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Abstract
Whether data that look heterogeneous contain one population or several is one of the oldest

questions in statistics. The Bayesian answer is a ratio of marginal likelihoods, and for mixture
models the defining integrals have been treated as intractable for decades. Exact values existed
only for isolated small datasets, the asymptotic theory of singular models supplies growth rates
without the constants, and practice falls back on Monte Carlo estimators or criteria built for
regular models. For mixtures of a discrete variable the evidence is far more explicit than this
record suggests. The two-component evidence is a closed form in harmonic numbers, exact at
every sample size, for any counts, any number of states, and any integer Dirichlet priors. At any
number of components g, under uniform component priors, the evidence collapses to a sum over
component sizes weighted by contingency-table counts, computable exactly up to a thousand
states and a hundred thousand observations. The limit g → ∞ at fixed concentration is taken
exactly: the finite-g evidence is a polynomial in 1/g with the Dirichlet-process evidence as its
constant term. For data with every count at its expected value, and for binomial mixtures, two-
class naive Bayes networks, and 3 × 3 contingency-table mixtures, we prove the constant-order
terms that singular learning theory leaves open. The constants convert rates into sample sizes: in
a trial recording four binary outcomes per participant, strong evidence against a spurious second
component takes 3.3 million participants at a fifty-fifty response rate; BIC reaches the same
threshold at 22. Against the exact values we grade the marginal-likelihood estimators in common
use; we compute the evidence of a Dirichlet process mixture exactly on a real benchmark, a
computation previously done only by Monte Carlo. Applications to capture–recapture, record
linkage, environmental DNA, and mutational signatures appear in the supplement.

Keywords: marginal likelihood; Bayes factor; mixture model; singular learning theory; Dirichlet
process; model selection.

1 Introduction
Finite mixture models describe data drawn from several latent subpopulations, and the first question
asked of such data, since Pearson (1894) fit two normal components to Weldon’s crab measurements,

∗Work done with Anthropic, but results and views are not endorsed by Anthropic.
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is how many subpopulations there are. In the Bayesian formulation each candidate number of
components g defines a model, and the models are compared through their marginal likelihoods,
or evidences (Kass and Raftery, 1995): the probability of the observed data under each model,
with the model parameters integrated out against their prior. For mixtures of a single categorical
variable we obtain the evidence in closed form at two components and, under uniform component
priors, compute it exactly at any finite number of components and in the Dirichlet process limit.
For three singular families we also determine the large-sample expansion of the evidence, including
its constant term, on expected-count data, in which every cell count equals its expectation under
the smaller model.

The comparison of mixture models by their evidences arises in several of the applications treated
below. In a capture–recapture study in which 76 rabbits were caught over eighteen trapping
occasions, the posterior mean of the population size is about 98 if the animals form one catchability
class and about 150 if they form two (Supplement S5). For a trial that records four binary outcomes
per participant, we determine the number of participants needed before the Bayes factor can favor a
single homogeneous population over one with a spurious subpopulation of responders (Section 6.1).
A targeted cancer gene panel reports only a handful of mutations per tumor, and the Bayes factor for
the presence of a mutational signature must be computed from those few counts (Supplement S10).
In all three problems the conclusion depends on a ratio of evidences of mixture models with different
numbers of components, at a sample size small enough, or at target odds large enough, that the
approximations reviewed below are in doubt. Mixture models present several well-known difficulties
for inference, and most of them bear directly on this comparison of g with g + 1 components.

1.1 Known difficulties

A model with g components contains every model with fewer. Setting a mixing weight to zero, or
making two components identical, reproduces a (g−1)-component distribution on a set of parameter
values of positive dimension, the singular set, on which the parameters are not identifiable and the
Fisher information matrix is singular. This degeneracy is distinct from the permutation symmetry
of the component labels, and unlike that symmetry it invalidates the regular large-sample theory of
estimation and testing. For a single categorical variable the degeneracy is complete: a mixture of
k-state distributions is again a k-state distribution, so the mixture parameters cannot be recovered
from the data at any sample size (Teicher, 1963).

The classical theory of testing g−1 against g components fails on the singular set: the likelihood-
ratio statistic has no χ2 limit there. For normal components with an unrestricted mean the statistic
diverges (Hartigan, 1985), and on compact parameter sets its limit law is the supremum of a squared
Gaussian process indexed by the directions of approach to the smaller model (Dacunha-Castelle
and Gassiat, 1997). In an overfitted Bayesian mixture the posterior either empties the superfluous
components or splits a true component among them, according to the Dirichlet exponent of the prior
on the weights (Rousseau and Mengersen, 2011). Mixtures of normal distributions add difficulties
of their own: the likelihood is unbounded, the likelihood surface has many local modes and the
largest finite one is difficult to locate, and an improper prior on the component parameters gives an
improper posterior at every sample size. Wasserman (2012) listed these facts and concluded that
mixtures, “like tequila, are inherently evil and should be avoided at all costs.”

The same singular set controls the large-sample behavior of the evidence, and hence the ac-
curacy of BIC, the usual criterion for choosing the number of components in model-based clus-
tering and latent-class analysis (Fraley and Raftery, 2002; Linzer and Lewis, 2011; Nylund et al.,
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2007). Schwarz’s approximation log ZN = log P (D | θ̂) − d
2 log N + O(1), the basis of BIC, is a

Laplace expansion about a nondegenerate maximum (Schwarz, 1978). When the data are con-
sistent with fewer components than the model allows, the maximum is attained on the whole
singular set and the expansion does not apply. The coefficient of log N then changes: − log ZN =
NS + λ log N − (m − 1) log log N + O(1) on expected-count data, with S the log loss of the true
distribution, a rational learning coefficient λ ≤ d/2, and a multiplicity m (Watanabe, 2009). The
pairs (λ, m) have been derived for several mixture and related singular families by resolution of
singularities (Yamazaki and Watanabe, 2004; Rusakov and Geiger, 2005; Aoyagi and Watanabe,
2005; Lin, 2011) and are the inputs of the singular BIC of Drton and Plummer (2017). How-
ever, singular learning theory, which gives the expansion and the learning coefficients, does not
determine the O(1) term at the degenerate configurations that matter for model choice. Lin’s
leading-coefficient calculus (Lin, 2011, Ch. 5) supplies it where the phase is Newton-nondegenerate,
and to our knowledge it has not been computed for any of the families above (Section 2.2). Any
sample-size calculation based on the singular expansion needs the constant, and the resulting sam-
ple size is sensitive to its value. When the competing models have learning coefficients that differ
by 1/4, as they do for the binomial mixtures of Section 6.1, the Bayes factor in favor of the smaller
model grows only like c N1/4. The sample size at which it reaches a threshold B is then (B/c)4,
proportional to the inverse fourth power of the unknown constant.

Direct computation of the evidence, without asymptotic approximation, is also difficult, because
the likelihood of N observations is a product of N sums over components and the integrand of the
evidence therefore expands into gN allocation terms. Under conjugate priors each term integrates
in closed form, but the sum has too many terms to enumerate. Lin et al. (2009) showed that for
mixtures of independence models on discrete data the sum can be reorganized over the values of
a sufficient statistic and evaluated exactly for datasets of moderate size, and that the resulting
Bayes factors are rational numbers. For normal components the reorganization gives no reduction,
because with continuous data distinct allocations almost surely have distinct component sums and
sums of squares. In applied work the evidence is instead estimated from Markov chain Monte
Carlo output, by the harmonic mean, Chib’s method, bridge sampling, stepping-stone sampling, or
nested sampling (Newton and Raftery, 1994; Chib, 1995; Meng and Wong, 1996; Xie et al., 2011;
Skilling, 2006). Mixtures are difficult for these estimators as well: Chib’s estimator is biased by
log g! unless the sampler visits every labeling of the components (Neal, 1999), and the harmonic
mean estimator, which remains in common use, often has infinite variance (Newton and Raftery,
1994). Each of these methods also gives an error bar computed from the same Monte Carlo samples,
and the accuracy of that error bar on a given mixture problem is unknown unless an exact value is
available for comparison.

1.2 Contributions and techniques

We work with the family on which the exact computations of Lin et al. (2009) were built, mixtures
of independence models for discrete data, under proper uniform or Dirichlet priors (Section 2.1).
In these models the likelihood is bounded and the evidence is a finite sum that can be evaluated in
exact arithmetic. Because the evidence is an integral over the whole parameter space, no likelihood
mode has to be located and no identifiability constraint is imposed. The label symmetry and
the singular set are integrated over, and the latter affects only the large-sample expansion of the
evidence, which for these models can be compared with exact finite-sample values. The main results
are the following.
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Closed forms at two components (Section 3). For one k-state variable the summand depends on
the allocation only through the number m of observations assigned to the first component. The
allocation sum therefore collapses to a single sum over m = 0, . . . , N of a lattice-point count W (m),
piecewise polynomial in m, against a ratio of factorials with simple poles in m. Evaluating this
sum by partial fractions shows that the evidence is an explicit Q-linear combination of 1 and
harmonic numbers, for any counts, any k, and any integer Dirichlet hyperparameters (Theorems 1–
3; the general-k reduction is proved in Appendix A). A first consequence concerns Teicher’s non-
identifiable case: for one balanced binary variable the Bayes factor between one and two components
converges to 1/(2 log 2), so that increasing the sample size never produces strong evidence for
either model (Corollary 1). More generally, for one categorical variable a single component already
ranges over the whole simplex of cell-probability vectors, and the models with different numbers
of components therefore contain the same set of distributions. Their evidences differ only through
the priors that the component structure induces on that simplex.
Any number of components, and the Dirichlet process limit (Section 4). The cancellation that
reduces the two-component evidence to a single sum persists at every g when the component priors
are uniform: the summand depends on the k×g allocation table only through its column sums. The
evidence then collapses to a sum over component sizes m1 + · · · + mg = N weighted by the number
CTU (m) of contingency tables with margins (U, m), that is, with the observed cell counts as row
sums and the component sizes as column sums. The generating function of these table counts is
a product of complete homogeneous symmetric polynomials (Theorem 4). At two components the
exact rational evaluation takes about five minutes on one core for k = 1,000 states and N = 105

observations (Table 1). With symmetric Dir(α/g, . . . , α/g) weights the g-component evidence is
a polynomial in 1/g of degree at most N − 1. Its constant term is the evidence of the Dirichlet
process mixture with concentration α at sample size N , an explicit finite sum over cluster sizes
(Theorem 5). The limit g → ∞ is therefore taken by the substitution 1/g = 0, with no interchange
of limits to justify. Non-uniform component priors at general g remain open.
The constant term for three singular families (Section 5). On deterministic expected-count rays
U = Nq with q in the smaller model, and under uniform priors, we compute the O(1) term of the
singular expansion. Laplace’s method does not apply as it stands, because the exponent is maximal
on a set of positive dimension with degenerate transverse directions. The dominant part of this set
is either an interior ridge or a stratum on the boundary of the mixing simplex. In each family we
integrate exactly along the flat directions and expand to the first non-vanishing transverse order.
In the binomial mixture with four trials at a one-component truth, the allocation sum on the
expected-count ray is a lattice sum whose summand has an explicit large-deviation exponent. The
exponent is already in normal-crossing form in the allocation coordinates, so that no resolution of
singularities is needed, and the dominant set is an interior ridge with quartic transverse decay. For
data U = n (1, 4, 6, 4, 1), that is N = 16n observations at θ0 = 1

2 , the expansion about the ridge
gives Z = C n−3/4 2−64n(1 + o(1)) with C =

√
2 π3/2 Γ(5/4)/(32 · 31/4) (Theorem 6), and at every

one-component truth the constant is a universal number times the per-trial variance θ0(1 − θ0)
(Theorem 7).

The ridge computation extends to continuous components (Section 5.3). We compare one unit-
variance normal component with a mixture of two, under a uniform prior on the mixing weight
and an N(0, s2

0) prior on each mean, with the log likelihood replaced by its expectation under the
truth N(µ0, 1). In this setting we prove that the Bayes factor for one component grows with the
sample size n as c n1/4, where c = 2s0 eµ2

0/(2s2
0)/
(√

π Γ(1/4)
)

(Proposition 1; Supplement S1.3). For
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standard normal priors centered at the truth its leading term reaches 3 near n = 8,600 and 20
near n = 1.7 × 107. Reduced-rank regression, treated in the same way, gives a second continuous
example in which the evidence and the constants of its large-sample expansion have closed forms.

In multivariate latent-class models at a one-class truth the evidence localizes at the boundary
of the mixing simplex, along which the exponent is exactly flat (Lemma 3) and across which
the Hessian factorizes into per-factor χ2 divergences (Theorem 8). The Laplace step across the
boundary is controlled by dominated convergence with an N -free integrable envelope. The boundary
computation yields the constants for the two-class naive Bayes model on three binary features and
the two-class mixture on 3 × 3 tables (Theorems 9 and 10), whose exponents are due to Rusakov
and Geiger (2005) and Lin (2017, 2011). Section 5 states which localization steps are proved and
which rest on numerically determined decay orders.
Consequences of the exact values (Section 6). Once the constant term is known, the singular
expansion can be solved for the sample size at which the Bayes factor reaches a given threshold. In
a design recording four binary outcomes per participant, the Bayes factor against a spurious second
component grows on expected-count data as 0.2311 N1/4/

√
θ0(1 − θ0) (Corollary 2). At a fifty-fifty

response rate the exact Bayes factor reaches 3 at N = 1,281 and 20 near N = 3.3 × 106. On the
median dataset generated from the one-component model, the BIC approximation to this Bayes
factor gives twenty-to-one odds against the second component already at N = 22 (Section 6.1).
The corollary extends to a sample-size formula for any target odds and any number of outcomes
per participant. We then use the exact values to assess five standard marginal-likelihood estimators
and the coarsened posterior of Miller and Dunson (2019), and compare a Gibbs sampler for record
linkage with exact partition posteriors (Section 6.2). For the eyetracking counts of Escobar and
West (1998) we compute exactly the Dirichlet-process evidence and the posterior distribution of
the number of clusters (Section 6.3). Six further applications are summarized in Section 6.4 and
given in full in the supplement: capture–recapture, the die count of a Roman coin issue, latent
classes in an environmental-DNA survey, record linkage, a comparison of partition priors by their
evidence, and mutational signatures in small gene panels.

1.3 Organization

Section 2 fixes notation and reviews the models, the asymptotic and computational work on the
evidence, and the partition-model formulation of mixtures with infinitely many components. Sec-
tions 3–6 contain the results, in the order in which Section 1.2 describes them, and Table 6 in
Section 6 gives an overview of all the applications. Section 7 discusses a limitation of the method
and open problems. Appendix A proves the general-k reduction, and the supplement contains the
remaining proofs, the numerical methods, an analysis of the regime in which the number of states
grows in proportion to the sample size, and the six further applications.

