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Abstract

Galaxy surveys draw much cosmological information from mildly nonlinear scales, where
clustering admits a loop expansion that current analyses truncate at one loop. The omitted
two-loop term sets their scale cuts and is known mostly for matter or in real space. We compute
the two-loop power spectrum and the one-loop bispectrum and trispectrum of biased tracers in
redshift space on one complete fifth-order operator basis. The redshift-space kernels, derived
recursively, reproduce the known fourth-order kernels in exact rational arithmetic. The two-loop
power spectrum decomposes by topology into 149 diagrams. One of the two-loop master integrals
is a kite with unit powers on non-adjacent lines, which we obtain in closed form. Because the
expanded integrands cancel strongly, we integrate each diagram directly in momentum space,
in double and extended precision with a stated error, and tabulate 474 angular components.
We renormalize by subtracting each integrand’s hard-momentum limits. Infrared resummation
damps each term according to its loop order and acts inside the one-loop integrals. The one-
loop bispectrum has 568 coefficient functions and the one-loop trispectrum, in nine contraction
types, has 5209, with stochastic terms for both and counterterms for the bispectrum in the same
scheme. We integrate the bispectrum on a triangle grid and all nine trispectrum types on the
2400 parallelogram configurations of the power-spectrum covariance. The three statistics can
then be analyzed jointly at a consistent loop order.
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1 Introduction

Much of the cosmological information in a galaxy redshift survey lies in the clustering of galaxies
on mildly nonlinear scales. Between the linear regime and, roughly, the scales of halo formation
the density modes couple weakly, and the clustering statistics admit a loop expansion whose terms
are momentum integrals over perturbative kernels [3, 68]. Because the loop momenta reach scales
where the fluid description fails, the expansion is an effective field theory whose counterterms absorb
short-distance physics into free coefficients [7, 14]. This expansion describes the matter density, and
two further expansions relate it to the observed galaxy density. First, galaxies trace matter through
a bias expansion in local operators with scale-independent renormalized coefficients [2, 28, 56, 69].
Second, a galaxy’s redshift includes its peculiar velocity, which displaces its inferred position along
the line of sight and mixes density and velocity at every order [50, 62].

For biased tracers in redshift space the one-loop theory of the power spectrum and bispectrum
is complete. The redshift-space kernels were constructed through third order [61], with full time
dependence [30, 43], and the infrared resummation of the baryon acoustic feature is established
[49, 70, 73]. In particular, the one-loop power spectrum, with counterterms and stochastic terms,
is implemented in public codes [21, 26] and underlies full-shape analyses of spectroscopic samples
[16, 23, 26, 48]. The one-loop bispectrum (which needs the fourth-order kernels) was derived in
[11, 25, 60] and has since entered full-shape analyses [20, 24, 46]. In these analyses the two-loop
term is omitted, and the scale cuts are chosen to keep it below the statistical uncertainty [20, 26, 48].
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One-loop fits to simulated galaxy samples at more aggressive cuts recover the fluctuation amplitude
with a systematic shift, which may come from the missing two-loop term [15].

The two-loop matter power spectrum was computed in the effective theory in [6, 13, 18, 53] and
with full time and scale dependence in [36, 37]. Once the linear spectrum is decomposed into power
laws [71], the loop integrals reduce to master integrals of the massless two-point family, almost all
of which are known in closed form through integration by parts and the Gegenbauer polynomial
technique [39, 52]. The one two-loop family that the power spectrum requires and that these
methods leave unsolved, with unit powers on two non-adjacent lines, has series representations [10,
27, 55, 71]. Taule and Garny extended the two-loop calculation to redshift space with a recursion for
the kernels at any order [74]. They also found the expansion to be valid only up to k ≈ 0.2hMpc−1,
where virialized line-of-sight motions (the fingers-of-God effect) become nonperturbative at any
loop order. For biased tracers in real space, the bias expansion complete through fifth order
has 29 independent operators, of which 17 remain in the renormalized two-loop power spectrum
[29, 47, 59, 67]. The two-loop bias renormalization was done by subtraction on the integrands [47]
and by the renormalization group [59]. Bakx et al. [5] studied the renormalization of the one-loop
bispectrum and trispectrum at fifth order, again in real space. The one-loop matter trispectrum
and the non-Gaussian power spectrum covariance it generates are known in real space [8, 9, 72]. In
redshift space the galaxy trispectrum has been used at tree level, in the connected covariance of the
power spectrum multipoles [51, 65, 66, 75] and, integrated over quadrilateral bins, as an observable
in joint analyses with the power spectrum and bispectrum [40, 42].

