eq. (14). The
generating function Eq. (13) is a conjecture, and the two controls above, both passed (20 of 20
and 75 of 75 printed entries reproduced), check our extraction of its integers against the sources’
own published tables; they do not test the conjecture itself.

The integer Dn,3 is the a priori upper bound on the ranks of (46) and Table 5, and the
appropriate denominator for the occupancy ratios of Table 6. These are ranks of the deep
coefficients written in terms of the values ζsv(a, b, c) with a, b, c odd and ≥ 3, taken modulo
products and modulo ζ(n) itself. This quotient coincides with the one counted by Dn,3, the
depth-three irreducibles modulo products and lesser depth: by parity, no depth-two irreducible
occurs at odd weight, and ζ(n) is quotiented out on both sides. The ζ(2)-dependent part is also
absent on both sides, because the single-valued map sends ζ(2) → 0 and the product in Eq. (13)
starts at weight 3.

C Single-valued depth-three multiple zeta values
at weights 11–21

Brown [16] defines the single-valued multiple zeta values ζsv(a, b, c) in general and gives three
examples in his eq. (7.4), one at weight eleven and two at weight thirteen, of which Eq. (34) is one.
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Dorigoni et al. [22] write out the reduction of one weight-eleven value and give a four-element
depth-three basis at weight seventeen, together with machine-readable reductions through weight
seventeen in their ancillary notebook. We derive the full set of formulas at weights 11 through 21
with that data entering no derivation step; the overlap through weight 17 serves as an external
control on our derivation, carried out in full in Section C.3, and the weight-19 and weight-21
formulas, for which we have found no explicit expressions in the literature, are recorded here
with the derivation and checks. Each formula expresses one value ζsv(a, b, c), with a, b, c ≥ 3
odd, as a Q-combination of the multiple zeta values of (8); together the formulas cover all 83
triples at weights 11–21, and they are listed in Section C.5 and in the ancillary files.

We obtained the formulas in two ways (Table 2): 61 were extracted from 700-digit numerical
values of ζsv(a, b, c), and the remaining 22 were derived algebraically from Brown’s single-valued
map. Among the extracted formulas, the 34 at weights 11–17 pass an inversion test that cannot
be run at weights 19 and 21, so the 27 extracted there rest on the formula’s own residual against
the numerical values (Section C.1). In Section C.2 we also derive all 61 algebraically from the
same map and recover each formula exactly, those 27 included.

C.1 Numerical extraction

For the 61 extracted formulas we first evaluate each ζsv(a, b, c) numerically to 700 digits. We
use Brown’s construction of the single-valued MZVs as coefficients of the Deligne associator W ,
the unique solution of W ◦ sZ = Z in the notation of [16, Section 5], computed in the depth-≤ 3
quotient by fixed-point iteration weight by weight. The fixed-point identity that defines W is
satisfied by the computed series to a residual of order 10−685.

We then write ζsv(a, b, c) = 2ζ(a, b, c)+(correction) and determine the correction by integer-
relation detection against a pool of candidate terms. Initially the pool contains the two term
types of Brown’s three examples: even zeta values times odd-zeta monomials, and a single zeta
value times a depth-two value. Where this pool does not suffice we enlarge it by even zeta values
multiplying depth-two and depth-three values and by the depth-three values of the same weight
themselves. We accept a formula when the searches at two precisions return the same rational

weight triples extracted (numeric) derived (algebraic) completeness

11 3 3 0 all triples
13 6 6 0 all triples
15 10 10 0 all triples
17 15 15 0 all triples
19 21 16 5 all triples
21 28 11 17 all triples

total 83 61 22

Table 2: The 83 formulas for ζsv(a, b, c), odd a, b, c ≥ 3, counted by weight and by the way they
were obtained; together they cover every triple at weights 11 through 21. The 61 extracted entries
come from integer-relation searches against 700-digit values and pass the checks of Section C.1;
for the 27 at weights 19 and 21 the inversion test of that section is not available. The 22 derived
entries (5 at weight 19, 17 at weight 21) follow from Brown’s single-valued map (10), which
reproduces all 61 extracted formulas exactly (Section C.2).
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vector and its residual at the full 700 digits is below 10−695. In this way we obtain 61 formulas:
all 3, 6, 10, 15 triples at weights 11, 13, 15, 17, and 16 of the 21 triples at weight 19 and 11 of the
28 at weight 21 (the remainder is derived in Section C.2). In particular, we recover Brown’s
three examples of eq. (7.4) with his rational coefficients.

In each formula the left-hand side is taken from the associator, and the multiple zeta values
on the right-hand side are evaluated without reference to it. The two sides agree to at least 695
digits at the 700-digit working precision; stuffle product identities among the values ζsv(a, b, c)
hold to at least 695 digits as well. Through weight 17 the formulas admit one further test:
inverting the coefficient matrix at each weight yields a rational expression for 2ζ(a, b, c) over the
single-valued and product spanning sets, and we verified that expression numerically to more
than 600 digits. That further test exists only through weight 17, where the spanning sets are
complete, and it splits the 61 extracted formulas into two recorded grades: the 34 at weights
11–17 pass it, while for the 27 at weights 19 and 21 the spanning data needed to run it is
incomplete, and those rest on the residual of the formula itself against the 700-digit numerics.
Moreover, in the rank computation of Section 4.6 the weight-19 and weight-21 values satisfy 38
independent relations, each holding to about 700 digits.

C.2 Algebraic completion at weights 19 and 21

At weights 19 and 21 the 700-digit values do not determine a formula for every triple. For 5 triples
at weight 19 and 17 at weight 21 the integer-relation searches at the two working precisions return
different rational vectors, and no correction is identified. We obtain the formulas for these triples
instead from Brown’s single-valued map, an exact algebraic operation that requires no numerical
input. Let U = Q⟨f3, f5, f7, . . . ⟩ be the graded Hopf algebra cogenerated by one letter f2n+1 in
each odd degree 2n + 1 ≥ 3, with the shuffle product ⊔⊔ and the deconcatenation coproduct;
the algebra H of motivic multiple zeta values is non-canonically isomorphic to U ⊗ Q[f2] [16,
eq. (7.2)]. On U the single-valued map is the homomorphism sv : U → U of (10), in which the
sum runs over the deconcatenations w = uv and ṽ is the word v reversed [16, eq. (7.3)]. On H
the map annihilates f2, the generator corresponding to ζ2 (Section 2.2). On words of length at
most three in letters of odd degree, the case needed here, the general rule in (10) reduces to the
examples below eq. (7.3) of [16]: the length-three instance already displayed in (10), and

sv(fa) = 2fa , sv(fafb) = 2 (fafb + fbfa) . (66)

We evaluated (10) over the ring basis of Section 3.3. The f -alphabet words attached to that
basis are computed exactly, with no numerical fit, by the decomposition algorithm of [33]. We
write ϕ for the map from H into U ⊗ Q[f2], [u] ξ for the coefficient of the word u in ξ, and
Dm for the derivations of Section 5.1. The image of each generator x of the ring basis is then
determined by

ϕ(ζm) = fm , ϕ(ζ2) = f2 , [u fm ]ϕ(x) = [u ]ϕ(Dmx) (m odd) , (67)

with ϕ multiplicative and the right-hand side computed recursively in the weight. The words
so obtained are the reversals of Brown’s, and (10) is transported to our conventions by word
reversal. This construction fixes one normalization beyond Brown’s formula, the vanishing of

the pure ζ
w/2
2 part of each even-weight generator of the ring basis; none of the 83 formulas of this

appendix depends on it, since deriving them again with that part changed, for one generator
at a time or for all at once, returns every formula unchanged. The one remaining choice is the
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orientation of the words in the transport to our conventions, that is, whether Brown’s formula
applies to our words directly or after the reversal stated above; it is fixed below by comparison
with the extracted formulas. The resulting images of the depth-two and depth-three generators
through weight 21 are listed in the ancillary files described in Appendix E.