2 Mixture models and their evidence
The models of Sections 3–5 are, apart from the two continuous examples of Section 5.3, mixtures of
independence models on discrete data in the sense of Lin et al. (2009), with two components, any
finite number g of components, or the Dirichlet-process limit g → ∞. Throughout, the quantity
computed for each model is its evidence under a proper prior. Section 2.1 fixes notation and the
measure conventions, Section 2.2 reviews the singular asymptotic theory and the approximate and
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exact methods of computing the evidence, and Section 2.3 recalls the partition-model form of the
infinite-component limit used in Sections 4 and 6.

2.1 Models, notation, and conventions

The evidence, or marginal likelihood, of a model M with parameters θ, prior density π(θ), and
data D is

Z = P (D | M) =
∫

dθ π(θ) P (D | θ, M) . (2.1)

The ratio of two evidences, the Bayes factor, converts the prior odds of two models into their
posterior odds; a factor of 20 is conventionally read as strong evidence (Kass and Raftery, 1995).
The data type throughout is categorical: each observation falls in one of k cells, and a dataset
is summarized by counts U = (U1, . . . , Uk) with

∑
v Uv = N . We write Z for the probability of

the observed sequence. The multinomial coefficient by which it differs from the probability of the
counts is common to every model of the same data and cancels in every Bayes factor. For the
one-component model, independent draws from θ ∈ ∆k−1, the evidence under a uniform prior is
the Dirichlet integral

Z1(U) = (k − 1)! U1! U2! · · · Uk!
(N + k − 1)! , (2.2)

and under a general Dirichlet prior a ratio of Gamma functions. Conjugacy gives the one-component
evidence in closed form wherever it appears below.

The two-component mixture replaces the cell probabilities by pv = σ θv + (1 − σ) ρv, and its
evidence, with uniform priors on all three parameter blocks, is

Z2(U) =
∫ 1

0
dσ

∫
∆k−1

dµ(θ)
∫

∆k−1
dµ(ρ)

k∏
v=1

(
σ θv + (1 − σ) ρv

)Uv , (2.3)

with dµ the normalized simplex measure. The integrand is a product of N sums, and no change of
variables makes it a monomial. The parameterization is also degenerate, and most severely so at the
one-component distributions against which the mixture is compared: swapping (θ, σ) with (ρ, 1−σ)
leaves every pv unchanged; on the surface θ = ρ every value of σ gives the same distribution; and at
σ ∈ {0, 1} one component decouples with its parameters unconstrained. Evans et al. (1989) wrote
down finite-sum expansions of Eq. (2.3) for the two-component latent-class model and judged them
too complicated for practical use. The problem of closed-form evaluation, meaning an explicit
formula in the counts rather than a finite sum over allocations or over their sufficient statistics,
appears to have been open since.

We follow the conventions of Lin et al. (2009), whose published rational values serve as test
cases. In their setting an observation consists of F discrete variables, or factors; factor f takes
tf + 1 states and is observed rf times exchangeably within the observation, and a cell v is specified
by the number of copies of each factor in each state. The independence model gives factor f
a probability vector θ(f) ∈ ∆tf

, independently across factors and copies, so that every ordered
outcome whose state counts are v has probability the monomial

pv(θ) = θav =
F∏

f=1

tf∏
j=0

(
θ

(f)
j

)av,fj , θ = (θ(1), . . . , θ(F )) ∈ P = ∆t1 × · · · × ∆tF , (2.4)
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where av,fj is the number of copies of factor f in state j in cell v, and A denotes the matrix with
columns av. The cell v itself has probability cv pv(θ) with cv =

∏
f

(
rf !/

∏
j av,fj !

)
, and following

Lin et al. (2009) we work with the unscaled monomials, the factor
∏

v cUv
v being common to all

models of the same data. One k-state variable is the case F = 1, t1 = k − 1, r1 = 1, with pv = θv;
F binary features observed once each give pv =

∏
f θ

vf

f (1 − θf )1−vf for v ∈ {0, 1}F ; a k × k table
is F = 2 with pij = θ

(1)
i θ

(2)
j . The two-component mixture draws each observation from one of two

such parameter vectors, all copies of all factors in the observation sharing the component:

pv = σ0 θav + σ1 ρav , (σ0, σ1) ∈ ∆1 , θ, ρ ∈ P . (2.5)

For one variable observed once, Eq. (2.5) reduces to the cell probabilities pv = σθv + (1 − σ)ρv of
Eq. (2.3), with σ0 = σ. The evidence is the integral of

∏
v pUv

v over Θ = ∆1 × P × P with the
Lebesgue probability measure on each simplex (total mass one per simplex). The one exception
is the contingency-table computations of Section 5.4, where Z carries the coordinate Lebesgue
measure da1 da2 on each ∆2 (mass 1

2 per simplex); the mass-one convention multiplies those Z by
24 = 16 and their constants accordingly. Two conventions matter and are easy to get wrong: the
measure normalization contributes a factor tf ! per simplex ∆tf

through∫
∆t

θb0
0 · · · θbt

t dθ = t! b0! · · · bt!
(b0 + · · · + bt + t)! , (2.6)

and for models with repeated variables the reduced-state parameterization is unscaled: no binomial
coefficients multiply the monomials. Throughout, g denotes the number of mixture components
(g = 2 until Section 4) and k the number of states of the observed variable. Both log and ln
denote the natural logarithm, and base-10 logarithms are written log10; harmonic numbers carry a
subscript (Hj =

∑
i≤j 1/i); h(p) = −p log p−(1−p) log(1−p) is the binary entropy; an unsubscripted

H is a transverse Hessian in Section 5.4.
Three models recur:

1) the binary model: one variable with two states, cells p0 = σ0θ+σ1ρ, p1 = σ0(1−θ)+σ1(1−ρ),
counts U = (u0, u1);

2) the k-state model: one variable with k states;

3) the binomial mixture: four exchangeable binary variables, reduced states v ∈ {0, . . . , 4}
with unscaled monomials fv(θ) = θ4−v(1 − θ)v, cells pv = σ0fv(θ) + σ1fv(ρ), counts U =
(U0, . . . , U4); the secant of the quartic rational normal curve and the standard singular-
learning example (Yamazaki and Watanabe, 2004; Lin et al., 2009).

Before using these conventions we checked our implementation against the three published values of
Lin et al. (2009): the coin-toss rationals of their §4.1 (data from Hoşten et al., 2005), the N = 132
schizophrenic-patients table of their Example 5.5, and the 100 Swiss Francs table of Pachter and
Sturmfels (2005) (Supplement S3).

2.2 Asymptotic theory and approximate computation

The standard large-sample treatment of the integral Eq. (2.3) assumes a regular model. Laplace
approximation at an interior maximum of the likelihood then gives Schwarz’s Bayesian information
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criterion, log Z = log P (D | θ̂) − d
2 log N + O(1) with d the parameter count (Schwarz, 1978), the

maximized likelihood computed in practice by expectation–maximization (Dempster et al., 1977).
Keribin (2000) showed that BIC, among other penalized-likelihood criteria, selects the true number
of mixture components almost surely as N → ∞, under regularity conditions on the component
family. However, every hypothesis in Schwarz’s derivation fails for Eq. (2.3) at data consistent
with a single component: the likelihood is maximized on the whole degenerate set, the Hessian
is singular along it, and the Gaussian integral does not exist. Models with this structure are
called singular, and mixtures are the canonical example. Because the likelihood is flat along the
degenerate directions, the effective number of parameters is smaller than d, and a d/2 penalty is
likely to overstate the case against the larger model.

The correct asymptotics for singular models are Watanabe’s:

− log ZN = NS + λ log N − (m − 1) log log N + O(1) , (2.7)

with S the log loss of the true distribution, λ the real log canonical threshold (learning coefficient;
d/2 for a regular model), and m its multiplicity (Watanabe, 2009). For sampled data the first term
is the empirical loss NSN with an Op(1) remainder. On the deterministic count rays U = Nq
used throughout this paper the expansion holds as written with an O(1) remainder. The pair
(λ, m) is computable through resolution of singularities and has been derived family by family
(Yamazaki and Watanabe, 2003, 2004; Rusakov and Geiger, 2005; Aoyagi and Watanabe, 2005).
The criterion built on the theory, the singular BIC of Drton and Plummer (2017), replaces d/2 by
λ and takes the λ as inputs. However, singular learning theory does not in general determine the
O(1) term of Eq. (2.7). Resolution methods yield the constant only where the phase is Newton-
nondegenerate; there the leading-coefficient calculus of Lin (2011, Ch. 5) computes it, including an
exact data-dependent constant for a two-parameter coin-mixture model (his Example 1.18). At the
degenerate configurations of interest here the theory fixes evidence ratios only up to an unknown
constant factor. Drton and Plummer note this limitation: “We are not aware of any successful work
on higher-order approximations in statistically relevant singular settings” (their §2.2). The 2026
extension of the criterion to probabilistic principal component analysis is described by its authors
in the same terms, as “equal to the true marginal likelihood up to an error term of order Op(1)”
(Drton et al., 2026). The constants derived below are this O(1) term, for three families where the
λ are known.

Monte Carlo methods do not rely on asymptotic expansions: reversible-jump Markov chain
Monte Carlo (Richardson and Green, 1997) and samplers for mixtures with a prior on the number
of components (Miller and Harrison, 2018) estimate posteriors well, but a Markov chain samples
the posterior without computing its normalizing constant, which is the evidence. Extracting it
requires estimators of its own (harmonic mean, bridge sampling, Chib’s method, stepping-stone,
nested sampling; Newton and Raftery, 1994; Meng and Wong, 1996; Chib, 1995; Xie et al., 2011;
Skilling, 2006). Each gives a point estimate and an error bar computed from the same Monte Carlo
samples, so the calibration of the error bar can be checked only against an exact value; we carry
out this check in Section 6.2. On the exact side, Lin et al. (2009) observed that for mixtures of
independence models with uniform or Dirichlet priors Z(U) is a rational number, gave algorithms
that compute it for datasets of moderate size, and used the values to test the singular-learning
asymptotics numerically. Borinsky et al. (2023) later replaced exact evaluation with tropical Monte
Carlo sampling and noted that the error constants of their estimator grow exponentially with the
sample size. They concluded that “exact symbolic algorithms are still surprisingly competitive.”
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The algorithms of Lin et al. evaluate the evidence exactly, one dataset at a time, and their scaling
study (their Example 4.3) measured the exponent λ but left the O(1) term open.

2.3 Infinitely many components and partition models

Bayesian nonparametric mixtures place no upper bound on the number of components: give the
mixing weights the symmetric Dirichlet prior Dir(α/g, . . . , α/g) and send g → ∞ at fixed concen-
tration α > 0. The limit of the predictive distribution is the Chinese restaurant process, and the
probability of a partition π of the N observations into t blocks is

P (π) =
αt ∏

B∈π

(
|B| − 1

)
!

α(α + 1) · · · (α + N − 1) . (2.8)

The random measure underlying the Chinese restaurant process is Ferguson’s Dirichlet process (Fer-
guson, 1973), and the resulting model is the Dirichlet process mixture (Antoniak, 1974), sampled
in practice following Escobar and West (1998). Its evidence follows from Eq. (2.8) by conditioning
on the partition: given π the blocks are independent one-component problems, so

ZDPM(U ; α) =
∑

π

P (π)
∏

B∈π

Z1(UB) , (2.9)

with UB the cell counts of block B: a finite sum with roughly 10115 terms at N = 100. Equation (2.9)
is more general than the Dirichlet process: any prior over partitions together with any per-block
marginal likelihood defines a partition model, the Pitman–Yor two-parameter family (Pitman and
Yor, 1997) being a standard alternative. In record linkage, for example, each B ∈ π is the
set of records attributed to one entity, and Z1(UB) is the probability of generating those records
as distorted copies of that entity. Sections 6.2 and 6.4 evaluate Eq. (2.9) exactly for linkage
models under several partition priors, which Section 6.4 ranks by evidence. In each comparison the
likelihood and hyperparameters are fixed and links are allowed only within prespecified groups of
records (“blocking”). The scaling α/g is essential: under Dir(c, . . . , c) with c fixed, two observations
share a component with prior probability (c + 1)/(gc + 1) → 0, against 1/(1 + α) under α/g, so as
g → ∞ every observation has its own component. The data are then iid from the prior predictive
of one component, uniform on the k states under uniform component priors, and the evidence is
(1/k)N whatever the data (Section 4.3).

3 Closed forms at two components
The evidence of the two-component mixture of one k-state variable is a closed form: an explicit
Q-linear combination of 1 and harmonic numbers, valid for arbitrary counts, arbitrary k, and
arbitrary integer Dirichlet priors. We state and prove the formulas and then show, as their first
statistical consequence, that for binary data the Bayes factor between the one-component model
and the two-component mixture converges to an explicit constant as the sample size grows.

3.1 The allocation sum and the binary model

Expanding each cell of Eq. (2.5) binomially and integrating term by term with Eq. (2.6) gives

Z(U) =
∑

0≤x≤U

∏
v

(
Uv

xv

)
D
(
|x|, N − |x|

)
E(Ax) E

(
A(U − x)

)
, (3.1)
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where xv counts the observations of cell v allocated to the first component, D(a, b) = a! b!/(a+b+1)!
is the mixing-weight integral, and E(b) is the product of simplex integrals (2.6) of the sufficient
statistic b = Ax, with A the matrix of exponent vectors. This is the expansion of Lin et al. (2009),
whose algorithms organize the sum over the attainable values of the sufficient statistic b, which are
the lattice points of a polytope. However, for the one-variable models the sum collapses to closed
form.

Theorem 1 (Binary model, uniform prior). For the binary model with counts u0 ≤ u1 and N =
u0 + u1,

Z(u0, u1) = u0! u1!
(N + 1)! ·

2
N + 2

[
(u0+1) + (u0+1)

(
Hu1+1−Hu0+1

)
+ (N+2)

(
HN+1−Hu1+1

)
− (N−u1)

]
,

(3.2)
where Hj is the j-th harmonic number. In particular, for symmetric counts,

Z(n, n) = (n!)2

(2n + 1)!

[ 1
n + 1 + 2

(
H2n+1 − Hn+1

)]
= B(n+1, n+1)

[ 1
n + 1 + 2

(
H2n+1 − Hn+1

)]
.

(3.3)

Proof. For a single k-state variable the exponent matrix is the identity, so b = x in Eq. (3.1) and
the binomials combine with the factorials of E:

(uv

xv

)
xv!(uv −xv)! = uv!. The sum therefore depends

on x only through m = |x|,

Z(U) =
∏

v uv!
(
(k − 1)!

)2
(N + 1)!

N∑
m=0

W (m) m! (N − m)!
(m + k − 1)! (N − m + k − 1)! , W (m) = #{x ≤ U : |x| = m} .