To our knowledge, however, no calculation gives, in redshift space and on one operator basis,
the two-loop galaxy power spectrum together with the one-loop bispectrum and trispectrum. In
redshift space the galaxy kernels are known through fourth order on the basis truncated to the one-
loop bispectrum operators [11, 25, 60], whereas the two-loop power spectrum needs the fifth-order
kernel on the complete basis. Moreover, a joint analysis requires one basis, on which every bias
coefficient has the same meaning in all three statistics, and an infrared resummation consistent at
each loop order. Each loop integral must also carry a known numerical error, because the two-loop
term itself may amount to only a few percent of the power spectrum.

In this paper we construct the two-loop power spectrum and the one-loop bispectrum and
trispectrum of biased tracers in redshift space, and evaluate the loop integrals tabulated here. All
three statistics share one operator basis complete through fifth order, and the power spectrum and
bispectrum share one infrared resummation. On this basis we derive the kernels Z1, . . . , Z5 recur-
sively. The deterministic two-loop power spectrum then decomposes into 149 diagrams, classified
by topology and by their pair of bias or velocity couplings. Because the diagrams, and the terms
within each, cancel strongly, we evaluate every tabulated component (474 in all, 410 nonzero) by
direct momentum-space quadrature in double and extended precision and state its numerical er-
ror. For the one family of two-loop master integrals known only through series we derive, from its
Gegenbauer-series representation [27], a closed form at d = 3 in Gamma functions and hypergeomet-
ric values at unit argument, complete except for two single sums (Section 5 and the Supplementary
Information, Sec. S3). We give the two-loop renormalization conditions in redshift space, with the
contact (tadpole) subtractions of the self-looped kernels. The infrared resummation damps each
term by a factor set by its loop order, applied inside the loop integrals for the one-loop terms. The
power spectrum model then has 20 deterministic and four stochastic parameters, plus the two-loop
counterterm coefficients. A few of our expressions differ from printed results. Relative to the first
version of [47] they include the sign of the transverse term in the fourth-order displacement kernel
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and one column of the cubic-sector renormalization conditions; the revised version of that reference
agrees with the expressions given here on both points. The others are a parity-odd term in one
bispectrum counterterm [60] and the Poisson value of one trispectrum shot-noise amplitude [11].

We assemble the one-loop bispectrum in the same scheme as the power spectrum. Its countert-
erms span the contact space of [11] with more free coefficients, its self-loop tadpoles are removed by
the power spectrum conditions alone, and we bin-average its tree-level term exactly. The one-loop
trispectrum involves 24 of the 29 bias operators and resolves into nine contraction types, which
follow from the five partitions of kernel orders. We subtract the contact contributions of its self-
looped kernels and dress its tree topologies with stochastic terms in four classes; its counterterms
are left to future work [47]. We evaluate the nine types on the 2400 parallelogram configurations
of the power spectrum covariance, and three of them on the binned general quadrilaterals of the
trispectrum estimator. Finally, we give the trispectrum contribution to the power spectrum covari-
ance (summed here for two of the nine types), the bispectrum–power-spectrum cross block, and
the sizes of the evaluated terms at one fiducial point.

The numerical implementation of these expressions, the likelihood built on them and their tests
on simulations are described in the companion paper, Paper II [22]; the application to survey data is
left to future work. Explicit kernels, the diagram-by-diagram enumeration, integrands, subtraction
terms and the evaluated components with their errors are collected in the Supplementary Informa-
tion, Secs. S1–S8. The machine-readable tables and the code that evaluates the loop integrals will
be released with the final version of this paper.

This paper is organized as follows. Section 2 reviews the one-loop theory and fixes notation. In
Sections 3–8 we build the two-loop power spectrum: basis and kernels, diagram classes, evaluation,
renormalization, infrared resummation, and the stochastic terms with the assembled model of
Eq. (8.9). Sections 9 and 10 contain the one-loop bispectrum and trispectrum, Section 11 the
covariance expressions and Section 12 the sizes of the terms at the fiducial point. In Section 13
we summarize the results and open problems, and the appendices collect notation, the fiducial
parameters and the counterterms of the power spectrum and bispectrum.