As a check in depth two, the f -alphabet construction gives, for 27 pairs (a, b) with a, b ≥ 3
odd, each ζsv(a, b) as the known polynomial in odd zeta values (Section 2.2), in agreement with
the associator-derived values to at least 480 digits. Applied to the 61 extracted triples, the
construction reproduces all 61 formulas rational by rational, the 27 weight-19 and weight-21
formulas included. Since the construction takes no numerical input, this agreement establishes
those 27 formulas as exact algebraic results, and it also fixes the orientation of the words in the
transport. With the opposite orientation the comparison fails for every triple except (5, 5, 5)
and (7, 7, 7), the two whose indices are all equal. Each of the 22 additional formulas agrees with
the associator-derived value of its left-hand side to at least 462 digits.

C.3 Comparison with Dorigoni et al.

The overlap with the ancillary data of Dorigoni et al. [22], whose MZV convention is identical
to ours, covers 30 of our 34 triples through weight 17: 21 triples at weights 15 and 17, and 9 at
weights 11 and 13. The remaining 4 triples, (5, 5, 5) at weight 15 and (3, 7, 7), (7, 3, 7), (7, 7, 3)
at weight 17, do not appear in their data. In all 30 cases our formula agrees with theirs: in 9
the two coincide term by term (the weight-eleven reduction written out in their paper among
them), and in the other 21 they express the same value over different sets of terms. In those
21 cases the two forms reduce to one another by identities among the multiple zeta values, and
numerically the two sides agree to at least 690 digits.

We also found that the five-triple spanning set used for our weight-17 formulas is over-
complete by one relative to the four-element basis of eq. (A.3) of [22], in that exactly one
rational relation holds among the five modulo products. Written out with its product terms, in
the convention of (8) and up to overall normalization, it reads

0 = 2100
787 ζ(3, 3, 11)−

2184
787 ζ(3, 5, 9)−

1650
787 ζ(3, 7, 7)

− 1624
787 ζ(3, 9, 5)−

564
787 ζ(5, 5, 7) +

2632
2361 ζ5 ζ(3, 9)

− 2968
787 ζ

2
5 ζ7 +

37224857
1574 ζ17 − 9961560

787 ζ2 ζ15

− 3857616
3935 ζ22 ζ13 − 310104

5509 ζ32 ζ11 +
95616
19675 ζ

4
2 ζ9

+ 102528
43285 ζ

5
2 ζ7 +

1494574208
2067940875 ζ

6
2 ζ5 ,

(68)

which holds numerically to 691 digits. The weight-17 formulas themselves are unaffected; only
their representation over that spanning set is not unique.

C.4 Formulas entering the rank and derivation computations

We carried out the rank computation of Section 4.6 in the ζ2-free sector with the 61 formulas
extracted from 700-digit numerics, of which the 34 at weights 11–17 also pass an inversion
test that cannot be run at weights 19 and 21, where the other 27 rest on the formula’s own
residual. The construction of Section C.2 reproduces each of those 27 exactly. The 22 derived
formulas reduce onto the same five (weight 19) and six (weight 21) depth-three generators of
the ring basis over which the extracted formulas are already expressed, and adding them to the
computation therefore leaves the ranks unchanged. In the computation of Section 5 the motivic
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derivations Dm, applied to the 83 formulas, give 627 images (434 from the 61 formulas extracted
from numerics, 193 from the 22 derived algebraically, never pooled). The closure statement of
Section 5.2 was first established on the 434 images alone. The 22 coefficients then untested (5
at w=19, 17 at w=21) are not covered by this statement. Repeating the computation on the
193 images of the derived formulas, with the same span and membership criterion, we extend
the statement to all 83 values (Table 7).

The five-edge functions of Table 9 did not draw on this set of formulas: their 46 coefficients
with depth-three content, all at transcendental weight 11, 13, or 15, the weights of the first three
rows of Table 2, were determined against ordinary depth-three multiple zeta values, and whether
that content aligns with the single-valued values recorded here has not been tested. A rebuild
of the numerics near 1400 digits would let the 22 derived entries be re-extracted numerically,
upgrading derived to extracted; no result in the paper waits on that upgrade.

C.5 The formulas

The 83 formulas, with their rational coefficients and each labeled extracted or derived as in
Table 2, are given in full in the ancillary files described in Appendix E, in machine-readable
and typeset form. Below we list those of weights 11 and 13, which include Brown’s three
examples [16, eq. (7.4)] and every single-valued multiple zeta value that appears in Section 4
at these weights. We also give one extracted formula at each of the weights 19 and 21. Both
sides of each formula are written in the ascending-index convention of (8), which is also that of
[16] and of (34). The symbol ζn denotes a single zeta value, and even zeta values are written
throughout as rational multiples of powers of ζ2. In particular, the entry for (5, 3, 5) is Eq. (34)
with its ζ8 term rewritten in this way.

The term types that make up the correction to the leading term 2 ζ(a, b, c) change with the
weight. Through weight 17 the two term types of Brown’s examples suffice, and each of the
34 formulas there is written in terms of even zeta values times odd-zeta monomials and single
zeta values times depth-two values. From weight 19 on, the corrections also involve depth-three
values of the same weight, which enter 14 of the 16 extracted weight-19 formulas; the formula for
ζsv(11, 3, 5) contains eleven of them, one of which is ζ(3, 3, 13). Where ζ(a, b, c) itself occurs in
the correction we keep it separate from the leading term 2 ζ(a, b, c). At weight 21 the corrections
also contain even zeta values multiplying depth-two and depth-three values, present in 8 of the
11 extracted formulas there; the formula for ζsv(11, 5, 5) has terms of both new kinds.

Weight 11

All 3 extracted from numerics:

ζsv(3, 3, 5) = 2 ζ(3, 3, 5)− 5 ζ23ζ5 + 90 ζ2ζ9 +
12
5 ζ

2
2ζ7 − 8

7 ζ
3
2ζ5,

ζsv(3, 5, 3) = 2 ζ(3, 5, 3)− 2 ζ3 ζ(3, 5)− 10 ζ23ζ5,

ζsv(5, 3, 3) = 2 ζ(5, 3, 3) + 2 ζ3 ζ(3, 5) + 18 ζ23ζ5 − 90 ζ2ζ9 − 12
5 ζ

2
2ζ7 +

48
35 ζ

3
2ζ5 +

48
175 ζ

4
2ζ3.

Weight 13

All 6 extracted from numerics:

ζsv(3, 3, 7) = 2 ζ(3, 3, 7) + 12 ζ5 ζ(3, 5)− 14 ζ23ζ7 + 60 ζ3ζ
2
5 + 407 ζ2ζ11 +

112
5 ζ22ζ9 − 64

35 ζ
3
2ζ7,

ζsv(3, 5, 5) = 2 ζ(3, 5, 5) + 10 ζ5 ζ(3, 5) + 50 ζ3ζ
2
5 + 275 ζ2ζ11 + 20 ζ22ζ9,
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ζsv(3, 7, 3) = 2 ζ(3, 7, 3)− 24 ζ5 ζ(3, 5)− 2 ζ3 ζ(3, 7)− 28 ζ23ζ7 − 144 ζ3ζ
2
5 − 288

175 ζ
4
2ζ5,

ζsv(5, 3, 5) = 2 ζ(5, 3, 5)− 22 ζ5 ζ(3, 5)− 120 ζ3ζ
2
5 − 48

35 ζ
4
2ζ5,

ζsv(5, 5, 3) = 2 ζ(5, 5, 3) + 12 ζ5 ζ(3, 5) + 73 ζ3ζ
2
5 − 275 ζ2ζ11 − 20 ζ22ζ9 +

288
175 ζ

4
2ζ5

+ 32
385 ζ

5
2ζ3,

ζsv(7, 3, 3) = 2 ζ(7, 3, 3) + 12 ζ5 ζ(3, 5) + 2 ζ3 ζ(3, 7) + 45 ζ23ζ7 + 84 ζ3ζ
2
5 − 407 ζ2ζ11

− 112
5 ζ22ζ9 +

72
35 ζ

3
2ζ7 +

288
175 ζ

4
2ζ5 +

64
385 ζ

5
2ζ3.