(3.4)
For k = 2 the weight is 1/

[
(m+1)(N −m+1)

]
, which partial-fractions as 1

N+2
[ 1

m+1 + 1
N−m+1

]
; since

W (N − m) = W (m), both halves contribute equally. The count W (m) for a box [0, u0] × [0, u1] is
the trapezoid W (m) = m + 1 for m ≤ u0, u0 + 1 for u0 ≤ m ≤ u1, and N − m + 1 above, and
the sum

∑
m W (m)/(m + 1) evaluates in harmonic numbers piece by piece. Collecting terms gives

Eq. (3.2).

The harmonic numbers arise from the mixing-weight integral D: after the partial-fraction step
of the proof, each allocation total m carries a factor 1/(m + 1), and HN+1 − Hu1+1 is the sum of
these factors over the totals m that exceed u1. Expanding the harmonic numbers gives the complete
asymptotic series of the evidence; the leading terms already show the singular structure treated in
general in Section 5, e.g. from Eq. (3.3),

Z(n, n) =
√

π log 2 · 4−n n−1/2 (1 + O(1/n)
)

, (3.5)

a learning coefficient λ = 1/2 with constant
√

π log 2.

3.2 The k-state family and Dirichlet priors

The reduction of the allocation sum to the single sum Eq. (3.4) over m = |x| holds for every k and
gives the evidence in closed form for the whole one-variable family.
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Theorem 2 (k-state model, uniform prior). For the k-state model with arbitrary counts U , the
evidence Z(U) is an explicit Q-linear combination of 1 and harmonic numbers with arguments de-
termined by the partial sums of the counts. The reduction is constructive: partial-fraction the weight
in Eq. (3.4) over its simple poles, apply inclusion–exclusion to W (m) (a piecewise polynomial), and
divide each polynomial piece by each linear factor; every resulting sum is either polynomial (rational
contribution) or a harmonic-number difference.

Theorem 3 (Integer Dirichlet priors). Theorems 1 and 2 extend to arbitrary integer Dirichlet priors
Dir(β0, β1) on the mixing weight and Dir(α), Dir(α′) on the two component parameter vectors: the
evidence remains an explicit combination of 1 and harmonic numbers. The Gamma-ratio kernel
keeps simple poles for integer hyperparameters, so no generalized harmonic numbers arise.

Both proofs are in Appendix A, together with the general formula written out as an explicit
procedure; as an example, for k = 3,

Z(2, 2, 2) = 2
315

[
1
40 + 1

4H3 − 2
5H4 − 5

4H6 + 12
5 H7 − H8

]
= 37

63000 . (3.6)

To illustrate the use of the closed forms in model comparison, take counts (u0, u1) = (34, 66) and
ask whether the population is homogeneous or a two-component mixture. The one-component
evidence is the conjugate integral B(u0+1, u1+1), the mixture evidence is Eq. (3.2), and their ratio
is the exact Bayes factor

BF ind:mix = B(35, 67)
Z(34, 66) = 0.78343 . . . , (3.7)

so the data slightly favor the mixture. That the ratio is a rational number follows from Corollary 5.4
of Lin et al. (2009); here both evidences are closed forms in the counts, so the value of the ratio is
obtained by direct substitution.

To our knowledge the formulas of Theorems 1–3 have not appeared before; the nearest an-
tecedents are the unreduced finite sums of Evans et al. (1989), the allocation-sum representations
of the exact-mixture literature, collapsed at most to per-component sufficient-statistic tables (No-
bile, 1994; Fearnhead, 2005; Robert and Mengersen, 2011) (Section 4 discusses these), and the
per-dataset rational values of Lin et al. (2009). However, the quantity these formulas express is
not new: the evidences are moments of Dirichlet-weighted random means, computed in transform
form in the literature on such means (Van Assche, 1987; Johnson and Kotz, 1990). The formula in
Theorem 2 can be long: as an inclusion–exclusion over subsets of the k cells, its worst-case term
count is O(min(k 2k, N +k)) and individual instances exceed 2k terms, so it may grow exponentially
in k. Its length is nevertheless no measure of the cost of computing the value, which is obtained
from the single sum Eq. (3.4) without expanding the formula (Section 4.2).

3.3 Convergence of the Bayes factor to a constant

The mild preference for the mixture at counts (34, 66) persists at large sample sizes. In the balanced
case, comparing Eq. (3.5) with the one-component evidence B(n+1, n+1) =

√
π/n 4−n/2 (1 +

O(1/n)) gives the limit of the Bayes factor.

Corollary 1. For balanced counts (n, n), the Bayes factor between the one-component model and
its two-component mixture converges to

BF ind:mix −→ 1
2 log 2 = 0.72134 . . . (3.8)
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Proof. At counts (n, n) the one-component evidence is B(n+1, n+1) and the mixture evidence is
Eq. (3.3) of Theorem 1, so that

BF ind:mix = B(n+1, n+1)
Z(n, n) =

[ 1
n + 1 + 2

(
H2n+1 − Hn+1

)]−1
(3.9)

at every n, and H2n+1 − Hn+1 → log 2.

Both models have λ = 1/2 here, so the Bayes factor Z1/Z2 stays bounded as the sample
size grows and converges to a finite nonzero constant that mildly favors the larger model. The
mixture is non-identifiable: one binary trial per subject is below Teicher’s identifiability threshold
(Teicher, 1963), so the mixture parameters cannot be recovered from the data law. Doob-style
consistency therefore does not apply, and convergence of the Bayes factor to a constant is the
expected behavior; Chib and Kuffner (2016) review the conditions under which the Bayes factor is
instead consistent. The constant is a ratio of induced prior densities at the truth. The mixture prior
induces on the success probability w = σθ + (1 − σ)ρ a density whose value at w = 1

2 is 2 log 2 (the
elementary integral

∫ 1
0 max(σ, 1 − σ)−1dσ), the one-component prior is uniform, and 1/(2 log 2) is

the density ratio π1(1
2)/π2(1

2). The convergence is visible at small samples: BF = 0.7265 already at
(50, 50). Away from balance the Bayes factor also converges to a constant: comparing Eq. (3.2) with
B(u0+1, u1+1) on the ray (qN, (1−q)N) gives BF → 1/f(q) with f(p) = −2[p ln p+(1−p) ln(1−p)],
twice the binary entropy. The limiting Bayes factor thus favors the one-component model where
f(q) < 1, i.e. for q outside approximately (0.20, 0.80). Although convergence of a Bayes factor
between overlapping models to a ratio of induced prior densities is expected in general, to our
knowledge neither the constant 1/(2 log 2) nor the family 1/f(q) has appeared in print. Section 6.1
treats the case of four trials per subject, in which the Bayes factor grows without bound and the
constant of Theorem 7 determines the sample size needed to reject a spurious component.

4 Any number of components, and the Dirichlet process limit
The closed forms of Section 3 are for two components, but for the one-variable family the evidence
of the g-component mixture collapses, for every g, to a sum over the g component sizes weighted
by contingency-table counts. The collapsed sum is cheap to evaluate, and the limit g → ∞ at
fixed concentration can be taken exactly, giving an explicit finite sum for the evidence of the
Dirichlet process mixture at every finite sample size. For one unrestricted k-state variable the
one-component model already covers the whole simplex ∆k−1 of cell-probability vectors, so the
set of distributions in the g-component mixture model is that same simplex at every g ≥ 2. On
this family the evidences at different g, including the g → ∞ limit, therefore differ only through
the priors that the component structure induces on that simplex. A summation of the same kind,
taken over set partitions within blocks, gives the partition-model posteriors used for record linkage
(Section 4.4). The evidence integrals are also holonomic in the counts, and the two-component
closed forms can be used in the proportional regime N = νk; the last subsection summarizes both
properties, with the details in the supplement. In this section t denotes a number of occupied
clusters, m = (m1, . . . , mg) the vector of component sizes, and (x)n = x(x + 1) · · · (x + n − 1).
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4.1 The contingency-table collapse

Let pv =
∑g

a=1 σa θ
(a)
v , with mixing weights σ ∈ ∆g−1 and component parameters θ(a) ∈ ∆k−1, all

carrying the uniform probability measures of Section 2.1.

Theorem 4 (General g). For the g-component mixture of a single k-state variable with uniform
priors,

Zg(U) =
∏

v uv! (g − 1)!
(
(k − 1)!

)g
(N + g − 1)!

∑
m1+···+mg=N

ma≥0

CTU (m)
g∏

a=1

ma!
(ma + k − 1)! , (4.1)

where CTU (m) is the number of k×g nonnegative-integer tables with row sums U and column sums
m, with generating function

∑
m

CTU (m) zm1
1 · · · zmg

g =
k∏

v=1
huv (z1, . . . , zg) , (4.2)

hj the complete homogeneous symmetric polynomial of degree j.

Proof. Expanding
∏

v puv
v by the multinomial theorem gives a sum over allocations of the uv ob-

servations of each cell v among the components, that is, over k × g tables x = (xva) with row
sums U . By Eq. (2.6) the integral over component a contributes (k − 1)!

∏
v xva! /(ma + k − 1)!

with ma =
∑

v xva, the mixing integral contributes (g − 1)!
∏

a ma!/(N + g − 1)!, and the multino-
mial coefficients contribute

∏
v uv!/

∏
a xva!, canceling the table factorials. The summand therefore

depends on x only through its column sums, and the number of tables with margins (U, m) is
CTU (m). Equation (4.2) is the standard fact that products of complete homogeneous polynomials
enumerate nonnegative-integer matrices with fixed margins (Stanley, 1999, §7.5).

At g = 2, CTU (m, N −m) = W (m) and Eq. (4.1) reduces to Eq. (3.4), from which Theorems 1–
3 were derived. The two priors enter Eq. (4.1) asymmetrically. The mixing prior need not be
uniform: any symmetric Dir(β0, . . . , β0) on the weights replaces

∏
a ma! by

∏
a(β0)ma and the

factor (g − 1)!/(N + g − 1)! by 1/(gβ0)N . However, the uniform component priors are essential:
for Dirichlet concentration β ̸= 1 on the states, the component integral depends on the full table
column instead of its sum alone, and no collapse to CTU occurs. The restriction is likely to
matter in practice, because a sensitivity analysis over the component prior is a standard part of a
mixture-based report. Every general-g and Dirichlet-process value in this paper is computed with
the uniform component prior, β = 1, and non-uniform component priors at general g would need a
different method, possibly the tilting of Rousseau and Mengersen (2011).

The collapse has partial precedents in the literature on exact evidence computation by allocation
sums. Nobile (1994) wrote the conjugate allocation sum for general mixtures and enumerated it
exactly for a Gaussian mixture at n = 8. Fearnhead (2005) computed exact posteriors, and as a
byproduct evidences, for discrete mixtures by recursions over allocation sufficient statistics. Robert
and Mengersen (2011) collapsed the gN allocations to the per-component sufficient-statistic tables,
writing that, outside the cases treated there, the allocation sum “does not simplify into a smaller
number of terms because there exists no summary statistics” (their Section 2.2). For the present
family the summand depends on such a table only through its g column sums, so the sum collapses
further. The same cancellation is implicit in Proposition 3.3(1) of Lin et al. (2009), which collapses
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allocations to the lattice points of a polytope; for the one-variable model their summand depends
on the lattice point b only through |b|, the number of observations allocated to a component.
In a contemporaneous note, Kim (2026) obtains the same margin collapse for a finite-support
contamination model, applied there to a likelihood rather than to the evidence and without the
table-count identity. To our knowledge, however, the evidence identity Eq. (4.1), which expresses
the evidence of a g-component multinomial mixture as a margin sum over contingency-table counts
for every g, has not been stated before.

4.2 Cost of evaluation

At g = 2 the margin counts RU (m) = CTU (m, N − m) are the coefficients of
∏

v(1 + z + · · · + zuv ),
computable by prefix sums in at most 2k(N + 1) big-integer additions, with operand bit lengths
bounded by k log2(1 + N/k); assembling the N + 1 terms costs N big-rational additions. Evaluat-
ing the evidence therefore takes time polynomial in k and N , whereas the defining allocation sum
Eq. (3.1) has

∏
v(uv +1) terms, about 10200 at k = 100, N = 104. However, the exact output is itself

large: the reduced fraction at k = 1000, N = 104 has 129,674 bits. The same generating-function
arithmetic has been used in linear-time algorithms for a different model-selection score, the nor-
malized maximum likelihood of multinomial and naive-Bayes latent-class models (Kontkanen and
Myllymäki, 2007; Mononen and Myllymäki, 2007), which replaces the evidence by the maximized
likelihood divided by a non-Bayesian complexity term.

For general g we use one of two algorithms, according to whether g or k is small. A dynamic
program over the k states costs O(kNg−1) big-integer operations at fixed small g; alternatively,
exchanging the roles of states and components gives

∑
m

CTU (m)
g∏

a=1
w(ma) = [ξU ] P (ξ)g , P (ξ) =

∑
0≤c≤U

w(|c|) ξc , (4.3)

for any weight function w, where P is a polynomial in k formal variables ξ1, . . . , ξk, one for each
state, truncated componentwise at degree U , so that the cost is set by the number of retained
coefficients,

∏
v(uv + 1) ≤ (1 + N/k)k. Taking the better of the two algorithms gives a cost

governed by min(Ng−1, Nk): polynomial in N at fixed g, and nearly independent of g at small k.
For g ≥ N there is a third option: components with no observations contribute trivially, and the
sum can be rewritten over the integer partitions of N , with at most p(N) terms independent of g.

Table 1 reports evaluation times on count vectors drawn as random compositions of N , balanced
in the rows that use Eq. (4.3); the g = 106 rows were computed with Eq. (4.3) and the g = ∞
rows with the Dirichlet-process generating function Eq. (4.7) below. For comparison with a model
outside the one-variable family of Theorem 4, Lin et al. (2009) report that their exact algorithms
evaluated the five-cell binomial mixture at N = 242 in 45 s, and they estimated a running time
of more than 13 days for N = 5,000 (their §4.4). For the one-variable family, the largest cases in
Table 1 (k = 1,000 states with N = 105 observations, and g = 106 components or the Dirichlet
process limit with N = 5 × 104) run in minutes to a few hours.

4.3 The exact Dirichlet process limit

With the symmetric mixing prior Dir(α/g, . . . , α/g) at fixed α > 0, the g-component mixture tends
as g → ∞ to the Dirichlet process mixture with concentration α (Ferguson, 1973; Antoniak, 1974).
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g k N time ln Z arithmetic

2 100 10,000 0.42 s −41336.614 exact rational
2 1,000 10,000 18 s −66101.556 exact rational
2 1,000 100,000 5 min −652834.747 exact rational
3 10 1,000 1.35 s −2027.445 exact rational
3 3 3,000 11.2 s −2718.593 exact rational
3 30 10,000 19.4 min exact rational
4 5 40 0.84 s −57.569 exact rational

106 2 5,000 31 s −3465.738 floating point
106 2 50,000 8217 s −34657.375 floating point

∞ (α = 1) 2 5,000 79 s −3469.221 floating point
∞ (α = 2) 2 5,000 64.7 s −3468.969 floating point
∞ (α = 1) 2 50,000 9114 s −34661.995 floating point

Table 1: Cost of evaluating the evidence for the g-component mixture of one k-state variable under
uniform priors. Times are single-core wall times from single measurements. Exact-rational rows
return Z as a fraction, whose logarithm is printed; one timing-only run has no ln Z entry. Floating-
point rows use exponentially tilted arithmetic, checked against exact evaluation at smaller sizes
(Supplement S3).