2 Review of one-loop galaxy clustering in redshift space

We review the one-loop model of galaxy clustering in redshift space, Eq. (2.16) below, fixing nota-
tion. We present no new results in this section.

2.1 Kernels, bias operators and the redshift-space map

The power spectrum P (k) of the matter density contrast δ(x, τ) = ρ(x, τ)/ρ̄(τ)− 1 is defined by

⟨δ(k) δ(k′)⟩ = (2π)3 δD(k+ k′)P (k) . (2.1)

In standard perturbation theory (SPT) the pressureless-fluid equations for cold dark matter are
solved order by order in the linear field δ1, whose spectrum is Plin [3, 35, 54]. With growth factor
D, growth rate f = d lnD/d ln a and scaled velocity divergence θ ≡ −∇·v/(aHf), the solutions
read

δ(k, τ) =
∑
n≥1

Dn(τ) δn(k) , δn(k) =

∫ k

q1···qn

Fn(q1, . . . ,qn) δ1(q1) · · · δ1(qn) , (2.2)

4



PR
EL
IM
IN
AR
Y

θ(k, τ) =
∑
n≥1

Dn(τ) θn(k) , θn(k) =

∫ k

q1···qn

Gn(q1, . . . ,qn) δ1(q1) · · · δ1(qn) , (2.3)

where the n momenta sum to k,
∫
q ≡

∫
d3q/(2π)3, and θ1 = δ1. The Dn scaling of the nth-order

terms is the Einstein–de Sitter (EdS) approximation, standard in one-loop analyses [21, 26, 47],
with known corrections at one and two loops [30, 37, 74]. We adopt the EdS kernels, with f inside
a loop fixed at the redshift of evaluation. For n ≥ 2, with F1 = G1 = 1, the kernels follow from the
recursion [3, 35]

Fn(q1, . . . ,qn) =

n−1∑
m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)

[
(2n+ 1)α(k1,k2)Fn−m(qm+1, . . . ,qn)

+ 2β(k1,k2)Gn−m(qm+1, . . . ,qn)
]
, (2.4)

Gn(q1, . . . ,qn) =
n−1∑
m=1

Gm(q1, . . . ,qm)

(2n+ 3)(n− 1)

[
3α(k1,k2)Fn−m(qm+1, . . . ,qn)

+ 2nβ(k1,k2)Gn−m(qm+1, . . . ,qn)
]
, (2.5)

where k1 = q1 + · · · + qm, k2 = qm+1 + · · · + qn, α(k1,k2) = 1 + k1 ·k2/k
2
1 and β(k1,k2) =

(k1 + k2)
2 (k1 ·k2)/(2 k

2
1 k

2
2). We use symmetrized kernels throughout.

In the plane-parallel approximation with line of sight ẑ, peculiar velocities v map positions x
to [50, 62, 74]

s = x+
v·ẑ
aH

ẑ = x− f uz ẑ , u ≡ − v

aHf
, (2.6)

with θ = ∇·u. Mass conservation gives the redshift-space density contrast exactly [3, 62],

δs(k) =

∫
d3x e−ik·x e ifkzuz(x) [δ(x) + f ∇zuz(x)] , (2.7)

valid while f ∇zuz < 1. Expanding in δ and θ (at fixed redshift, growth factors absorbed into δ1),
we obtain the redshift-space kernels Zn,

δs(k) =
∑
n≥1

∫ k

q1···qn

Zn(q1, . . . ,qn) δ1(q1) · · · δ1(qn) , (2.8)

which are polynomials in f , µ = k̂ · ẑ and µi = q̂i · ẑ. The lowest-order kernels are [50, 61, 62]

Z1(q1) = 1 + fµ2 , (2.9)

Z2(q1,q2) = F2(q1,q2) + fµ2G2(q1,q2) +
fµk

2

[
µ1
q1

(
1 + fµ22

)
+
µ2
q2

(
1 + fµ21

)]
, (2.10)

while Z3 is given in [21, 61].
Galaxies are biased tracers of matter: the galaxy density contrast is expanded in all operators

allowed by the symmetries, each with a free coefficient [2, 28, 56, 69],

δg(x, τ) =
∑
a

ba(τ)Oa(x, τ) . (2.11)
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Through second order these are δ, δ2 and the tidal operator G2, with coefficients b1, b2/2 and γ2
[2, 21]. Composite operators must be renormalized [2, 56, 69]. Inside a loop δ2 contains a contact

term, proportional to the cutoff-dependent variance σ2(Λ) ≡
∫ Λ
q Plin(q), that shifts b1. Hence

we expand in renormalized operators such as [δ2] = δ2 − σ2, whose coefficients are the physical,
cutoff-independent parameters [2, 67]. With δ the SPT solution, the expansion defines real-space
galaxy kernels Kn analogous to Fn, with K1 = b1. Substituting δg for δ in Eq. (2.7), with the

velocity factors still built from Gn, we obtain the galaxy kernels Zgal
n , given through third order in

[21, 26, 61], with Zgal
1 = b1 + fµ2.