Weights 19 and 21: two representatives

Extracted from numerics, ζsv(11, 3, 5) at weight 19 and ζsv(11, 5, 5) at weight 21:

ζsv(11, 3, 5) = 2 ζ(11, 3, 5)− 5723542738
970931 ζ(3, 3, 13) + 11204293758

970931 ζ(3, 5, 11)− 1053155411
970931 ζ(3, 7, 9)

+ 4128351025
970931 ζ(3, 9, 7) + 4715599521

970931 ζ(3, 11, 5) + 2853606772
970931 ζ(3, 13, 3)

− 96148179
74687 ζ(5, 3, 11) + 1935579140

970931 ζ(5, 5, 9) + 3408288144
970931 ζ(7, 5, 7) + 83864

13 ζ(7, 9, 3)

+ 89551
13 ζ(9, 7, 3)− 90 ζ11 ζ(3, 5) +

89551
13 ζ9 ζ(3, 7) +

1007079124
970931 ζ7 ζ(3, 9)

+ 1415473987
970931 ζ5 ζ(3, 11)− 5402076586

970931 ζ3 ζ(3, 13)− 1970663160
970931 ζ5 ζ(5, 9)

+ 10857
13 ζ3 ζ(5, 11)− 190692

13 ζ3ζ5ζ11 − 422146
13 ζ3ζ7ζ9 +

18935000022
970931 ζ25ζ9

+ 102922995
970931 ζ5ζ

2
7 + 2780716349

373435 ζ19 +
61966198160

970931 ζ2ζ17 − 44603469578
4854655 ζ22ζ15

− 19959854760
970931 ζ32ζ13 − 11902592508

970931 ζ42ζ11 − 4121196512
4854655 ζ52ζ9

+ 12334899488
4854655 ζ62ζ7 +

172178688
4854655 ζ72ζ5 +

61056
65 ζ82ζ3,

ζsv(11, 5, 5) = 2 ζ(11, 5, 5) + 5750 ζ(3, 3, 15)− 643 ζ(3, 5, 13)− 4080 ζ(3, 13, 5) + 2875 ζ(3, 15, 3)

− 643 ζ(5, 3, 13) + 2574 ζ(5, 5, 11) + 1856 ζ(5, 7, 9) + 2153 ζ(5, 9, 7) + 2418 ζ(5, 11, 5)

+ 3437 ζ(5, 13, 3) + 2580 ζ(7, 5, 9) + 2165 ζ(7, 9, 5) + 1738 ζ(9, 5, 7) + 2462 ζ(9, 7, 5)

+ 2262 ζ(11, 5, 5)− 858 ζ13 ζ(3, 5) + 1344 ζ9 ζ(3, 9) + 2298 ζ5 ζ(3, 13)

− 2875 ζ3 ζ(3, 15)− 385 ζ7 ζ(5, 9) + 413 ζ5 ζ(5, 11)− 3437 ζ3 ζ(5, 13)

− 3432 ζ3ζ5ζ13 + 4950 ζ3ζ7ζ11 + 5880 ζ3ζ
2
9 − 11193 ζ25ζ11 − 8253 ζ5ζ7ζ9

+ 450 ζ37 − 7638 ζ21 + 13840 ζ2ζ19 + 2488 ζ22ζ17 − 10200 ζ32ζ15

− 4664 ζ42ζ13 − 4736 ζ52ζ11 − 2816 ζ62ζ9 − 384 ζ72ζ7 + 768 ζ82ζ5

+ 80 ζ2 ζ(3, 3, 13)− 10 ζ2 ζ(3, 5, 11)− 10 ζ2 ζ(3, 11, 5) + 40 ζ2 ζ(3, 13, 3)

− 10 ζ2 ζ(5, 3, 11) + 10 ζ2ζ5 ζ(3, 11)− 40 ζ2ζ3 ζ(3, 13).

D Numerical evaluation and comparison with published values

The three laws are read off derived exact values: every coefficient behind them comes from
the exact symbolic derivation, with the numerical evaluations as an independent check. In this
appendix we describe that check, namely the high-precision evaluation of the sector sums and
the integer-relation recognition of the coefficients (Section D.1), and report the agreement of
the forty-nine exact Laurent polynomials with their numerical values (Table 4). We then collect
the numerical tests of the depth-three coefficients at transcendental weights 19 and 21, together
with an exact single-valued decomposition of one of them, written out in full; the membership
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criterion and image counts for the derivations of Section 5 (Table 7); and the comparison of our
values with published ones (Table 8).

D.1 Sector-sum evaluation and recognition

For each of the forty-nine functions we first evaluated the sector sums of (17) to 290 digits for
w ≤ 9 and 460 digits for w ≥ 10. Because the functions of weight ≥ 9 have coefficients of
transcendental weight ≥ 17, whose recognition requires more digits, we evaluated their sector
sums again to 560 or 700 digits (Table 4), and the comparisons below use these values.

We then searched for an expression of each coefficient as a Q-linear combination of multiple
zeta values. The integer-relation searches were run first with the rationals and the products
of odd zeta values of the coefficient’s weight as candidates, and then with the depth-two and
depth-three multiple zeta values of that weight added. Each recognition is an integer relation
found by PSLQ [39] whose relation vector, reduced to a primitive integer vector of fixed sign, is
identical at two working precisions. We also required that the same search return no relation on
a deliberately perturbed input. Before the depth-three searches we reduced the candidate pools
to a Q-independent spanning set, since the raw pools satisfy stuffle identities that the search
would otherwise return first.

Applied to D4 = C1,1,1,1, the procedure reproduces the published Laurent polynomial [5]
coefficient by coefficient to 80 digits. It also recovers, as products of odd zeta values, every
nonzero coefficient of C2,2,2 and C2,2,1,1 (weight six, total modular weight 12, inside the range
covered by [24, 12]) and of C2,2,2,1 (weight seven, total modular weight 14). The function
C2,2,2,1 lies above the tabulated range of [12], but is reducible, up to an additive constant,
to three-edge functions and Eisenstein series by a weight-seven identity of [24], the first of
(71) below. Finally, our numerical evaluation of the sums W4 reproduces the identity (29),
W4((1, 1, 1, 1); 1) = 30ζ5 − 12ζ2ζ3, which can be derived by hand from the sector decomposition
of D4, and gives values of W4((2, 2, 2, 2); q) that agree with truncated lattice sums at each
q ∈ {1, . . . , 5}.

For every function with a lattice-sum entry in Table 4 we also evaluated Ca(iτ2) directly at
the values of τ2 given below and in the caption of that table. For this lattice-sum evaluation,
which makes no use of the sector expansion, we wrote Ca as a position-space integral over
the torus and computed it by tanh-sinh quadrature, with the lattice sums in the integrand
evaluated by Poisson resummation at each quadrature point. Subtracting from this lattice-sum
value the closed-form Laurent polynomial with the term cky

k omitted and dividing by yk isolates
a numerical value for ck. We call the number of digits to which this value agrees with the closed
form the held-out digits of ck, since the lattice-sum evaluation was not used in the recognition.
Table 3 lists them for C2,2,2,2 at τ2 = 21.