This finite-Dirichlet construction of the limit was studied by Neal (1992) (see also Neal, 2000); Green
and Richardson (2001) state the convergence including the joint law with the data, crediting Neal,
and Ishwaran and Zarepour (2000, 2002) developed the finite-Dirichlet approximation in detail.
Given the finite-g partition law in these works, the new content of Theorem 5 is the polynomiality
in 1/g and the collapse of the evidence sum to cluster sizes, both of which follow from that law by
a short regrouping of terms. Substituting the moments of the Dir(α/g, . . . , α/g) mixing prior into
Eq. (4.1) gives

Zg(U ; α) =
∏

v uv!
(α)N

∑
m1+···+mg=N

ma≥0

CTU (m)
g∏

a=1
(α/g)ma

(k − 1)!
(ma + k − 1)! , (4.4)

which coincides with Eq. (4.1) at α = g.

Theorem 5 (Exact Dirichlet process limit). Zg(U ; α) is a polynomial in 1/g of degree at most
N − 1. Its constant term is the finite-N evidence of the Dirichlet process mixture,

ZDPM(U ; α) =
∏

v uv!
(α)N

N∑
t=1

αt

t!
∑

m1+···+mt=N
mi≥1

CTU (m)
t∏

i=1

(mi − 1)! (k − 1)!
(mi + k − 1)! , (4.5)

the set-partition sum Eq. (2.9) of the Chinese restaurant process with per-cluster Dirichlet-multinomial
factors, collapsed to cluster sizes by the same table-count cancellation.

The proof is a regrouping of the sum Eq. (4.4), in which an empty component contributes a
factor of exactly one, identically in g. Grouping the weak compositions by their t-element support
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then makes each term an explicit polynomial in 1/g of total degree N − 1, and the limit g → ∞ is
the substitution 1/g = 0 in a finite, g-independent expression, so that no interchange of the limit
with a sum or an integral has to be justified. The coefficient of 1/g has a closed form, again in
terms of harmonic numbers:

Zg

ZDPM
= 1 + 1

g
E
[

α
∑
B

H|B|−1 − 1
2T (T − 1)

]
+ O(1/g2) , (4.6)

where the expectation is over the posterior on partitions of the data under the Dirichlet process
mixture, B ranges over the blocks and T is their number. The sign of the 1/g term depends on the
data (at U = (2, 1), α = 1 it is − 1

48g ; at U = (3, 0) it is + 1
16g ), so finite-g evidences do not bound

the limit from one side. For g ≥ N they are sandwiched, Zg/ZDPM ∈ [1 − N(N − 1)/2g, eαN/g].
The 1/g scaling of the concentration is essential: with a fixed-concentration prior Dir(c, . . . , c) the
evidence converges to the iid uniform value (1/k)N rather than to Eq. (4.5) (at k = 2, U = (3, 1):
Zg → 0.0625 against ZDPM(α=1) = 337

5760 = 0.0585069 . . .).
Evaluating Eq. (4.5) does not require enumerating partitions, because the double sum over the

number of clusters and their sizes is a single coefficient of an exponential generating function,

ZDPM(U ; α) =
∏

v uv!
(α)N

[ξU ] exp
(

α
∑
m≥1

(k − 1)! (m − 1)!
(m + k − 1)! hm(ξ1, . . . , ξk)

)
, (4.7)

with every polynomial truncated at U and the truncation exact, so the arithmetic of Section 4.2
applies verbatim. Equation (4.7) is the Cifarelli–Regazzini (Markov–Krein) transform of the mean
of a Dirichlet process whose base measure is uniform on the simplex ∆k−1 (Cifarelli and Regazzini,
1990; Diaconis and Kemperman, 1996; Kerov and Tsilevich, 2001; Regazzini et al., 2002; James,
2005): ZDPM(U ; α) is the U -th moment of that random mean, and at k = 2, α = 1 a one-dimensional
integral against the Diaconis–Kemperman density. The finite-N evidence of a Dirichlet process
mixture over discrete data is thus computable by the same contingency-table dynamic programming
as the finite mixtures; in Section 6.3 we evaluate it on a real benchmark at N = 101. Mena et al.
(2025) give exact finite-mixture representations for the wider class of species-sampling processes,
constructed for posterior sampling rather than for evidence computation.

4.4 Partition models under blocking

The record-linkage computations of Sections 6.2 and 6.4 use the same kind of summation, taken
over set partitions instead of over allocations. There the latent object is a partition of records into
entities, and the prior is an exchangeable partition probability function factorizing into a per-cluster
term and a global term gK(K) in the number of clusters. The records are grouped into prespecified
blocks, with no links across blocks. Under these hypotheses the likelihood-weighted sum over the
partitions of each block is a polynomial in a formal variable whose exponent counts the clusters
in the block; we compute it by enumerating those partitions. The posterior of the total number
of entities K and the evidence then follow by multiplying the block polynomials (a convolution
of their coefficient sequences) and weighting the coefficient of degree K by gK(K). Replacing the
convolution by a per-block product is wrong for priors whose gK is not a pure exponential. On
the RLdata500 linkage benchmark (Section 6.2; Supplement S8) the product misstates the log
evidence by +103.39 nats for the Pitman–Yor prior and −100.13 nats for the uniform-labelings
prior, while it reproduces the uniform and Dirichlet-process values. Enumeration within blocks is
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cheaper than the partition counts suggest: the largest block of that benchmark has 14 records and
Bell(14) = 190,899,322 partitions, enumerated in under a minute.

4.5 Holonomic structure and the proportional regime

A function of integer arguments is called holonomic if its generating function is D-finite, that is,
satisfies in each variable a nontrivial linear differential equation with polynomial coefficients. Such
a function satisfies, in each argument, a linear recurrence with polynomial coefficients, and for
one argument the two properties are equivalent. Integrals of a product of powers

∏
v pv(θ)Uv over a

semialgebraic parameter set, such as the evidence Eq. (2.3), are holonomic in the exponents (Borin-
sky et al., 2023), so that Z(U) obeys count-shift relations of hypergeometric type, the contiguity
relations. Where such relations can be written down, they give a second route to the exact evi-
dence by iteration from small counts, as in the holonomic gradient method for contingency tables
(Tachibana et al., 2020). A scalar recurrence in N along a data ray would also deliver the form of
the large-sample expansion of Section 5 (rate, power of N and correction structure) through the
analysis of its singular points. The constant would then follow to any precision from exact initial
values.

For the binary model we derive the contiguity system explicitly (Supplement S3): the sum rule
Z(U) = Z(U + e0) + Z(U + e1) and a third-order recurrence in one count with cubic coefficients,
whose iteration from small counts reproduces the values of Theorem 1. For the binomial mixture
on its singular ray U = n (1, 4, 6, 4, 1) we searched for a scalar recurrence in n and found none. No
operator of order r and coefficient degree s in the tested region, which lies inside (r+1)(s+1) ≤ 670
and includes all degrees s ≤ 140 at orders r ≤ 3, annihilates the exact series through n = 800
(Supplement S3). Diagonal restrictions of multivariate holonomic systems can have very high
scalar complexity, and this family appears to be an instance. The asymptotic analysis of Section 5
therefore starts from the summand of the allocation sum and does not use recurrence operators.

Separately from the holonomic structure, the closed forms hold at every k and N jointly and
can therefore be evaluated in the proportional regime N = νk, in which the number of states grows
with the sample size (Supplement S4). There the evidence density f(ν) = limk[ln Z + N ln k]/k,
measured on two count shapes by extrapolation in k from exact rational values, falls below the plug-
in optimum by c ln ν, with c = 0.7498 ± 0.0027 on a boundary shape and c = 0.506 ± 0.018 on an
interior shape. The boundary value matches a boundary-corrected singular-learning density of 3/4
derived there and lies far from the uncorrected value 1/2; the interior value is consistent with 1/2.
On rays k ∼ Nα the coefficient of k ln N falls linearly as c (1 − α), an empirical relation measured
at three exponents that may not hold beyond them. At the fixed-k end the same measurement
gives λ(k) = (k − 1)/2 for the interior shape, whereas the theorem of Watanabe and Watanabe
(2022) for multinomial mixtures with at least two trials per observation would give k/2. The
difference appears to be their component-splitting cost, a contribution to the learning coefficient
from parameter directions along which the one-trial-per-observation likelihood considered here is
constant, so that this contribution vanishes for the present model.

5 Asymptotic expansions with exact constants
We compute the O(1) term of Eq. (2.7) for three families whose learning coefficients are known:
the binomial mixture, the naive Bayes network on three binary features, and the two-class mixture
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of independence models on 3 × 3 tables. All results are for deterministic expected-count data rays
U = Nq under the uniform priors of Section 2.1, except in Section 5.3, where two continuous
models are treated under Gaussian priors with the log likelihood replaced by its expectation under
the truth (the population ray of Eq. (5.10)). We work on these rays because there the O(1) term of
Eq. (2.7) is a number; for sampled counts it is a random variable of order one, and its deterministic
part is what we compute. In each family the evidence is dominated by a neighborhood of the set
where the exponent is maximal. The dominant part of this set has one of two local geometries:
an interior ridge with quartic transverse decay for the binomial mixture, and a boundary stratum
with a quadratic edge for the latent-class models. Which of the two dominates depends on the
power of N that each part of the maximal set contributes: a flat direction contributes no decay,
each quadratic transverse direction a factor N−1/2, and each quartic one a factor N−1/4. With
one parameter per component, as in the binomial mixture, the interior ridge is flat in the mixing
weight and has one quadratic and one quartic transverse direction, giving N−3/4. On the boundary
stratum of that model only the parameter of the empty component is flat, while the weight and
the other parameter are quadratic, giving N−1. For the latent-class models of Section 5.4, with
d1 ≥ 3 parameters per component, the order reverses: the boundary stratum leaves the whole
parameter block of the empty component flat and gives N−(d1+1)/2, which decays more slowly than
the contribution of any interior stratum. Section 5.4 proves this for the tables and supports it
numerically for the naive Bayes model.

5.1 The interior ridge: the binomial mixture

This section computes the constant term of Eq. (2.7) for the binomial mixture of Section 2.1
(four trials, two components, uniform priors) when the data lie on the one-component submodel,
q = Bin(4, θ0). Over such data the fiber of the mixture map is positive-dimensional: it contains
every parameter with both components at θ0, whatever the weight, and every parameter with one
component at θ0 carrying all the weight. This fiber is the singular locus responsible for λ = 3/4
in place of the regular value d/2 = 3/2. We take the symmetric point θ0 = 1

2 , that is, counts U =
n (1, 4, 6, 4, 1) with N = 16n, where the formulas are shortest, and Section 5.2 extends the result
to every θ0 ∈ (0, 1). No closed form is available on this ray. Theorem 6 below gives the evidence
on this ray as an explicit constant times n−3/4 2−64n; the exponent 3/4 was known (Yamazaki and
Watanabe, 2004). We carry the binary model along as a check, since there Theorem 1 gives the
answer in closed form.

For the binomial mixture the sufficient statistic of an allocation x is the pair (m, ℓ) with m = |x|
and ℓ =

∑
v v xv. Writing ϕn(m, ℓ) for the count of allocations (weighted by the binomial coefficients

of Eq. (3.1)) at fixed (m, ℓ) for data U = n (1, 4, 6, 4, 1), Eq. (3.1) becomes

Z(n) =
16n∑

m=0

∑
ℓ

ϕn(m, ℓ) w(m, ℓ, n) , ϕn(m, ℓ) = [ζmηℓ] G(ζ, η)n , (5.1)

with generating polynomial G(ζ, η) = (1 + ζ)(1 + ζη)4(1 + ζη2)6(1 + ζη3)4(1 + ζη4) and weight

w(m, ℓ, n) = m! (16n − m)!
(16n + 1)! · (4m − ℓ)! ℓ!

(4m + 1)! ·
(
4(16n − m) − (32n − ℓ)

)
! (32n − ℓ)!(

4(16n − m) + 1
)
!

. (5.2)

By the Legendre transform (large deviations of the coefficient array of Gn) and Stirling’s formula,
1
n

log
[
ϕn(nx, ny) w(nx, ny, n)

]
−→ E(x, y) = s(x, y) + γ(x, y) , (5.3)
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with s(x, y) = infζ,η>0 [log G(ζ, η) − x log ζ − y log η], γ the explicit Stirling rate of Eq. (5.2), and
(x, y) interior to the allocation domain. The evidence decays at the rate max E, and the power
of n multiplying the exponential is set by the geometry of E near its maximum. For a regular
model the maximum would be a nondegenerate critical point; for the mixture it is degenerate,
and the degenerate locus is the image of the singular fiber of the mixture map. In the allocation
coordinates (x, y) the exponent E is already in normal-crossing form near its degenerate maximum,
so no blowup is needed.

Lemma 1 (Ridge identity). Along the line y = 2x, 0 < x < 16, the exponent is constant:

E(x, 2x) = −64 log 2 . (5.4)

The Legendre saddle sits at (ζ∗, η∗) =
(

x
16−x , 1

)
, and the identity is exact: s(x, 2x) = 16 h(x/16)

while the Stirling brackets of γ telescope to −64 log 2 − 16h(x/16).

Proof. At η = 1 the generating polynomial is G(ζ, 1) = (1 + ζ)16, and the saddle equations
ζ ∂ζ log G = x, η ∂η log G = 2x hold at (ζ∗, η∗) identically in x. Then s(x, 2x) = 16 log(1 + ζ∗) −
x log ζ∗ = 16h(x/16). Along y = 2x the sufficient statistics balance, 4m − ℓ = ℓ = 2nx and likewise
in the second component, so each bracket of γ contributes a pure binomial rate, and these sum
with the mixing bracket to −64 log 2 − 16h(x/16).

The ridge is the allocation-sum image of the singular fiber: under the condition ℓ = 2m the
subsample allocated to component one has the same mean state as the full data, and this equality
defines the locus on which the mixture degenerates to the independence model.

Lemma 2 (Quartic transverse decay). Transverse to the ridge, at fixed x,

E(x, 2x + ϵ) = −64 log 2 − q4(x) ϵ4 + O(ϵ6) , q4(x) = 3
x2 (16 − x)2 . (5.5)

The quadratic and cubic terms vanish identically in x: the decay is quartic uniformly along the
ridge.