At the points τ2 ∈ {12, 15, 18, 21} used for C2,2,2,2 the same evaluation, applied to the
Eisenstein series, reproduces the exact value of E4/π

4 to 73–90 digits, and for C2,2,2,2 itself the
two finest levels of the tanh-sinh quadrature agree to ≥ 95 digits at every point. Subtracting
the whole polynomial (31) leaves a remainder falling from 3.0× 10−30 at τ2 = 12 to 7.4× 10−54

at τ2 = 21 with fitted exponent −0.96 × 2πτ2, the expected O(e−2πτ2) tail, which shows that
no Laurent term is missing. The same subtraction applied to D4 and its published Laurent
polynomial [5] reproduces each of the five coefficients to 40–49 digits, with residual exponent
−0.98× 2πτ2.

The integer-relation vectors of the eight product coefficients in (31) are identical at 150 and
200 digits, with residuals below 10−147 and 10−197. Both working precisions lie below that of
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k +8 +1 −1 −2 −3 −4 −5 −6 −7

held-out digits 60 52 49 48 47 46 45 43 41

Table 3: Each closed-form coefficient ck of (31) and (33) agrees, to the number of digits listed,
with the value extracted from the direct lattice-sum evaluation of C2,2,2,2 at τ2 = 21 by sub-
tracting the other eight closed-form terms and dividing by yk, y = πτ2. The digits are held
out in the sense that the lattice-sum evaluation was not used to obtain the closed forms. The
agreement is poorer at more negative k because dividing by yk multiplies the e−2πτ2 tail by y−k.

the sector-sum evaluation of C2,2,2,2 from which these relations were obtained.
The deep coefficient c−5 admits no integer relation, at any PSLQ height up to 1012, with

the three-dimensional odd-zeta-product pool {ζ13, ζ23ζ7, ζ3ζ25}, nor with that pool augmented by
the six raw depth-three MZVs ζ(a, b, c) with odd a, b, c summing to thirteen. We recognized its
single-valued form (33) with identical rational vector at 200 and 250 digits. Evaluated through
Brown’s formula (34), that form agrees with an independent 350-digit sector-sum evaluation to
309 digits (59 beyond the 250-digit fit). The algebraically equivalent form (35), evaluated at full
working precision, agrees with the same evaluation to 343 digits (93 beyond that fit). The weight-
eleven value ζsv(3, 5, 3) of Section 2.2 is likewise Q-independent of the odd-zeta products at that
weight, and we reproduced Brown’s formula for it from an independent numerical reduction of
2ζ(3, 5, 3) in a full weight-eleven MZV basis.

We applied the same evaluations and integer-relation searches to every other function of the
family; Table 4 gives the working precision and the lattice-sum agreement function by function,
and Figure 1 marks the coefficients that were not identified numerically. Every closed form
this procedure produces is a recognition: an integer relation stable across two precisions and
supported by several hundred digits, but a fit nonetheless. At the same time, each of these
closed forms is also obtained by the exact reduction of Section 3.3: no Laurent coefficient of the
family rests on a fit, and the numerical values serve instead as a test of that reduction.

D.2 Numerical check of the forty-nine Laurent polynomials

For thirty-eight functions, all those of weight w ≤ 11 and four of weight twelve, we evaluated the
direct lattice sums of Section D.1 as well as the sector sums. Their exact Laurent polynomials
agree with the numerically evaluated coefficients to no worse than 288 digits where the working
precision is 290, and 468 digits where it is 560 or 700 (Table 4). We refer to the closed form
of a coefficient, whether recognized numerically or derived exactly, as its closure, a usage not
to be confused with the closure (50) of the family under the derivations. The eleven weight-
twelve functions beyond that set of checks rest instead on dedicated 700-digit sector-numeric
references, computed for this comparison by an evaluation that did not produce the closures,
which check every nonzero slot at 468–469 digits per function; all fifteen depth-three closures
at transcendental weight 21 (the eleven together with the four inside that set of checks) check
against 700-digit references at 468–470 digits.

The confinement statement of Proposition 1 for the forty-nine functions, with the odd-zeta
form of every coefficient other than c3−w, is read off the exact reduction coefficient by coefficient.
The statement is exhaustive, not sampled: the exact symbolic re-derivation of the atlas closes
every coefficient of all forty-nine functions and reproduces every numeric reference value with zero
mismatches, so the confinement is read off all 740 coefficients in exact arithmetic. In particular,
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w a symbolic numerical agreement lattice-sum check deepest
derivation precision (digits) (digits) (digits), tail slope tw

7 (2, 2, 2, 1) ✓ 290 289 22.2 / 0.938 13
7 (3, 2, 1, 1) ✓ 290 288 20.9 / 0.925 13
7 (4, 1, 1, 1) ✓ 290 289 21.5 / 0.920 13

8 (2, 2, 2, 2) ✓ 290 289 26.7 / 0.937 15
8 (3, 2, 2, 1) ✓ 290 288 20.2 / 0.922 15
8 (3, 3, 1, 1) ✓ 290 288 19.6 / 0.907 15
8 (4, 2, 1, 1) ✓ 290 288 18.1 / 0.908 15
8 (5, 1, 1, 1) ✓ 290 289 19.2 / 0.904 15

9 (3, 2, 2, 2) ✓ 560 470 24.3 / 0.922 17
9 (3, 3, 2, 1) ✓ 560 470 17.6 / 0.908 17
9 (4, 2, 2, 1) ✓ 560 470 17.8 / 0.905 17
9 (4, 3, 1, 1) ✓ 560 470 17.1 / 0.889 17
9 (5, 2, 1, 1) ✓ 560 469 15.4 / 0.892 17
9 (6, 1, 1, 1) ✓ 560 470 16.9 / 0.888 17

10 (3, 3, 2, 2) ✓ 560 470 22.5 / 0.909 19
10 (3, 3, 3, 1) ✓ 700 470 16.2 / 0.906 19
10 (4, 2, 2, 2) ✓ 700 470 22.6 / 0.905 19
10 (4, 3, 2, 1) ✓ 700 470 15.7 / 0.891 19
10 (4, 4, 1, 1) ✓ 700 469 14.6 / 0.872 19
10 (5, 2, 2, 1) ✓ 700 470 15.6 / 0.889 19
10 (5, 3, 1, 1) ✓ 700 470 15.0 / 0.873 19
10 (6, 2, 1, 1) ✓ 700 469 13.6 / 0.876 19
10 (7, 1, 1, 1) ✓ 700 470 14.5 / 0.872 19

11 (3, 3, 3, 2) ✓ 700 470 21.0 / 0.907 21
11 (4, 3, 2, 2) ✓ 700 470 19.4 / 0.892 21
11 (4, 3, 3, 1) ✓ 700 470 13.5 / 0.891 21
11 (4, 4, 2, 1) ✓ 700 470 13.4 / 0.873 21
11 (5, 2, 2, 2) ✓ 700 470 20.2 / 0.889 21
11 (5, 3, 2, 1) ✓ 700 469 13.4 / 0.874 21
11 (5, 4, 1, 1) ✓ 700 470 12.4 / 0.856 21
11 (6, 2, 2, 1) ✓ 700 470 13.3 / 0.873 21
11 (6, 3, 1, 1) ✓ 700 469 12.6 / 0.857 21
11 (7, 2, 1, 1) ✓ 700 469 11.4 / 0.860 21
11 (8, 1, 1, 1) ✓ 700 470 12.2 / 0.856 21

12 (3, 3, 3, 3) ✓ 700∗ 468 – 23
12 (4, 3, 3, 2) ✓ 700∗ 469 – 23
12 (4, 4, 2, 2) ✓ 700∗ 469 – 23
12 (4, 4, 3, 1) ✓ 700∗ 468 – 23
12 (5, 3, 2, 2) ✓ 700∗ 468 – 23
12 (5, 3, 3, 1) ✓ 700∗ 469 – 23
12 (5, 4, 2, 1) ✓ 700∗ 469 – 23
12 (5, 5, 1, 1) ✓ 700∗ 468 – 23
12 (6, 2, 2, 2) ✓ 700∗ 469 – 23
12 (6, 3, 2, 1) ✓ 700∗ 469 – 23
12 (6, 4, 1, 1) ✓ 700∗ 469 – 23
12 (7, 2, 2, 1) ✓ 700 468 11.0 / 0.857 23
12 (7, 3, 1, 1) ✓ 700 470 10.3 / 0.841‡ 23
12 (8, 2, 1, 1) ✓ 700 469 9.2 / 0.844‡ 23
12 (9, 1, 1, 1) ✓ 700 469 9.8 / 0.839‡ 23

Table 4: Each Laurent coefficient of the 49 four-edge functions Ca, 7 ≤ w ≤ 12, follows from the exact reduction
of Section 3 (✓) and agrees with its numerical value to the number of digits in the agreement column (worst
nonzero coefficient of the function). For the 38 functions with a direct lattice-sum evaluation (Section D.1) the
next column gives the worst held-out agreement at τ2 = 15 from lattice sums evaluated to 80 digits, and the
ratio of the fitted tail exponent to −2πτ2 from τ2 ∈ {8, 12}. Low entries (‡: slope below 0.85) come from the
coefficients ck with the most negative k, where dividing by yk to isolate ck multiplies the e−2πτ2 tail by the large
factor y−k; every coefficient with fewer than 15 held-out digits agrees with its 700-digit sector-sum value to ≥ 468
digits. The eleven rows marked 700∗ have no lattice-sum entry, and their numerical values come from a dedicated
700-digit sector-sum evaluation, with which the exact coefficients agree to 468–469 digits per function. “Deepest
tw” is 2w − 1, the transcendental weight of c1−w.
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the re-derivation reproduces the nine C2,2,2,2 coefficients of Section 4.1, the transcendental-
weight-17 coefficient of C3,3,2,2, and the full C2,2,2,1 row including its vanishing coefficients.

D.3 The coefficients of transcendental weights 19 and 21

The quotient ranks 1, 2, 2, 4, 5, 6 of (46) refer to the deep coefficients written in terms of the
ζsv(a, b, c) of Appendix C and projected onto their classes modulo products. Among the ζsv(a, b, c)
themselves, integer-relation searches on their numerical values find 63 rational relations mod-
ulo products of odd zeta values, each holding to ≥ 695 digits, which leave D2w−3,3 independent
classes at each of the six weights. The searches return no further relation up to coefficient height
1015 in the ζ2-free sector.

We call a function whose deep coefficient c3−w has a nonzero depth-three part a carrier. There
are eleven carriers at transcendental weight 19 and fifteen at weight 21. Whether the closure
of each carrier lies in the single-valued span is decided by the exact rational decomposition of
Section 4.5; the numerical agreements that follow only check those decompositions. All eleven
weight-19 deep coefficients pass, and each closure is verified against 700- or 560-digit atlas values
computed independently of the exact reduction that produced the closures, with agreement of
at least 359 digits. All fifteen weight-21 deep coefficients pass the identical membership test,
and each is checked against an independent 700-digit sector-numeric reference, with agreement
of at least 468 digits.

Among the eleven weight-19 carriers, the closure of C8,1,1,1, whose five depth-three coordi-
nates are given in (47), agrees with its 700-digit sector-sum evaluation to 470 digits. This closure
is the coefficient of y−8 in (76), and one exact decomposition of it in terms of the weight-19 values
of Appendix C reads

c−8(C8,1,1,1) = 1035353002567
2904224526773504 ζsv(11, 3, 5) +

15632744128772707
3717407394270085120 ζsv(13, 3, 3)

+ 332095881374857
1858703697135042560 ζsv(3, 11, 5) +

3105372750663279
675892253503651840 ζsv(3, 13, 3)

+ 9191194867742227
1858703697135042560 ζsv(3, 3, 13)−

3242382217911
47966547022839808 ζsv(3, 5, 11)

+ 22488039
119057776640 ζsv(3, 7, 9)−

1831621015863949
7434814788540170240 ζsv(5, 11, 3)

− 62658272742847
135178450700730368 ζsv(5, 3, 11) +

1022409
5411717120 ζsv(5, 5, 9)

+ 3546837
23811555328 ζsv(7, 3, 9) .

(69)

The decomposition (69) is not unique, because the ζsv values of weight 19 obey the rational
relations modulo products counted above. Substituting the formulas of Appendix C into (69)
and reducing modulo the double-shuffle relations of depth at most three reproduces the coef-
ficient of y−8 in (76). The other twenty-five decompositions, whose numbers of ζsv terms and
of odd-zeta monomials are given in Section 4.5, are listed with this one in the ancillary files
described in Appendix E, each in a form that can be checked by substitution. Table 5 gives the
number of carriers entering each rank, and Table 6 compares the membership outcomes with the
range of total modular weight through which the constructions of [22] account for single-valued
coefficients (Section 2.3).

D.4 The membership criterion for the derivation images

Let Cv denote the exact coefficient values ck(Cb) of transcendental weight v over the forty-nine
functions (as in Section 5.2), Ov the monomials in odd zeta values of total weight v, and Qv ⊂ Ov
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tw functions rank Dtw,3 independent references

11 2 1 1 complete
13 5 2 2 complete
15 6 2 2 complete
17 7 4 4 complete
19 11 5 5 complete
21 15 6 6 complete

Table 5: At each of the six odd transcendental weights tw = 2w − 3 the quotient rank of the
deep coefficients c3−w, computed by exact rational elimination on the closures projected onto
the depth-three single-valued quotient basis of Appendix C, equals the conjectural Broadhurst–
Kreimer depth-three dimension Dtw,3 of (14). These dimensions bound the rank from above
(Section 4.6). “Functions” is the number of carriers whose closure at weight tw enters the rank.
“Complete” means that every such closure has an independent numerical check: at tw ≤ 17 the
closure is obtained both by the numerical recognition of Section D.1 and by the exact reduction,
and agrees with the numerical values to 496–499 digits at tw = 17; at tw = 19 each closure from
the exact reduction agrees with an independent numerical value to at least 359 digits; and at
tw = 21 each of the fifteen closures agrees with an independent 700-digit evaluation to at least
468 digits.

w carrier tw of modular wt. 2w occupancy single-valuedness
slot c3−w vs. published (rank/BK) of closed carriers

7 c−4 11 14: below onset 1/1 holds (consistency)
8 c−5 13 16: below onset 2/2 holds (consistency)
9 c−6 15 18: constructed 2/2 holds (consistency)
10 c−7 17 20: constructed 4/4 holds (consistency)

11 c−8 19 22: past 5/5 tested: holds (11/11)
12 c−9 21 24: past 6/6 tested: holds (15/15)

Table 6: Only the last two rows test Zerbini’s conjecture beyond the published constructions;
in the first four the outcome is the one those constructions lead one to expect. After w, the
columns give the coefficient c3−w carrying the depth-three part, its transcendental weight 2w−3,
and the total modular weight 2w of the iterated Eisenstein integrals that enter it. The modular
weight 2w is compared with the published range (Section 2.3), in which new periods first enter
at total modular weight 18 and the constructions of [22] reach total modular weight 20; this
comparison makes the outcome a consistency check at w ≤ 10 and a test at w = 11, 12. The
last two columns give the depth-three single-valued quotient rank of the carriers against the
conjectural Broadhurst–Kreimer dimension, and the outcome of the exact membership test,
with the number of carriers in parentheses.