The vanishing of the quadratic and cubic terms and the value of the quartic coefficient are
polynomial identities in x, established by a symbolic computation (Supplement S1.2). An envelope
simplification (∂ϵs = − log η(ϵ) along the constraint, η(ϵ) being the saddle value of η) reduces that
computation to three orders of the saddle expansion. The transverse Hessian vanishes because
at the singular point the Fisher information of the mixing degrees of freedom degenerates, so the
leading transverse behavior of the likelihood is quartic. The same degeneracy produces λ = 3/4
in the resolution-of-singularities computation of Yamazaki and Watanabe (2004); in Lemma 2 the
degeneracy is visible directly, as the vanishing of the second and third transverse derivatives of the
explicit function E.

The asymptotics of Eq. (5.1) come from a tube around the ridge, and the constant is the
product of three factors, which we first describe informally. Summing along the ridge, a one-
dimensional lattice of about 16n points, gives a Riemann sum and hence a factor n

∫
dx. At fixed

x = m/n, the transverse sum of e−q4(x)j4/n3 over integer offsets j = ℓ − 2m contributes a factor
n3/4 · 2Γ(5/4) q4(x)−1/4. The pointwise prefactor p̂(x) =

√
2π n−5/2/[64 x(16 − x)] has two sources:

the Gaussian normalization of ϕn, whose values are point probabilities of an exponentially tilted
random walk on Z2 (local limit theorem and step covariance in Supplement S1.2), and the Stirling
prefactors of the three Beta brackets of w. Multiplying and using

∫ 16
0 dx/

√
x(16 − x) = π gives the

constant of the following theorem.
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Theorem 6 (Binomial mixture at the singular point). For data U = n (1, 4, 6, 4, 1), the evidence
of the binomial mixture with uniform priors satisfies

Z = C n−3/4 2−64n (1 + o(1)
)

, C =
√

2 π3/2 Γ(5/4)
32 · 31/4 = 0.1694847389 . . . (5.6)

The proof is in Supplement S1.2. The learning coefficient λ = 3/4 agrees with the resolution-
of-singularities value (Yamazaki and Watanabe, 2004) and with the numerical observation of Lin
et al. (2009); the constant is, to our knowledge, new. Because the transverse decay is quartic
uniformly along the ridge, the multiplicity is m = 1 in Eq. (2.7) and no log log corrections arise.
The proof bounds the corrections by O(n−1/4) on compact ridge segments, and Table 2 indicates
that n−1/4 is their actual order. Beyond the two lemmas, the assembly rests on four localization
estimates, all proved in Supplement S1.2 (classical background in Bhattacharya and Ranga Rao,
1976; Dembo and Zeitouni, 1998). The first is off-ridge domination, the non-asymptotic bound
ϕnw 264n ≤ exp{−(ℓ − 2m)4/(131072 n3)}, valid at every lattice point (m, ℓ) for every n. The
others are a local limit theorem for the tilted lattice walk that is uniform on compact ridge segments,
convergence of the transverse sum on such segments with relative error O(n−1/4), and direct bounds
on the lattice rows at fixed m near the two ends of the ridge. For every κ ∈ (0, 8), the rows with
m < κn or m > (16 − κ)n contribute at most a constant times

√
κ n−3/4 + n−1 to 264nZ(n). Here√

κ is the order of the arcsine tail
∫ κ

0 dx/
√

x(16 − x) of the ridge integral, so that the ends enter the
leading term only through the integrable density dx/

√
x(16 − x). The same assembly applied to

the binary model, where the exponent is constant on the whole two-dimensional allocation domain,
reproduces the constant

√
π log 2 of Eq. (3.5) obtained from the closed form. The power of n follows

from a simple count: in this family,

power of n = −5
2 + dim(flat locus) +

∑
transverse

(
1 − 1

order
)

, (5.7)

giving −1
2 for the binary model (flat plane, no transverse directions) and −3

4 for the binomial
mixture (flat line, one quartic direction). We state Eq. (5.7) for the models computed here; it may
hold for a wider class of singular models, a question we leave open (Section 7).

5.2 The constant on the singular stratum

Although Theorem 6 is stated at the symmetric point, nothing in the ridge computation is special
to it. The singular stratum of the binomial mixture is the whole independence locus: for any
θ0 ∈ (0, 1), data at Bin(4, θ0) lie over a degenerate fiber of the mixture map, and every ingredient
generalizes with the same proofs. For rational θ0 = a/b (lowest terms, c = b − a) and integer
data rays U = N

b4
((4

v

)
a4−vcv

)
v
, the exponent is flat along the ridge y = (4c/b)x, the quadratic

and cubic transverse terms vanish identically in (a, b, x), and the quartic coefficient is q4(x; θ0) =
3b8/[256 a2c2 x2(b4 − x)2], all symbolic identities. We state the result in the sample size N ; the
subscript on CN records the normalization, and the constant does not depend on N .

Theorem 7 (The constant as a function on the singular stratum). For rational θ0 ∈ (0, 1) and
data U = N

b4
((4

v

)
a4−vcv

)
v
,

Z = CN (θ0) N−3/4 e 4N [θ0 log θ0+(1−θ0) log(1−θ0)] (1 + o(1)
)

, (5.8)

CN (θ0) =
√

2 33/4 π3/2 Γ(1/4)
12 θ0 (1 − θ0) = 5.4235116 . . . × θ0(1 − θ0) . (5.9)
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The learning coefficient is 3/4 uniformly on the interior of the stratum, and the constant fac-
torizes into a universal number times the variance of the underlying binomial. All representation
dependence (the denominator b) cancels once the expansion is written in N , and Theorem 6 is the
case θ0 = 1

2 . Numerically, exact rational values at θ0 = 1/3 and log-stabilized evaluations up to
N = 1944 approach the predicted constant with the expected N−1/4 and N−1/2 corrections. Lin
obtained a data-dependent constant of this kind for a coin-mixture model on its data strata (Lin,
2011, Example 1.18) within the Newton-nondegenerate calculus, which does not cover the present
model.

Theorem 6 also determines the additive constant in the scaling benchmark of Lin et al. (2009),
who tested Watanabe’s prediction by computing FN = N

∑
i qi log10 qi − log10 IN on this data

direction and checking that consecutive differences track 3
4 ; the differences cancel the additive

constant, so their test measured the exponent alone. In their normalization convention (bare
integral times column multiplicities), Theorem 6 is equivalent to FN = 3

4 log10 N + c0 + o(1) with
c0 = −3

4 log10 16 − log10 C = −0.132220 . . .. Table 2 extends their table by a factor of sixteen in
sample size; over that range the residuals decay approximately like N−1/4 and the convergence to
c0 appears unambiguous.

N FN
3
4 log10 N + c0 FN −

(3
4 log10 N + c0

)
16 0.8593832 0.770869 0.0885
32 1.0696536 0.996642 0.0730
64 1.2849713 1.222414 0.0626
96 1.4122027 1.354483 0.0577

384 1.8506364 1.806028 0.0446
1024 2.1625779 2.125504 0.0371
2048 2.3836327 2.351277 0.0324

Table 2: The scaling benchmark FN of Lin et al. (2009) against 3
4 log10 N + c0 with the constant c0

implied by Theorem 6. The published differences of Lin et al. (2009) end at N = 112. Rows above
the rule use exact rational evidence values; rows below use log-stabilized floating-point evaluation
(Supplement S3). The last column decays roughly as N−1/4, the order of the first correction.

5.3 The Gaussian location mixture and reduced-rank regression

The ridge assembly of Section 5.1 needs only a flat locus, the transverse decay orders, and a density
on the fiber, and all three exist for continuous models. The continuous analog of the deterministic
count ray is the population ray, obtained by replacing the log likelihood with its expectation under
the truth:

Z(n) =
∫

dπ(θ) e nL(θ) , L(θ) =
∫

q(y) log pθ(y) dy , (5.10)

with q the true density and n the sample size. This deterministic integral was introduced by Watan-
abe (1999); it bounds the expected free energy by Jensen’s inequality, a bound going back to Barron
(1987), and analyzing it before the sampled problem is standard in the singular-learning literature
(Bhattacharya et al., 2026). The leading-coefficient calculus of Lin (2011) gives its constant-level
asymptotics in general form under the Newton-nondegeneracy hypothesis. No constant-order term
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of the evidence at a fixed prior seems to have been computed for either of the two models treated
below, the two-component Gaussian mixture and reduced-rank regression. Existing results in this
direction are an existence statement (Chen et al., 2025), stochastic limit laws under n−1/2-shrinking
priors (Kariya and Watanabe, 2022), a variational analysis with a stochastic constant (Kariya and
Watanabe, 2020), and the exact evidence of a related restricted model, deep linear networks with
one output and zero noise (Hanin and Zlokapa, 2023).

Consider the two-component Gaussian mixture pθ(y) = α N(y; µ1, 1)+(1−α) N(y; µ2, 1) against
the one-component model N(y; µ, 1), with α uniform, means iid N(0, s2

0), and truth N(µ0, 1). In
fiber-adapted coordinates w = αt1 + (1 − α)t2, s = t1 − t2, th = µh − µ0, the population Kullback–
Leibler divergence has the fourth-order normal form

K = w2

2 − α(1 − α)
2 w2s2 + α2(1 − α)2

4 s4 + O
(
(|w| + |s|)5) . (5.11)

The divergence K has the structure used in the ridge computation of Section 5.1: flat along the
fiber, quadratic in one transverse direction, and quartic in the other, with the quadratic and cubic
terms vanishing identically in α. The counting rule Eq. (5.7), in continuous form, gives λ = 3/4
with m = 1 on this ray, the value of Aoyagi (2010) for this family (see also Drton and Plummer,
2017, Example 2.1). The Bayes factor for one component against two then has an explicit constant.

Proposition 1 (Gaussian location mixture on the population ray). Let Z1(n) and Z2(n) be the
population-ray evidences Eq. (5.10) of the one- and two-component models above, with truth q =
N(µ0, 1), α uniform on [0, 1], the means µ, µ1, µ2 iid N(0, s2

0) and independent of α, and L0 =∫
q log q. For fixed s0 > 0 and µ0 ∈ R, as n → ∞, n3/4 e−nL0Z2(n) = π3/2 Γ(1

4) φ(µ0)2 (1 +
O(n−1/4)

)
, where φ is the N(0, s2

0) density, and

BF(n) = Z1(n)
Z2(n) = c(s0, µ0) n1/4 (1 + O(n−1/4)

)
, c(s0, µ0) = 2 s0 eµ2

0/(2s2
0)

√
π Γ(1/4) . (5.12)

The proof is in Supplement S1.3. This Bayes factor parallels Corollary 2 below: the rate n1/4

and the factor Γ(1/4) from the quartic direction are the same, and the truth enters only through
the prior density at µ0, which takes the place of the binomial variance θ0(1 − θ0) in Eq. (5.9). A
direct quadrature of Eq. (5.10) on a doubling sequence in n, with exponent and constant fitted by
Richardson extrapolation, agrees with Eq. (5.12) in four prior/truth configurations (Table 3). The
bound O(n−1/4) on the relative correction in Eq. (5.12) comes from the ends of the fiber, where the
quartic width (α(1 − α))−1/2n−1/4 is no longer small, and from the neighborhoods of the boundary
strata α ∈ {0, 1}. The proof bounds the correction without determining its coefficient. Direct
quadrature indicates that the coefficient is nonzero (Supplement S1.3), so that the corrections
appear to begin at relative order n−1/4, as on the lattice. Section 6.1 gives the sample sizes at
which this Bayes factor reaches specified odds.

Reduced-rank regression gives a second instance, with nontrivial multiplicity. Take y = BAx+ε
with two-dimensional input and output, a rank-one factorization, standard normal noise, design,
and priors, and truth BA = 0. The population-ray evidence then has the closed form

Z̄(n) = 1
2n

e1/(2n) E1
( 1

2n

)
=

1
2 ln n + 1

2
(

ln 2 − γE

)
n

+ O
( ln n

n2

)
, (5.13)

with γE Euler’s constant. The exponents are the pair (λ, m) = (1, 2) of Aoyagi and Watanabe
(2005) for these dimensions, and both constants are explicit: the coefficient c1 = 1

2 of ln n and
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s0 µ0 c derived c fitted pull

1 0 0.311225 0.311224 ± 0.000051 +0.005 σ
4 0 1.244899 1.244889 ± 0.000264 +0.04 σ
1 1

2 0.352664 0.352663 ± 0.000053 +0.01 σ
1 1 0.513123 0.513119 ± 0.000052 +0.07 σ

Table 3: The constant c(s0, µ0) of Eq. (5.12) against a numerical fit of the population-ray Bayes
factor that does not use the formula, for four configurations of prior width s0 and truth location
µ0. The pull is the difference between the two in units of the fit uncertainty. The fitted exponent
agrees with 1/4 within its uncertainty in every configuration.

c0 = 1
2(ln 2 − γE) = 0.0579657 . . .. A fit of the same kind, run without the closed form, recovers

λ = 1, m = 2, and both constants.
The normal form Eq. (5.11) is the degree-five Taylor polynomial of K at the fiber, derived in

Supplement S1.3; the E1 reduction in Eq. (5.13) is an identity obtained by symbolic computation,
and the expansion in Eq. (5.13) follows from the closed form by expanding E1 at small argument.
Supplement S1.3 proves the Laplace localization behind Proposition 1. In e−nL0Z2(n), the region
away from the zero set of K contributes an exponentially small amount and the neighborhoods of the
boundary strata α ∈ {0, 1} contribute O(n−1), against order n−3/4 from the fiber. Near the fiber, a
lower bound K ≥ c0

(
w2/2+α2(1−α)2s4/4

)
with a constant c0 > 0, uniform in α ∈ [0, 1], gives an n-

free integrable envelope after rescaling w by n−1/2 and s by n−1/4/
√

α(1 − α). The ends of the fiber
then enter the leading term only through the integrable density dα/

√
α(1 − α). Proposition 1 and

Eq. (5.13) are population-ray statements under the stated priors, and the corresponding sampled-
data constants remain open for both models.