those with at least two factors. Let Tv denote the products ζsv(a, b, c)µ of a value of Appendix C
of weight w′ < v with µ ∈ Ov−w′ . We tested each derivation image Dm ζsv(a, b, c), of weight
v = a+ b+ c−m, for membership in two spans,

GA(v) = spanQ
(
Cv ∪Qv ∪ Tv

)
, GB(v) = GA(v) + spanQ

{
ζ j
2 µ : µ ∈ Ov−2j , j ≥ 1

}
. (70)
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n formulas images zero nonzero, in span outside span

The 61 formulas of Appendix C extracted from 700-digit numerics
11 3 12 7 5 0
13 6 30 16 14 0
15 10 60 28 32 0
17 15 105 43 62 0
19 16 128 44 84 0
21 11 99 40 59 0

all 61 434 178 256 0

The 22 formulas completed algebraically at weights 19 and 21
19 5 40 17 23 0
21 17 153 50 103 0

all 22 193 67 126 0

Table 7: All 627 derivation images of the 83 values ζsv(a, b, c) of weights 11–21 satisfy (50), as (49)
requires of correct formulas; accordingly the last column is zero throughout. Entries are counts
per weight n. Each value has one image Dm ζsv(a, b, c) for each oddm with 3 ≤ m ≤ n−2, which
either vanishes identically (zero) or is a nonzero element of An−m (in span), decided relative to
the fixed basis for πm, m ≥ 11. Membership was tested in the span GA(n−m) of (70), and for
every nonzero image the coefficient values in Cn−m alone suffice (Section 5.2). The 61 extracted
and the 22 derived formulas of Appendix C (434 and 193 images) are tabulated separately.

The even-weight values in Cv contain no power of ζ2. Hence membership in GA and membership
in GB coincide for every vector free of π2, and every image is such a vector (Section 5.2). The
counts of Table 7 were obtained with GA and hold unchanged for GB. Every nonzero image is,
moreover, a rational combination of the coefficient values in Cv alone (Section 5.2).

For each of eight deliberately corrupted coefficients of weights 15–21, with one depth-carrying
term perturbed by 10−3 (in one case by 1/97), at least one image fell outside GA, with a
remainder along depth-two irreducibles and powers of π2. Every genuine image tested at the
wrong lower weight was likewise rejected. One input with a perturbed ζ2 coefficient was rejected
under GA but accepted under GB, and we therefore adopt the smaller, π2-free span GA as
the criterion. One structural limitation remains, noted before the test ran: a corruption of a
product-of-primitives coefficient moves every derivation image along product directions only, by
the Leibniz rule, and no image-level span test can detect it; the controls therefore target the
depth-carrying coefficients, which is where the closure statement lives.

D.5 Comparison with published values

Table 8 collects every published value we could locate that can be compared with one of ours:
in its upper block those that agree with ours, and in its lower block the three places, stated in
Section 6.3, at which we correct a published formula. All three corrections are transcription-level
defects (a sign, a mis-weighted term, a flipped label), each established by independent routes;
to our knowledge no published erratum exists for any of the three and no citing paper mentions
them (the most recent citer, the five-point extension of Claasen and Doroudiani [40], extends
the algorithm of [23] without remark), and the arXiv listings of the two corrected papers carry
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Agreements
quantity this work published agreement

C4,1,1,1: c1 ζ(3)2/630 ζ(3)2/630 exact; 287 digits
C5,1,1,1: c1 −ζ(7)/9450 −ζ(7)/9450 exact; 287 digits
C6,1,1,1: c1 −ζ(3)ζ(5)/12600 −ζ(3)ζ(5)/12600 exact; 287 digits
C7,1,1,1: c1 13 ζ(9)/1108800 13 ζ(9)/1108800 exact; 457 digits
Ck,1,1,1: cw, k = 4..7 e.g. 566

638512875
(k=4) from printed seed exact (k≤6); 457 digits (k=7)

D5 = C1,1,1,1,1: all 8 slots five-edge chain full Laurent polynomial ≥ 78 digits per slot
D4 = C1,1,1,1: all slots per-run control full Laurent polynomial exact; evaluator 40–49 digits
C2,1,1: all 5 slots asymptotic theorem full Laurent polynomial 101 digits per slot∫
ML

E2 C2,1,1 (c0, lnL) pair pair, independent method 102 digits on both

A(p,q), wt ≤ 6 (7 printed) our evaluators printed integrals 100 digits each
D2,2,2 (trihedral): all 8 slots printed βeqv route Zerbini’s d2,2,2 exact, 8/8 slots
C2,1,1,1,1 = d1,1,4 (five-edge): all
10 slots

five-edge scan Zerbini’s d1,1,4 exact, 10/10 slots

Discrepancies
place as printed this work established by

D’Hoker–Geiser 2110.06237,
Thm. 5.1, eq. (5.7), w even

(−1)⌊(w+1)/2⌋ (−1)⌊w/2⌋+1 caption (i): three routes

Claasen–Doroudiani 2502.05531,
σ2σ2

3 combination
(arXiv source, l. 2022)

+ 1
45360

C+[11111111] Tri[1|1|1] 7 edges in an 8-edge
sum; term excluded

caption (ii): weight count

Claasen–Doroudiani 2502.05531,
C2,1,1 example
(arXiv source, l. 1793)

−18βeqv[ 0 2
4 4 ] −18βeqv[ 2 0

4 4 ] caption (iii): Laurent closure

Table 8: Our values agree with every published value we could locate (y = πτ2; ck multiplies yk).
At three places a published expression contains a transcription-level defect, which we correct. Upper
block : agreement is exact where both sides are closed forms and holds to the stated number of digits
where one side is numerical. Sources: Ck,1,1,1, D’Hoker–Geiser [13]; D5, D4, D’Hoker–Green–Vanhove [5];
C2,1,1,

∫
E2C2,1,1, A(p,q), D’Hoker–Green [41]; D2,2,2, Claasen–Doroudiani’s βeqv expansion [23] with the

constants of Dorigoni et al. [22] against Zerbini’s d2,2,2 [2]; C2,1,1,1,1, Zerbini’s d1,1,4 [2]. Apart from these
Ck,1,1,1 coefficients, no Laurent coefficient of C2,2,2,2 or of any other four-edge function at weights 8–12
has been published. Lower block : the corrections of Section 6.3, established (i) by analytic continuation of
eq. (5.4) of [13], by direct quadrature, and by the lnL coefficient of

∫
E4C2,1,1, (ii) by the Green-function

count of the term, (iii) by the Laurent polynomial of the C2,1,1 example.

no erratum.
Two of the four weight-seven dihedral identities of D’Hoker and Kaidi [24, eq. (3.17)] involve

members of the family and constrain the polynomials (38)–(40). Ref. [24] proves that the left-
hand sides of

7C2,2,2,1 − 21E3E4 − 14C3,2,2 − 28C4,2,1 + 31E7 = − 1
36 ζ7 ,

28C4,1,1,1 + 28C2,2,2,1 + 84C3,2,1,1 − 168E2E5 − 252E3E4

− 294C5,1,1 + 105C3,2,2 − 378C4,2,1 + 654E7 = 3
4 ζ7

(71)

are independent of τ , leaving the two constants undetermined. When we insert (38)–(40), the
Laurent polynomials of the three-edge functions [11] and those of the Ew, the coefficients of the
thirteen powers yk with k ̸= 0 cancel on both left-hand sides, and the constant terms take the
two values shown.

For correction (i), the analytic continuation of the exact eq. (5.4) of [13] described in Sec-
tion 6.3 contradicts the even-w sign of eq. (5.7) and agrees with the odd-w branch and with
eqs. (5.6), (5.8) as published. Direct quadrature of

∫
E∗2

2 E
∗
4 agrees with eq. (5.4) to 13 digits.
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The lnL coefficient of
∫
E4C2,1,1 (Section 6.3) would be 61πζ7/226800 with the published sign,

whereas a separate evaluation gives 47πζ7/226800, and with the corrected sign the two agree
to 104 digits. For correction (ii), the term in question contains seven Green functions, whereas
every other term of both published combinations of [23] contains eight, and the parallel βeqv

form of the same σ2σ
2
3 combination given there has no weight-seven part. For correction (iii)

we fixed the conventions of [23] by its weight-six trihedral example, which reproduces Zerbini’s
d2,2,2 exactly in all 8 coefficients, and by its weight-eight zero modes (53); in these conventions
the C2,1,1 example of [23] yields the Laurent polynomial of C2,1,1 only after its label is corrected
as in Table 8.

E Laurent polynomials of the four-edge family

In this appendix we list, in part here and in full in the ancillary files, the Laurent polynomials
(2) of the two-vertex four-edge functions Ca1,a2,a3,a4 of (1) at weights 7 ≤ w ≤ 12, in the variable
y = π Im τ . Four of them are given in the main text, C2,2,2,2 in (31) with its coefficient c−5 in (33)
and (35), and the weight-seven functions C2,2,2,1, C3,2,1,1 and C4,1,1,1 in (38)–(40). The ancillary
files accompanying this paper contain all forty-nine Laurent polynomials, one entry per nonzero
coefficient (the 740 coefficients of Figure 1 other than those that vanish identically, marked zero
there), with every entry an explicit element of the ring of multiple zeta values, obtained by
the exact reduction of Section 3.3. The entries are given in machine-readable form, as plain
text and as JSON, and, for the forty-five functions not displayed in the main text, in typeset
form as well. The files also include the 83 formulas of Appendix C in the same three forms,
each labeled as extracted from numerics or derived algebraically; a stand-alone supplement in
which the Laurent polynomials and these formulas are typeset together; and a description of the
conventions and of the consistency checks applied to the entries. They also contain the twenty-
six single-valued decompositions of Section 4.5, one of which is written out in Eq. (69), together
with the ζsv values and double-shuffle reductions with which each is verified by substitution, and
the f -alphabet images of the ring-basis generators computed in Appendix C.2.

Below we display the four functions of weight eight other than C2,2,2,2 and the weight-eleven
function C8,1,1,1 of Section 4.7. Powers of y absent from a display or from the file entries
of a function have vanishing coefficient. Multiple zeta values follow the convention (8), with
n1 attached to the smallest summation index, and even zeta values are written as rational
multiples of powers of ζ2. The coefficients ck with k ̸= 3−w are polynomials in odd zeta values
(Proposition 1). The coefficient c3−w, of transcendental weight 2w− 3, has depth at most three,
and we give it reduced modulo the regularized double-shuffle relations of depth at most three.
The reduced monomials that occur in the family are products of at most three odd zeta values,
products ζ j

2 ζ2n+1, products of one odd zeta value with a depth-two generator ζ(3, 5), ζ(3, 7),
ζ(3, 9), ζ(3, 11), ζ(5, 9), ζ(3, 13) or ζ(5, 11), and the depth-three generators (30).

The formulas of Appendix C give each ζsv(a, b, c) as 2 ζ(a, b, c) plus a correction in ordinary
multiple zeta values. One passes from an expression of Section 4 for a coefficient c3−w in terms of
single-valued multiple zeta values, such as (33), to the form used in this list by substituting these
formulas and reducing with the double-shuffle relations. For the ζsv(a, b, c) that enter Table 1 the
corrections consist of products alone. Hence, for each function in that table, the coefficient of a
depth-three generator ζ(a, b, c) of (30) in its reduced Laurent polynomial is twice the coordinate
on ζsv(a, b, c) tabulated there. In (35) the coefficient c−5 of C2,2,2,2 is written with ζ(5, 3, 5) in
place of the generator ζ(3, 5, 5) of (30); at weight thirteen the double-shuffle relations express

40



PR
EL
IM
IN
AR
Y

ζ(5, 3, 5) through ζ(3, 5, 5), ζ13 and products. At transcendental weight 19 the depth-three part
of the deep coefficient of C8,1,1,1 is written in (47) directly in terms of the generators (30), and
the five rational coordinates there coincide with the coefficients of those generators in (76).

Weight 8

The four functions of weight 8 other than C2,2,2,2 of (31), with −7 ≤ k ≤ 8 in (2), are

C5,1,1,1(τ) = 584
6512831325

y8 + 2
93555

ζ3 y
5 − 23

623700
ζ5 y

3 + 1
6300

ζ23 y
2 − 1

9450
ζ7 y

− 1
1260

ζ3ζ5 +
23

20160
ζ9 y

−1 + 1
960

(
2 ζ3ζ7 + ζ25

)
y−2 + 607

3840
ζ11 y

−3 − 1
128

(
57 ζ3ζ9 + 7 ζ5ζ7

)
y−4

+ 1
44800

(
56098 ζ13 + 13650 ζ23ζ7 + 4200 ζ3ζ

2
5 + 51975 ζ2ζ11 − 960 ζ32ζ7 + 420 ζ5 ζ(3, 5)

− 1176 ζ(3, 5, 5) + 1050 ζ(3, 3, 7)
)
y−5 − 1

512

(
993 ζ3ζ11 + 783 ζ5ζ9 + 234 ζ27

)
y−6

+ 3267
1024

ζ15 y
−7 +O(e−2y) ,

(72)

C4,2,1,1(τ) = 38446
488462349375

y8 + 1
212625

ζ3 y
5 + 13

170100
ζ5 y

3 − 1
18900

ζ23 y
2 − 1

37800
ζ7 y

+ 1
756

ζ3ζ5 +
169

30240
ζ9 y

−1 − 1
1440

(
22 ζ3ζ7 + 3 ζ25

)
y−2 + 23

1280
ζ11 y

−3

+ 1
384

(
93 ζ3ζ9 + 19 ζ5ζ7

)
y−4

+ 1
537600

(
−896147 ζ13 − 142800 ζ23ζ7 + 84000 ζ3ζ

2
5 + 508200 ζ2ζ11 + 6720 ζ22ζ9

− 7680 ζ32ζ7 + 6720 ζ5 ζ(3, 5)− 8736 ζ(3, 5, 5) + 8400 ζ(3, 3, 7)
)
y−5

+ 1
1024

(
352 ζ3ζ11 + 428 ζ5ζ9 + 51 ζ27

)
y−6 − 675

4096
ζ15 y

−7 +O(e−2y) ,

(73)

C3,3,1,1(τ) = 302
3907698795

y8 + 4
893025

ζ3 y
5 − 1

42525
ζ5 y

3 + 11
5400

ζ7 y − 2
945

ζ3ζ5

− 313
30240

ζ9 y
−1 + 1

480

(
14 ζ3ζ7 + 13 ζ25

)
y−2 + 13

192
ζ11 y

−3 − 1
16

(
3 ζ3ζ9 + 15 ζ5ζ7

)
y−4

+ 1
67200

(
1845851 ζ13 + 22050 ζ23ζ7 − 25200 ζ3ζ

2
5 − 848925 ζ2ζ11 − 50400 ζ22ζ9

+ 2880 ζ32ζ7 − 26460 ζ5 ζ(3, 5)− 1512 ζ(3, 5, 5)− 3150 ζ(3, 3, 7)
)
y−5

− 1
256

(
55 ζ3ζ11 + 1031 ζ5ζ9 + 672 ζ27

)
y−6 + 4989

1024
ζ15 y

−7 +O(e−2y) ,

(74)

C3,2,2,1(τ) = 1303
18091198125

y8 + 1
14175

ζ5 y
3 + 17

1440
ζ9 y

−1 − 3
160

ζ25 y
−2 − 31

320
ζ11 y

−3

+ 7
8
ζ5ζ7 y

−4

+ 1
19200

(
−433651 ζ13 + 207900 ζ2ζ11 + 15120 ζ22ζ9 + 7560 ζ5 ζ(3, 5) + 1512 ζ(3, 5, 5)

)
y−5

+ 1
256

(
711 ζ5ζ9 + 504 ζ27

)
y−6 − 845

256
ζ15 y

−7 +O(e−2y) .