5.4 Boundary strata: latent-class models

This section treats two multivariate mixtures of independence models of the form Eq. (2.5) and
computes the constant term of Eq. (2.7) for each when the data lie on the one-component submodel,
the analog of the rays Bin(4, θ0) of Section 5.2. The first is the two-class naive Bayes model on
F binary features: the cells are v ∈ {0, 1}F , one class has cell probabilities pv(ω) =

∏F
f=1 θ

vf

f (1 −
θf )1−vf with ω = (θ1, . . . , θF ) ∈ [0, 1]F , and the two-class model has cell probabilities Mv =
σ pv(ω1) + (1 − σ) pv(ω2) with σ, ω1 and ω2 independent and uniform. The second is the two-
class mixture of independence models on a k × k table: the cells are the pairs (i, j), one class has
pij(ω) = aibj with row and column probability vectors ω = (a, b) ∈ ∆k−1 × ∆k−1, and Mij mixes
two such classes with weight σ, under the measure convention of Section 2.1. In both models the
data ray is Uv = Nqv with q = p(ω∗) for an interior one-class parameter ω∗, and ZN denotes the
parameter integral of

∏
v MUv

v , with no multinomial coefficient. The learning coefficients at such
data are known: (F + 1)/2 for the naive Bayes model with F ≥ 3 (Rusakov and Geiger, 2005)
and 5/2 for 3 × 3 tables (Lin, 2017, 2011). Theorems 9 and 10 give the constant terms at the
uniform points, qv = 2−F with F = 3 and qij = 1/9. At such data the dominant contribution to
the evidence comes from the boundary of the mixing simplex, where one class is empty and the
transverse decay is quadratic, and the constants are obtained in closed or near-closed form.

Lemma 3 below, which gives the local form of the exponent at the boundary of the mixing
simplex, holds for an arbitrary parametric component family {pv(ω)} on a finite cell set. Let
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Mv = σpv(ω1) + (1 − σ)pv(ω2) be its two-component mixture, and suppose the data direction
is realizable by a single component, qv = pv(ω∗) with ω∗ interior. The evidence exponent is
Φ =

∑
v qv ln Mv, whose maximum value is −E =

∑
v qv ln qv.

Lemma 3 (Exact flatness of the mixing edge). On the stratum S0 = {σ = 0, ω2 = ω∗}, for every
value of the free block ω1: (i) Φ = −E; (ii) ∇Φ = 0, including ∂σΦ =

∑
v qv [pv(ω1) − qv]/qv =

1 − 1 = 0; (iii) the full Hessian of −Φ is block diagonal, vanishing identically on the ω1 block and
the mixed blocks, positive semidefinite on the transverse block (σ, ω2).

Proof. (i) is immediate. For (ii), the ω2-gradient is the score of the true model at the truth, and the
σ-derivative is the sum-to-one identity displayed. For (iii), Φ depends on ω1 only through σ pv(ω1),
so every ω1-derivative carries a factor σ; the mixed ∂ω1∂σ entry is

∑
v ∂ω1pv = ∂ω1(1) = 0.

The first consequence of Lemma 3 is that the edge at σ = 0 is exactly quadratic, with no linear
term in σ for any ω1 and hence no boundary-layer cubic correction. The second is that the flat
directions are the entire parameter block ω1 of the vanished component, the largest flat set on the
critical variety. Laplace localization then gives, summing the strata σ ∈ {0, 1},

ZN = e−NE
(2π

N

)dt/2 ∫
F

dω1√
det H(ω1)

(
1 + o(1)

)
, (5.14)

with F the flat block, dt = 1+dim ω2 the transverse dimension, and H the transverse Hessian of −Φ
on S0. Lemma 3 is, for the evidence integral, the counterpart of the classical boundary-χ2 behavior
of mixture likelihoods at vanishing weight (Hartigan, 1985; Dacunha-Castelle and Gassiat, 1997).
The determinant in Equation (5.14) can be evaluated in closed form by the following theorem,
proved in Supplement S2: for any two-component mixture of product distributions over a product
cell set, the transverse Hessian factorizes into χ2-divergences.

Theorem 8 (χ2-factorization for bipartite latent-class models). Let each of F factors carry a
saturated multinomial family, let pv(ω) =

∏
f p

(f)
vf (θf ) be the product family, Mv its two-component

mixture, and let the data direction be q = p(ω∗) with ω∗ interior. On the stratum S0, the transverse
Hessian of the q-normalized exponent satisfies

det H =
[ F∑

j=2
ej
(
χ2

1, . . . , χ2
F

)]/∏
f

∏
s∈Af

q(f)
s , (5.15)

where χ2
f is the χ2-divergence of the f -th marginal of the flat component against the true f -th

marginal and ej the elementary symmetric polynomials.

Per-factor saturation is essential: the proof uses the fact that the scores of a full multinomial
family span all mean-zero functions on its alphabet, which fails for a curved factor family. The
alphabets of the factors may differ, however, so Eq. (5.15) gives the Hessian integrand of Eq. (5.14)
in closed form for every bipartite latent-class model, while the flat integral and the dominance of
the boundary stratum must be established model by model. The boundary dominates here because
of the powers of N in Eq. (5.14): at these models the interior critical strata appear numerically
to have quadratic transverse decay, which would make them subdominant to the boundary, whose
flat block is larger.
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The first of the two families we work out is the two-class naive Bayes network on F binary
features, the model of Rusakov and Geiger (2005), whose Theorem 4(c) gives λ = (F + 1)/2 at
independent data for F ≥ 3; their method does not produce the constant. Theorem 8 specializes to
det H = 2F (F +3)∑F

j=2 ej(u1, . . . , uF ) with uf = (2θf − 1)2 at uniform data, and three substitutions
reduce the flat integral to a one-dimensional integral:

Theorem 9 (2 × 2 × 2 naive Bayes at uniform data). For F = 3 at the uniform ray Uv = N/8,

ZN = π2J

2 N−2 8−N(1 + o(1)
)

, J = 1
8
√

π

∫ ∞

0
s−1/2e−sE1(s)3 ds = 5.092204308 . . . , (5.16)

where E1(s) =
∫∞

s t−1e−t dt is the exponential integral.

The number J does not appear to reduce to standard constants, and we take the one-dimensional
E3

1 integral as its definition. As in Theorem 7, the constant extends to an explicit function on the
full singular stratum: at any interior product data qv =

∏
f (θ∗

f )vf (1 − θ∗
f )1−vf ,

C(θ∗) = (2π)2∏
f

θ∗
f (1 − θ∗

f ) · 1
8
√

π

∫ ∞

0

e−s

√
s

3∏
f=1

[
E1(s rf ) + E1(s/rf )

]
ds , rf =

1 − θ∗
f

θ∗
f

(5.17)

(proof in Supplement S2), with the prefactor
∏

f θ∗
f (1−θ∗

f ) the analog of the binomial variance θ0(1−
θ0) in Eq. (5.9). For general F ≥ 3 the same computation gives ZN = CF N−(F +1)/2 2−F N (1+o(1))
with CF = (2π)(F +1)/2 2−F JF and JF an explicit F -dimensional integral (J3 = J , and J4 ≈ 2.118
by quadrature of the integral). At F = 2 the integral JF diverges logarithmically on both axes.
With the integral cut off where the transverse Gaussian approximation fails, each axis contributes
1
2 ln N , which reproduces the anomalous λ = 3/2, m = 3 behavior that Rusakov and Geiger (2005)
prove for the degenerate two-feature case by a separate argument. This agreement suggests reading
the multiplicity as the divergence order of the integral JF , although the cutoff argument is heuristic.

The second family is the two-class mixture of independence models on k × k tables, studied in
the table examples of Lin et al. (2009). For k = 3, Lin (2017, 2011) proved by fiber-ideal blowups
that at positive rank-one data (λ, m) = (5/2, 1), noting that computing the constant would sharpen
the result. Lemma 3 applies to the rank-one tables q = ρ ⊗ κ, with flat block (a, b) ∈ ∆2

k−1 and
transverse dimension 2k − 1, and Theorem 8 gives det H = χ2(a∥ρ) χ2(b∥κ)/[

∏
i ρi

∏
j κj ]. In this

family the priors entering Z are the coordinate Lebesgue measures on each simplex; normalizing
them to total mass one multiplies every constant by 16 at k = 3.

Theorem 10 (3 × 3 tables at uniform data). At the uniform ray Uij = N/9,

ZN = Cu N−5/2 9−N(1 + o(1)
)

, Cu = (2π)5/2 · 2 ln2(2 +
√

3)
81 = 4.23778022 . . . (5.18)

The one ingredient beyond the Hessian factorization is the flat integral
∫

∆2
da/|a−u| =

√
2 ln(2+√

3), an inverse-distance integral over the triangle about its barycenter, evaluated in closed form in
Supplement S2. At any positive rank-one data the constant is again an explicit function on Lin’s
stratum,

C(ρ, κ) = (2π)5/2
√∏

i

ρi

∏
j

κj I(ρ) I(κ) , I(ρ) =
∫

∆2

da√
χ2(a∥ρ)

, (5.19)
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with I(ρ) elementary for every ρ (Supplement S2). For general k ≥ 3 the boundary strata contribute
CkN−(2k−1)/2k−2N with Ck explicit, and they dominate: every non-boundary stratum enters at
O(N−3(k−1)/2 ln N), a gap of (k − 2)/2 powers, and an elementary Pinsker–volume argument gives
the log-free bound ZN eNE ≤ BkN−(2k−1)/2 at all N . Hence λ = (2k − 1)/2 and m = 1 for every
k ≥ 3, recovering Lin’s theorem at k = 3. The learning coefficient λ is also known exactly for
several related models: Zwiernik (2011) treats binary latent trees, Watanabe and Watanabe (2022)
two-component multinomial mixtures of a single feature, and Hayashi (2021) stochastic matrix
factorization under a column-stochastic normalization. Their learning coefficients do not transfer
to the joint table model, and none of these works computes a constant.

The ingredients above that hold as identities are Lemma 3, the Hessian factorizations (proved
for all sizes), and the closed-form flat integrals. The Laplace localization at the boundary stratum
is proved by a dominated-convergence argument with an N -free integrable envelope, valid up to
the degenerate corners precisely because F ≥ 3, resp. k ≥ 3 (Supplement S2). Subdominance of
the remaining critical strata is proved for the tables by the global bound above; for naive Bayes it
depends on their transverse decay orders, known so far only from numerical computation (see the
discussion after Theorem 8). We also evaluated the evidence numerically at five data rays, from
exact rational values at small N and log-space dynamic programming up to N = 384 for naive
Bayes and N = 216 for the tables (Supplement S2). The naive Bayes sequences approach their
constant at the few-percent level with N−1/2 corrections. However, the table sequences have not
reached the asymptotic regime by N = 216, where the residual in ln Z is still rising, so for the
tables the constant rests on the localization proof. The computed table values are consistent with
the correction class (c1 ln N + c2)N−1/2 expected from the non-boundary strata described above.

6 Applications
The applications range widely in problem size: two components and millions of observations in the
design question below; ten components, ninety-six channels and five observations for mutational
signatures; partitions of tens of thousands of latent entities in record linkage. Three of the ap-
plications are developed in this section: the sample size at which Bayesian model selection can
reject a spurious mixture component (Section 6.1), a set of reference values for the approximate
marginal-likelihood methods in common use (Section 6.2), and the evidence of a Dirichlet process
mixture on a benchmark dataset (Section 6.3). Section 6.4 summarizes six further applications
whose full analyses are in the supplement (Table 6).

6.1 Sample size to reject a spurious component

Consider a trial that records a yes-or-no outcome four times for each participant. Model selection
must decide whether the participants form two cohorts, responders and non-responders with dif-
ferent response rates, or a single population whose apparent heterogeneity is sampling noise. The
constant of Theorem 7 determines how much data that decision needs when the truth is a single pop-
ulation. Take data at Bin(4, θ0) and compare the independence model against its two-component
mixture. The evidence of the smaller model is a conjugate Beta integral and the evidence of the
mixture is given by Theorem 7. The exponential rates cancel, the polynomial factors are N−1/2 for
the smaller model and N−3/4 for the mixture, and the constants combine into a closed form.
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Corollary 2. For data at Bin(4, θ0) with sample size N ,

BF ind:mix = 2 · 31/4

π Γ(1/4) · N1/4√
θ0(1 − θ0)

(
1 + o(1)

)
,

2 · 31/4

π Γ(1/4) = 0.231089 . . . (6.1)

The Bayes factor grows, so the true model is eventually favored, unlike the binary case of
Corollary 1. However, it grows only as N1/4, with a known coefficient. Equation (6.1) holds for
expected-count data, in which every cell count equals its expectation under the one-component
model. For multinomial samples the N1/4 rate is unchanged, but the O(1) term of log Z, and with
it the multiplicative constant, fluctuates by order one from sample to sample (Watanabe, 2009).
For a particular multinomial sample the Bayes factor may therefore cross a given evidence threshold
at an N that differs by a factor of that order from the sample sizes below, which should be read as
design values for expected-count data.

On the scale of Kass and Raftery (1995), inverting the asymptotic law at θ0 = 1
2 gives, as

leading-order targets, N ≈ 1,775 for positive evidence (BF = 3), N ≈ 3.5 × 106 for strong evidence
(BF = 20), and N ≈ 2.2 × 109 for BF = 100. The leading O(N−1/4) correction to the law is
positive, so the exact Bayes factor lies slightly above it, by 8.5% at N ≈ 1,300 and 1.4% near
the strong-evidence threshold. The exact Bayes factor therefore crosses each threshold somewhat
earlier than the law does: BF = 3 at N = 1,281 and BF = 20 at N ≈ 3.3 × 106 (exact values
by direct quadrature; Supplement S3). Whether one uses the asymptotic law or the exact values,
strong evidence against a spurious second cohort takes millions of participants (Figure 1). If the
trial instead records a single yes or no per participant, Corollary 1 applies and no sample size settles
the question from that endpoint alone.

Earlier work has shown that Bayes factors reject a spurious mixture component only at a
rate polynomial in the sample size. Fuquéne et al. (2019) state the general in-probability rate
without making the exponent or the constant explicit for particular models, Chambaz and Rousseau
(2008) bound the error probabilities of posterior-mode order estimators, and Kariya and Watanabe
(2022) derive the distribution of the Bayesian likelihood ratio for homogeneity against a normal
mixture with sampled data. Equation (6.1) gives the explicit constant for expected-count data. Its
derivation also suggests why the Bayes factor grows so slowly with N : the exponent λ2 − λ1 =
3/4−1/2 = 1/4 is a difference of learning coefficients fixed by the singular geometry of the mixture
model, and the constant is determined by the ridge volume. The design is the “cheating coin
flipper” of Drton et al. (2009), studied further by Lin (2011); Lin’s exact constant (Section 2.2)
was derived for a two-parameter coin-mixture model, and his leading-coefficient calculus does not
cover the three-parameter mixture treated here (Section 5.2). The singular BIC of Drton and
Plummer (2017), run with the correct learning coefficients, predicts the N1/4 rate but leaves the
constant undetermined, so that the predicted law cannot be inverted for a sample size; the published
discussion of that paper (pp. 372 and 375) notes that such constants are generally difficult to
compute.