(75)
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Weight 11: the function C8,1,1,1

The function C8,1,1,1 of Section 4.7, with −10 ≤ k ≤ 11 in (2), is

C8,1,1,1(τ) = 9850034
105661733105053125

y11 + 3617
162820783125

ζ3 y
8 − 251

6578617500
ζ5 y

6

+ 1
6081075

ζ23 y
5 − 569

5108103000
ζ7 y

4 − 691
851350500

ζ3ζ5 y
3 + 809

681080400
ζ9 y

2

+ 1
997920

(
2 ζ3ζ7 + ζ25

)
y − 247

39916800
ζ11 − 1

201600

(
ζ3ζ9 + ζ5ζ7

)
y−1 + 5

193536
ζ13 y

−2

+ 1
161280

(
2 ζ3ζ11 + 2 ζ5ζ9 + ζ27

)
y−3 − 25

258048
ζ15 y

−4 − 1
30720

(
ζ3ζ13 + ζ5ζ11 + ζ7ζ9

)
y−5

+ 32261
245760

ζ17 y
−6 − 1

4096

(
1501 ζ3ζ15 + 247 ζ5ζ13 + 22 ζ7ζ11

)
y−7

+ 1
5365303623680000

(
−34338640474763625 ζ19 + 1394048921265000 ζ23ζ13

+ 501032381850000 ζ3ζ5ζ11 + 56980153230000 ζ3ζ7ζ9 + 70475782377000 ζ25ζ9

+ 41261490270000 ζ5ζ
2
7 + 26976074447322000 ζ2ζ17 + 1658086803172800 ζ22ζ15

− 50338486598400 ζ32ζ13 − 40654705291200 ζ42ζ11 − 5937658272000 ζ52ζ9

− 606699314688 ζ62ζ7 + 204324120000 ζ5 ζ(5, 9) + 241405164000 ζ5 ζ(3, 11)

+ 1964832870000 ζ7 ζ(3, 9)− 2263204944000 ζ(5, 3, 11) + 5171166000 ζ(3, 5, 11)

+ 2297258964000 ζ(3, 7, 9) + 2299655358000 ζ(5, 5, 9)− 2228141916000 ζ(3, 3, 13)
)
y−8

− 1
32768

(
58341 ζ3ζ17 + 48045 ζ5ζ15 + 18345 ζ7ζ13 + 3045 ζ9ζ11

)
y−9 + 906525

262144
ζ21 y

−10

+O(e−2y) ,

(76)

and the polynomials of the remaining forty functions, of weights nine through twelve, are given
in the ancillary files.

F Five-edge functions

The sector |S| = 5 of Eq. (18), in which all five edges carry nonzero winding, has no Bernoulli fac-
tor, and the power counting used in the proof of Proposition 1 shows that this sector contributes
only to the single power y4−w. Its four-fold Mordell–Tornheim sums are the only possible source
of depth four. Hence a five-edge function can carry multiple zeta values of depth four only in
c4−w.

We evaluate the Laurent polynomials of the twenty-nine five-edge functions of weights 5–11
numerically as in Appendix D (460 coefficients) and search each coefficient for multiple zeta
values of depth up to four. For the coefficients not identified by this search we use the reduction
of Section 3.3, which we have extended to five edges through transcendental weight 18. In
this way we obtain exact expressions for fifty-two of the sixty-two coefficients not identified
numerically, as rational combinations of odd-zeta products and depth-three values; each agrees
with its numerical value to 289–460 digits. The remaining ten have odd transcendental weight
19, and by parity no depth-four irreducible occurs at odd weight. By weight and parity alone,
depth four could occur only in the 130 coefficients of even transcendental weight ≥ 8. All 130
are therefore known in closed form, identified numerically or obtained exactly, and we find no
depth-four value in any of them. In particular c4−w is free of depth four in all twenty-nine
functions (Table 9, first block). The Laurent polynomials of the melon D5 = C1,1,1,1,1 [5] and of
Zerbini’s d1,1,4 = C2,1,1,1,1 [2] are known, and our values agree with both (Table 8).

Below c4−w, the coefficients of the twenty-nine five-edge functions have the same form as
the corresponding coefficients of the four-edge family (Table 9, second and third blocks). At
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slot tw closed+open coefficient content example

the five-edge carrier slot (the slot the sector counting predicts for depth four)
k = 4− w 2w − 4 29 + 0 odd-zeta products in the 8 closed (w ≤ 9); c−2(C2,1,1,1,1) =

11
2
ζ3ζ5

the 21 others exact: products+depth three;
depth four in none

the tail below it, identical in shape in all 29 functions
k = 3− w 2w − 3 19 + 10 the four-edge deep-slot pattern: depth three c−3(C2,1,1,1,1) = − 3

2
ζ33 + 79

24
ζ9

from w = 7, exact at w = 9, 10;
open only at w = 11 (tw = 19)

k = 2− w 2w − 2 29 + 0
∑

a+b=2w−2 rab ζaζb, a, b odd ≥ 3 c−4(C2,1,1,1,1) = − 9
4
ζ3ζ7

k = 1− w 2w − 1 29 + 0 r ζ2w−1, r ∈ Q c−5(C2,1,1,1,1) =
45
16

ζ11,
c−10(C3,3,3,1,1) =

9668925
16384

ζ21

the same tail in the four-edge family (products in all 38 functions whose coefficients were identified numerically)
k = 2− w 2w − 2 – double odd-zeta products c−6(C2,2,2,2) = − 405

32
ζ5ζ9 − 567

64
ζ27

k = 1− w 2w − 1 – single odd zeta c−7(C2,2,2,2) =
6825
512

ζ15

Table 9: In all twenty-nine five-edge functions computed (w = 5–11) the one Laurent coefficient
that can carry multiple zeta values of depth four, c4−w, contains none. The three coefficients
below it have the same form as the tail of the four-edge family. A slot k is the coefficient
ck of yk in Eq. (2), of transcendental weight tw = w − k. Third column: how many of the
29 functions have ck determined (closed) or not (open); in the fourth column, closed means
identified numerically and exact means obtained by the reduction of Section 3.3 extended to
five edges. The C2,1,1,1,1 examples are coefficients of Zerbini’s d1,1,4 [2], with which our C2,1,1,1,1

agrees exactly in all ten slots (Table 8). The exact rationals of the remaining five-edge coefficients
are not printed; the ancillary files carry all forty-nine four-edge Laurent polynomials and the 83
formulas of Appendix C.

k = 1−w the coefficient is a rational multiple of ζ2w−1, at k = 2−w a rational combination of
products ζaζb with a, b odd, and at k = 3−w, in the nineteen functions where it is determined,
a sum of odd-zeta products and depth-three values, as in the four-edge c3−w. Depth three is
not confined to c3−w at five edges, because there a sector with |S| = 4 contains one Bernoulli
factor, from the fifth edge with zero winding, and contributes to several powers of y. Forty-six
of the coefficients identified numerically have depth-three content; they occur in twenty-five of
the twenty-nine functions, each has transcendental weight 11, 13, or 15, and only five of them
are c3−w. These coefficients are written in terms of ordinary multiple zeta values, and we have
not checked whether their depth-three parts can be expressed through the single-valued multiple
zeta values of Appendix C.
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