The corollary generalizes in both θ0 and the number of readings m, which makes the constant,
and with it the required sample size, an explicit function of the design. For data at Bin(m, θ0) the
derivation of Theorem 7 carries through unchanged, giving

cm(θ0) =
√

2
(
m(m − 1)

)1/4

π Γ(1
4)
√

θ0(1 − θ0)
, N∗(B) =

B4 π4 Γ(1
4)4 (θ0(1 − θ0)

)2
4 m(m − 1) , (6.2)

with λ = 3/4 for every m ≥ 2, where N∗(B) is the sample size at which the asymptotic Bayes factor
reaches B. To our knowledge neither formula has appeared before; Chen et al. (2016) give a related
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Figure 1: Bayes factor for one component against a two-component mixture on Bin(4, 1
2) expected-

count data. Solid line: the asymptotic law (6.1); circles: exact values; filled dots: the crossings of
BF = 3 and BF = 20. Red dashed: the BF ∝ N rate implied by a parameter-counting BIC. Lower
curve: the single-binary-variable case, which converges to 1/(2 log 2). Both axes are logarithmic.

fourth-power sample-size–separation law, which fixes error rates rather than an odds target. The
factor m(m − 1) arises because the information separating the mixture from the one-component
model is carried by the second factorial moment, with KL/t4 = 4m(m − 1) in the ridge coordinate,
a factor that vanishes at m = 1, the classical identifiability threshold of the binary case. The
coefficients in Eq. (6.1) and Eq. (6.2) assume the uniform priors of Section 2.1. The rate does not
depend on the prior, whereas the constant does; for the one-variable model Theorem 3 gives the
corresponding closed form under integer Dirichlet weights. The constants for the binomial design
under non-uniform priors are left to future work.

The Gaussian location mixture of Section 5.3 obeys the same fourth-power law on the population
ray (Proposition 1). With φ the N(0, s2

0) prior density of the means, Eq. (5.12) gives n∗(B) =
B4π4 Γ(1

4)4 φ(µ0)4/4, which is Eq. (6.2) with φ(µ0)4 in place of
(
θ0(1 − θ0)

)2
/
(
m(m − 1)

)
. For

standard normal priors centered at the truth, n∗ is about 8,600 at B = 3 and 1.7 × 107 at B = 20.
A prior with less density at the true mean favors one component sooner.

On the binomial trial design we also compare the evidence with BIC, the criterion most used in
practice to choose the number of components (Section 1.1). The Laplace expansion behind it fails
at singular models (Section 2.2), and the comparison measures the resulting error. In Bayes-factor
form BIC gives BFBIC = Ne−∆, where ∆ ≥ 0 is the gap in maximized log likelihoods (parameter
difference 2, the Schwarz convention, no O(1) prior terms). For data generated from the one-
component model Bin(4, 1

2), enumeration over all datasets gives P (BFBIC ≥ 20) = 0.37, 0.49 and
0.54 at N = 20, 21 and 22. On the median such dataset BIC therefore gives twenty-to-one odds
against a second component already at N = 22. At that sample size the true Bayes factor on
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expected-count data is approximately 1.2, near even odds, and it reaches twenty-to-one only for
N in the millions, five orders of magnitude larger. The label-permutation multimodality of the
mixture likelihood does not appear to explain the gap. Correcting BIC by g! = 2 moves its crossing
only from 22 to about 44. The BIC crossing is also independent of m: it stays at N ≈ 20 whether
each participant is measured once, four times, or ten times, including the case m = 1 in which,
by Corollary 1, the question is never resolved. Many Bayesian statisticians assess models by out-
of-sample predictive accuracy, estimated by cross-validation or the Watanabe–Akaike information
criterion, and set BIC aside because it targets the marginal probability of the data (e.g. Gelman
et al., 2014). The Bayes factor is a ratio of two such probabilities, exact here under the stated
priors and approximated by BIC, and it converts prior odds on a second cohort into posterior odds,
a different quantity from predictive accuracy.

6.2 Exact reference values for approximate methods

When the evidence is known exactly, the error of an approximate method can be measured di-
rectly instead of being inferred from the method’s own output. We make three such comparisons:
marginal-likelihood estimators against the exact evidences of the binary and binomial-mixture fam-
ilies, the coarsened posterior of Miller and Dunson (2019) on the binomial family, and a partition
sampler for record linkage against the posteriors of Supplement S8. The reference values, run
counts and numerical checks for the three comparisons are collected in Supplement S3.

We first compare five marginal-likelihood estimators with the true evidence: the harmonic mean
(Newton and Raftery, 1994), bridge sampling (Meng and Wong, 1996), stepping-stone sampling
(Xie et al., 2011), Chib’s method (Chib, 1995), and nested sampling (Skilling, 2006), each run at
commonly used default settings. The test problems are the one- and two-component evidences of
the binary and binomial-mixture families of Section 2.1, at nine sample sizes from N = 100 to 106

with thirty simulated datasets per size. Table 4 summarizes the behavior of each estimator. The
binary family may be the most demanding case, because there the true log Bayes factor is bounded.
By Corollary 1 it tends to the constant log(2 log 2) ≈ 0.33 (mixture over one component), so any
bias that grows with N eventually dominates the quantity being estimated. The harmonic mean
estimator is biased upward at every sample size, increasingly so as N grows. On the binary family,
its estimate of the Bayes factor falls on the wrong side of one at some sample size for each of the
thirty simulated datasets.

Chib’s method diverges on the binomial family, with errors of order 106 nats at N = 106.
Its known difficulty on mixtures is label switching (Neal, 1999), and the permutation-averaged
correction of Berkhof et al. (2003) recovers the log 2 missing from Chib’s estimate on the binary
family. However, the binomial divergence remains of the same order after the correction (Table 4),
so it does not appear to be a label-switching artifact. Bridge sampling agrees with the true values
up to N ≈ 3,000 and drifts below them at larger N . The random-permutation bridge of Frühwirth-
Schnatter (2004) extends the agreement to N ≈ 105. The design question of Section 6.1 is decided
only at sample sizes in the millions, beyond the range in which either bridge estimator agrees with
the true values, so a pilot study that tested bridge sampling at moderate N would probably not
detect the problem. Stepping-stone and nested sampling agree with the true values across the
whole range, stepping-stone with a small negative drift at the largest N .

Second, we examine the coarsened posterior of Miller and Dunson (2019) on the two-component
Bin(4, θ) family, at coarsening parameters α ∈ {102, 103, 104} alongside the standard posterior,
with twenty datasets per sample size. When the data are generated outside the family, both the
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estimator behavior worst bias (nats) flips (binary, binomial)

harmonic mean positive bias at every N , growing with N +7.6 at N = 106 184/270, 24/270
Chib diverges on the binomial family +1.4 × 106 at N = 106 213/270, 160/270
Chib, permutation-averaged recovers log 2 on the binary family; diverges on the binomial family +9.2 × 105 at N = 106 190/270, 155/270
bridge calibrated to N ≈ 3 × 103, negative bias beyond −6.4 ± 1.3 at N = 106 84/270, n/a
bridge, random-permutation calibrated to N ≈ 105, negative bias beyond −5.8 ± 2.9 at N = 106 n/a
stepping-stone calibrated −0.49 ± 0.26 drift at N = 106 0/270, 0/270
nested sampling calibrated none detected 0/270, 0/250

Table 4: Marginal-likelihood estimators at default settings compared with the exact evidence on
the binary and binomial-mixture families, N = 102 to 106, thirty datasets per size. Worst bias:
mean error in nats at the least favorable N . Flips: datasets out of 270 per family (250 completed
nested-sampling runs, binomial) with the estimated Bayes factor on the wrong side of one.

one-component and the two-component model are misspecified, and under the standard posterior
the difference in log evidence between them grows in favor of the wrong model at 0.193 nats per
observation (least-squares slope through the medians). Coarsening truncates that growth: this
evidence gap rises to a plateau whose half-height sample size increases with α, from N ≈ 145 at
α = 102 to N ≈ 1,031 at 103 and N ≈ 9,785 at 104.

Third, a partition sampler, which is usually validated only through diagnostics computed from
its own output (Geweke, 2004; Talts et al., 2018), can instead be compared with an exactly known
posterior. We compared a standard single-site Gibbs sampler for the record-linkage model of
Supplement S8 with the entity-count posteriors computed there for the RLdata500 benchmark, in
24 configurations: four partition priors, three initializations, and two replicate chains, with 50,000
sweeps each. The largest total-variation distance from the exact posterior was 0.05, at the level
of the Monte Carlo noise, and the largest shift in posterior mean was 0.04 posterior standard
deviations. No configuration passed the standard convergence diagnostics (split-R̂, effective sample
size) while disagreeing with the true posterior. The comparison covers our own sampler under the
plug-in distortion model of Supplement S8, in which the per-field distortion probability is fixed
rather than given a prior. Released entity-resolution samplers were not included, because they use
global distortion parameters, which under blocking define a different model. Partition samplers
have been validated against fully enumerated posteriors in clustering at small n (Bouchard-Côté
et al., 2017); with the convolution of Section 4.4 the comparison above was carried out at the full
size of the benchmark.

6.3 The Dirichlet process mixture on a real dataset

By Theorem 5 the Dirichlet-process evidence at fixed concentration is obtained by a substitution in
a finite sum, so it can be computed on real data in the same way as the finite-mixture evidences. We
use the eyetracking data of Escobar and West (1998): counts of eyetracking anomalies in N = 101
schizophrenic patients, a standard test case in the Dirichlet-process literature (Frühwirth-Schnatter
and Malsiner-Walli, 2019). The counts are binned in two ways, into two cells (zero versus nonzero
anomalies, k = 2, cell totals U = (46, 55)) and into three cells (zero, one to four, five or more, k = 3,
U = (46, 29, 26)). The unbinned counts (k = 35) would require about 1.6×1011 retained coefficients
in the truncated generating function of Section 4.2, beyond the reach of this computation. For each
binning we compute the Dirichlet-process evidence and the posterior P (T = t | data) of the number
of occupied clusters at seven fixed rational concentrations from 1/3 to 355/113. We also compute
the evidences of the finite mixtures with g ≤ 3 components and the Bayes factors of the Dirichlet
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process mixture against each. The finite mixtures carry Dir(α/g, . . . , α/g) weights and tend to
the Dirichlet process mixture as g grows, so each Bayes factor compares the limit with its own
truncation at the same concentration and kernel. Since for a single categorical variable the one-
component model already covers the whole simplex ∆k−1 of cell-probability vectors (Section 4),
these Bayes factors measure only the difference between the priors that the models induce on that
simplex.

All evidences and posteriors in this comparison are computed under the Dirichlet-categorical
kernel with uniform cell priors on the binned counts. The published analyses of these data used
Poisson–Gamma kernels on the raw counts, so their numbers are not directly comparable with
ours. The inner sums of Eq. (4.5) are rational numbers, one per cluster count, and do not involve
α. Once they are computed, the evidence at every concentration and the whole posterior on T
follow by substitution (Supplement S3).

k α log10 ZDPM log10 BF∞:1 log10 BF∞:2 log10 BF∞:3 T mode E[T ]

2 1/3 −31.0322 0.107 0.055 0.038 2 2.77
2 1/2 −30.9948 0.144 0.076 0.052 3 3.52
2 1 −30.9133 0.225 0.124 0.086 5 5.50
2 3/2 −30.8573 0.281 0.159 0.113 7 7.21
2 2 −30.8151 0.324 0.187 0.134 8 8.76
2 22/7 −30.7468 0.392 0.234 0.172 12 11.86
2 355/113 −30.7468 0.392 0.234 0.171 12 11.86
3 1/3 −48.2082 0.194 0.100 0.067 3 2.91
3 1/2 −48.1456 0.256 0.133 0.090 3 3.67
3 1 −48.0176 0.384 0.207 0.142 5 5.65
3 3/2 −47.9363 0.466 0.256 0.177 7 7.35
3 2 −47.8792 0.523 0.292 0.203 9 8.86
3 22/7 −47.7963 0.606 0.344 0.242 12 11.90
3 355/113 −47.7963 0.606 0.344 0.242 12 11.90

Table 5: Dirichlet process mixture on the eyetracking data (N = 101), two-cell (k = 2) and
three-cell (k = 3) binnings, seven concentrations α: log10 evidence, log10 Bayes factors against the
matched finite mixtures with g = 1, 2, 3 components, and mode and mean of the posterior on the
number of occupied clusters T . Dirichlet-categorical kernel, uniform cell priors.

Table 5 gives the results. At every concentration and under both binnings the evidence favors
the Dirichlet process mixture over each of g = 1, 2, 3, though never strongly: the log10 Bayes factors
range from 0.04 to 0.61, all below one order of magnitude. However, the posterior on the number of
occupied clusters depends heavily on the concentration. Its mode moves from 2 to 12 as α increases
across the grid (Figure 2), and it is broad at every concentration; under the two-cell binning the
mode carries 0.31 of the mass at α = 1/3 and 0.14 at α = 22/7. Conclusions about the number of
clusters in these data thus rest largely on the choice of α. A hyperprior on α could be handled by
quadrature over a grid of these values; we have not done so here.

A comparison with published estimator output requires the same kernel and data. We are aware
of only one published instance in which an analytic Dirichlet-process evidence is reported together
with estimator output, and it concerns a different dataset. Basu and Chib (2003) printed an analytic
value beside three of their estimators for a ten-observation subset of the rat-growth data, and the
estimators differ from it by at most about 0.02. For the eyetracking data no published Dirichlet-
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Figure 2: Posterior distribution of the number of occupied clusters T for the Dirichlet process
mixture on the eyetracking data at each of the seven concentrations, under the two-cell binning
(top) and the three-cell binning (bottom). The curves for α = 22/7 and α = 355/113 coincide at
this scale. The horizontal axis is truncated at t = 25.

process evidence value appears to exist. The finite-g bridge-sampling values of Frühwirth-Schnatter
and Malsiner-Walli (2019) differ from ours by hundreds of nats because of the different kernel,
binning and weight prior. Their MCMC cluster-count table was computed under a hyperprior on
α with mean 1/2. Binned to that table’s columns, our posterior at fixed α = 1/2 differs from it by
total variation 0.45 (two-cell) and 0.42 (three-cell), which again presumably reflects the difference
in models.

Exact Dirichlet-process computations have been reported at small n: Ferguson (1983) at n = 5,
Basu and Chib (2003) by enumerating the Bell(10) = 115,975 partitions at n = 10, and Kohonen
and Corander (2016) by 3n subset convolution at n ≤ 20. A recent study of evidence estimation
for Dirichlet process mixtures (Hairault et al., 2022) notes that only Basu and Chib had addressed
the problem, and uses a Monte Carlo estimator as its reference value at n = 6. To our knowledge,
the values in Table 5 are the first exact Dirichlet-process evidences and cluster-count posteriors for
a real benchmark dataset with N in the hundreds. At N = 101 partition enumeration and subset
convolution would take about 10117 and 1048 operations respectively, and the generating function
of Section 4.3 avoids both.
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6.4 Further applications

Table 6 lists every application in the paper by its number of components g, number of states or
channels k, and number of observations N , together with its main result. Six of them are developed
in full in the supplement and summarized below; the model and the range of priors for each are
specified in the corresponding supplement section, and the results hold within those ranges.

application g k N result

trial design (§6.1) 1 vs 2 5 to 3.3 × 106 strong evidence (BF = 20) near 3.3 × 106 (four
readings, θ0= 1

2 , expected counts); BIC on the me-
dian dataset: N = 22

estimator comparison (§6.2) 1 vs 2 2, 5 102–106 stepping-stone and nested sampling calibrated
throughout; bridge sampling to N ≈ 3×103; har-
monic mean and Chib biased

capture–recapture (S5) 1–3 T =6, 18 68, 76 seen known size 135 excluded by g=1, covered by
g=2, 3

Roman dies (S6) 1, 2 6 cells (15 lists) 413 seen die count 519 at the upper edge of the one-class
95% set, inside the two-class set; excluded by ev-
ery issue-level form of Esty’s estimator

eDNA survey (S7) 1–3, cont. 7 356 one class rejected (log10 BF ≥ 292.5); at
least three classes among finite mixtures; beta-
binomial preferred to three classes under every
prior

record linkage (S8) partition, 450 5 fields 500 posterior mean entity count moves from 327.1
(Dirichlet process) to 452.7 (Pitman–Yor) with
the partition prior, same data and blocking

prior comparison (S9) partitions to 3 × 104 5 fields to 39,743 (34,275 analyzed) Dirichlet process ranks first on all 3 corpora at
α=1 (uniform prior ahead at larger α on the RL-
data corpora); pairwise BF up to 1083,702

DPM eyetracking (§6.3) ∞, g≤3 2, 3 101 DPM favored over g≤3 at every α, by less than
one order of magnitude

cancer panels (S10) 10 vs 9 96 5–30 largest BF at N=5 among 6,980 readouts: 8;
maximum over all possible five-mutation read-
outs: 50.27

sampler comparison (§6.2) partition 5 fields 500 Gibbs sampler agrees with the exact posterior
within Monte Carlo error in all 24 configurations
(largest total variation 0.05)

scale benchmark (Table 1) 2–106, ∞ to 1,000 to 105 g=2, k=1000, N=105 in exact rational arithmetic
in 5 min; g=106 and g=∞ at N=5,000 in 31–79
s (floating point)

Table 6: Applications by number of components g, states or channels k, and observations N , with
the main result of each; S-numbers are supplement sections. In the capture–recapture and die rows
the population total is the estimand and N counts observed units; in the partition rows g is the
scale of the latent partition.

Capture–recapture (Supplement S5). For Pledger’s heterogeneity model with g = 1, 2, 3
latent classes we compute the joint posterior P (N, g | data), with the unknown population size
N and the unobserved zero-count cell inside the integral, on two classic datasets, over sixteen
prior settings (four hyperpriors, two priors on the population size, and two truncation caps). On
the Edwards–Eberhardt rabbit data, from a penned population of known size 135, the one-class
posterior places the true size above its 99.98th percentile under every prior, whereas the two- and
three-class posteriors cover it. The evidence also favors heterogeneity under every prior setting, by
Bayes factors of roughly 3.5 to 97. On the snowshoe hare data the preference between two and
three classes changes sign with the hyperprior. The posterior mean of the population size also rises
with the assumed number of classes, the finite-sample counterpart of Link’s asymptotic result that
the estimated size depends on that assumption.
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Counting the dies of a Roman mint (Supplement S6). The denarii of P. Crepusius carry
mint-engraved die numbers up to 519, so the number of dies is known and the same latent-class
models can be tested against it. From the capture-frequency histogram of fifteen modern holdings
(413 distinct dies observed), the one-class 95% credible set includes 519 only at its upper edge,
while the two-class 95% set contains it under every prior considered. Every issue-level form of
Esty’s estimator, the standard tool in numismatics, excludes it. However, the evidence computed
from the histogram favors one class, at log10 Bayes factors of −0.99 to −2.21. Because the fifteen
holdings differ in size and the histogram pools them, this preference may reflect unequal list effort
rather than homogeneity of the mint’s output.

Latent classes in an environmental-DNA survey (Supplement S7). The tidewater-goby
survey we analyze comprises 356 water samples with six PCR replicates each. We treat the samples
as exchangeable and model the histogram of detection counts. The one-class model is rejected
decisively (log10 Bayes factors of 292.50 to 293.11 across the priors considered) and two classes are
also clearly insufficient (log10 BF(3:2) between 15.5 and 16.1), so at least three latent classes are
needed among finite mixtures. A continuous beta-binomial alternative has still higher evidence than
the three-class model under every prior. Standard eDNA occupancy analysis fixes two latent states a
priori; those site-structured models are not among the exchangeable-sample models compared here.
The survey’s grouping into 39 sites is not modeled and could account for part of the heterogeneity.

Exact posteriors for record linkage (Supplement S8). On the RLdata500 benchmark (500
records, 450 true entities) we compute the exact posterior of the number of entities under a fixed
blocking scheme; the published posteriors for this benchmark were obtained by MCMC. Because
the blocking splits some true pairs across blocks, even error-free linkage within blocks would yield
458 entities rather than 450, and posterior mass below 458 can arise only from false merges. With
the data and blocking held fixed, changing the partition prior from a Dirichlet process to a Pitman–
Yor process moves the posterior mean from 327.1 to 452.7 under the plug-in distortion model. At
this sample size the partition prior therefore appears to influence the posterior entity count more
than the data do.

An evidence comparison of partition priors (Supplement S9). For eight families of par-
tition prior, including the microclustering ESC priors, we compute the evidence on three linkage
corpora of up to 39,743 records and rank the priors by it. Under the primary likelihood specification
with concentration α = 1 the Dirichlet process ranks first on all three corpora, with pairwise log10
Bayes factors as large as 83,702. In the sensitivity analysis the uniform prior overtakes it at α = 2
and 4 on RLdata10000 and at α = 4 on RLdata500. The position of the ESC priors in the ranking
depends on the likelihood specification, and under the plug-in distortion model on RLdata500 they
have higher evidence than the Dirichlet process, so no general statement about them follows. On
the RLdata corpora the prior ranked last by the evidence is also the one whose posterior entity
count comes closest to the value that error-free linkage within the blocks would give. Such a dis-
agreement is possible because an evidence computed under a misspecified likelihood ranks priors by
their fit under that likelihood, which need not coincide with the accuracy of a particular posterior
summary such as the entity count.
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Mutational-signature evidence at panel scale (Supplement S10). We fix the signature
profiles at their published COSMIC values and place a Dirichlet prior on the weights alone. We then
compute per-sample Bayes factors for the presence of signature SBS3 (homologous-recombination
deficiency) over k = 96 mutation channels, on panel-sized readouts drawn from 698 publicly avail-
able breast-cancer genomes. At five mutations, the readout size relevant to clinical panels, the
largest Bayes factor among 6,980 readouts is 8, whereas the maximum over every possible five-
mutation readout is 50.27. Strong evidence for the signature from five mutations is thus possible
in principle, but no readout produced by a real tumor comes close to it. At thirty mutations, the
formal significance test used in the signature literature flags about a quarter of the readouts whose
Bayes factor gives positive evidence for the signature; this difference likely reflects the two methods’
operating points, and we have not compared their discrimination.

7 Discussion
Bayesian evidence integrals for mixtures of independence models appear to be considerably more
explicit than the literature suggests. For the one-variable family the evidence has a closed form at
two components and collapses to a margin sum over contingency-table counts at every g, up to and
including the Dirichlet process limit; the most recent work on mixtures of independence models
estimated the evidence for individual datasets by Monte Carlo (Borinsky et al., 2023). For data
on a singular stratum of the models treated here, we obtain the large-sample expansion of the log
evidence to constant order, where singular learning theory had supplied the exponent. However,
both results are conditional: the collapse at general g depends on the uniform component prior,
and the constants are proved only for counts fixed at their expected values. By how much the
sample-size laws of Section 6.1 shift for randomly sampled counts is therefore not settled here.
The sensitivity of the applied conclusions of Section 6 to the component prior has likewise been
examined only over the finite grids of priors reported with each application. Several ingredients are
classical or due to others. The allocation-sum representation is the starting point of the algorithms
of Lin et al. (2009), which already compute exact values of the evidence and of the Bayes factor for a
given dataset. The learning coefficient λ = 3/4 for binomial mixtures is a theorem of Yamazaki and
Watanabe (2004). The margin-collapse mechanism appears contemporaneously, for a contamination
likelihood, in Kim (2026), and the table-count generating function is standard symmetric-function
combinatorics (Stanley, 1999).

7.1 A latent-class model beyond reach

One attempted application, a latent-class analysis of diagnostic tests for latent tuberculosis infec-
tion, could not be completed. Such analyses rest on published test-agreement tables and, in the
guideline-relevant cases, assume two latent classes (Stout et al., 2018); our aim was to test the
two-class assumption by computing the evidence of the latent-class model with one, two, and three
classes. We considered six tables: the five strata of the Stout et al. table (three tests, k = 8 sign
patterns) and a four-assay serology table (k = 16; Saeed et al., 2021). The one-class evidence of the
conditionally independent latent-class model was computed on all six. The two-class evidence was
computed on the two small strata (N = 464 and N = 140), where two classes are preferred over one
by ln Bayes factors of 33.95 to 36.92 and 55.81 to 59.73 across four prior settings. A variant of the
dynamic program used for the small strata gave the two-class evidence for the two US-born strata,
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where the ln Bayes factors are 75.38 to 76.72 and 279.82 to 282.36. On the remaining and largest
stratum, with N = 7,931 subjects, the two-class dynamic program requires a lattice of 1.32 × 1014

states, roughly a petabyte of memory, and was not run; no three-class evidence with an error bound
was obtained on any table.

Although the collapse of Theorem 4 is insensitive to sample size, it holds for one categorical
variable only. The conditionally independent latent-class model has no such collapse: its lattice
grows with the sample size as well as with the multivariate table structure, and for the largest of
the five strata the lattice no longer fits in memory. Treating the same stratum as one unstructured
k = 8 variable, we computed the evidence up to g = 3. For a single categorical variable, however,
the g-component mixtures cover the same simplex of cell probabilities at every g, so the resulting
Bayes factors compare induced priors on one simplex and cannot distinguish two latent classes from
three in the three-test latent-class model. A different reduction would be needed to compute the
evidence of multivariate latent-class models at clinical sample sizes.

7.2 Open problems

A general dictionary between flat-locus geometry and the resolution-based computations of the
Watanabe school would make the constant terms computable for the other models of the singular-
learning literature, and might give the singular BIC of Drton and Plummer (2017) its inputs
mechanically. The counting rule Eq. (5.7) is stated only for the structures treated here, and the
two models of Section 5.3, the Gaussian mixture and reduced-rank regression, are its only continuous
cases. For the Gaussian mixture, the extension to unknown or unequal variances and the case of
three or more components remain open, and the coefficient of the n−1/4 correction in Proposition 1
is known only numerically. Exact values of the evidence for this mixture are out of reach beyond
small samples (Nobile, 1994), since with continuous data the gN allocation terms are almost surely
distinct apart from the label symmetry. Asymptotic constants under non-uniform priors are open
beyond the integer-Dirichlet family of Theorem 3, as are constants for sampled data in every family
treated here, the Gaussian mixture included. The tilting of Rousseau and Mengersen (2011) might
give the constants under arbitrary Dirichlet priors, and it is also a possible approach to non-uniform
component priors at general g, for which the collapse of Theorem 4 does not hold (Section 4.1).
Within the boundary regime the concrete gaps are the general-k family law at generic rank-one
data (dominance is proved at uniform expected counts only), the general-F naive Bayes analog, and
more than two components. On the applied side, each condition attached to an application could
be removed by a further computation: an α-hyperprior treatment of the Dirichlet-process evidence,
a comparison of the released linkage samplers under their own kernels, cross-block linkage, capture
designs with more occasions, and the three-class model for the die data.

The numerical estimation of learning coefficients, pursued for singular models generally and
lately for deep networks, has so far been validated only against the known values of the exponents.
The expansions of this paper give such estimators a second quantity to recover: a fitted O(1) term
can be compared with the constant CN (θ0) of Theorem 7 on the binomial-mixture stratum, with the
boundary-stratum constants of Theorems 9 and 10, and, for estimators applied to the population
integral Eq. (5.10), with the Gaussian-mixture and reduced-rank constants of Section 5.3 under their
stated priors. Because finite-N values of the evidence are also available for the discrete families
(Section 3, Table 2, Supplement S2), such a comparison could be made along an estimator’s whole
convergence path as well as at its limit.
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Supplementary material
The supplement contains the details of the ridge computation, with the proof of Theorem 6, and the
localization proof for the Gaussian location mixture (S1); the boundary-stratum computations, with
the proof of Theorem 8 and numerical checks (S2); the numerical methods, the numerical checks for
the main-text computations, and the holonomic-structure results (S3); and the proportional regime
N = νk (S4). Sections S5 to S10 contain the six further applications: capture–recapture, the
Roman die study, the environmental-DNA panel, record linkage, the partition-prior comparison,
and mutational signatures.

Data and code availability
Every dataset analyzed in this paper is published and is cited where it is used. The evidence
routines, the closed forms, the component-count posteriors, and the large-N evaluators are imple-
mented in a software package, available from the authors on request.

A The general-k reduction
This appendix proves Theorems 2 and 3. For the k-state model, Eq. (3.4) holds with weight
m!(N − m)!/[(m + k − 1)!(N − m + k − 1)!] = 1/

∏k−1
i=1 (m + i)

∏k−1
j=1(N − m + j). Partial fractions

give
1∏

i(m + i) =
k−1∑
i=1

Ai

m + i
, Ai =

∏
i′ ̸=i

1
i′ − i

, (A.1)

and each cross term splits into single poles through 1
(m+i)(N−m+j) = 1

N+i+j

[ 1
m+i + 1

N−m+j

]
. Since

W (N − m) = W (m), the sum in Eq. (3.4) reduces to the single-pole sums Si =
∑

m W (m)/(m + i).
By inclusion–exclusion, W (m) =

∑
T ⊆[k](−1)|T |(m−aT +k−1

k−1
)

with aT =
∑

v∈T (uv + 1) (binomial
coefficients vanishing when the upper index is negative), each piece a polynomial in m; dividing
each polynomial by (m + i) leaves a polynomial (summing to a rational) plus a residue times∑N

m=a
1

m+i = HN+i − Ha+i−1. Assembling the pieces proves Theorem 2. For integer Dirichlet
priors, the binomial weights and rising factorials combine into a weighted count Wα(m) that is
again piecewise polynomial (a convolution of polynomial-times-indicator sequences), the Gamma-
ratio kernel still has only simple poles in m, now at integer points shifted by the hyperparameters,
and the same reduction proves Theorem 3.
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