2.2 Counterterms, infrared resummation and the one-loop model

For Gaussian initial conditions the power spectrum has the loop expansion

P (k) = Plin(k) + P1-loop(k) + P2-loop(k) + · · · . (2.12)

The one-loop term is the sum of two integrals over one loop momentum,

P1-loop = P22 + P13 ,

P22(k) = 2

∫
q
[F2(q,k− q)]2 Plin(q)Plin(|k− q|) ,

P13(k) = 6Plin(k)

∫
q
F3(k,q,−q)Plin(q) ,

(2.13)

where the prefactors 2 and 6 count the pairings [3, 35, 54, 68]. The loop integrals extend to
short scales on which dark matter is not a single-valued fluid. In the effective field theory the
contribution of these scales is absorbed into counterterms with free coefficients [7, 14]. Because the
kernels fall as k2/p2 when two arguments ±p become hard, the leading counterterm to P13 is an
effective sound-speed term of shape k2Plin(k) [7, 13]. The velocity products of the redshift-space
map require further counterterms [61, 70]: at order k2, one coefficient c2m per even power µ2m

through µ4 [21, 61].
A long-wavelength displacement moves all points together and cannot alter an equal-time cor-

relator, so the infrared-enhanced parts of P22 and P13 cancel in their sum [13, 53, 68]. This
cancellation fails for the relative displacement of two points separated by the sound horizon; that
displacement damps the baryon acoustic oscillations, and its effect is resummed [49, 70, 73]. We
split the linear spectrum into a smooth part and an oscillatory remainder,

Plin(k) = Pnw(k) + Pw(k) , (2.14)

and write Pw
X ≡ PX [Plin] − PX [Pnw] for the wiggly part of any term X. The resummed one-loop

redshift-space spectrum is then [21, 49, 73]

P s,IR(k, µ) = P s
tree[Pnw] + P s

1-loop[Pnw] +
(
1 + k2Σ2

tot

)
e−k2Σ2

tot P s,w
tree + e−k2Σ2

tot P s,w
1-loop , (2.15)

where Σ2
tot(z, µ) is the anisotropic damping function of Ref. [49] (the line-of-sight-weighted variance

of the relative displacement across the sound horizon). We write the two damping factors as

D
(1)
0 (x) = (1 + x) e−x and D

(1)
1 (x) = e−x with x = k2Σ2

tot(z, µ). They are the N = 1 members of a

family D
(N)
n in which N is the loop order of the calculation and n that of the damped term [49, 73].
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Finally, discrete tracers add a stochastic component uncorrelated with the long-wavelength
fields [28, 61]. At one loop its spectrum Pstoch is a constant plus k2 and k2µ2 terms [21, 48], which
we extend to two-loop order in Eq. (8.2); it is not resummed. Thus, inserting galaxy kernels in
Eq. (2.13) and adding counterterms and Pstoch gives the one-loop galaxy power spectrum in redshift
space [21, 26, 61]

P s,1-loop
gg (k, µ) =

(
b1 + fµ2

)2
Plin(k) + 2

∫
q

[
Zgal
2 (k− q,q)

]2
Plin(|k− q|)Plin(q)

+ 6
(
b1 + fµ2

)
Plin(k)

∫
q
Zgal
3 (k,q,−q)Plin(q)

+
2∑

m=0

c2m µ
2m k2Plin(k) + Pstoch(k, µ) , (2.16)

where Plin is taken at the redshift of evaluation. Two operations are implicit in this expression.
First, renormalizing the P13-type integral moves its k2Plin-shaped cutoff dependence into the c2m
and leaves the cubic couplings only in the combination bΓ3 of [2, 21]. Second, each term is resummed

as in Eq. (2.15), with D
(1)
0 on the wiggly tree part and D

(1)
1 on the wiggly loop parts. In this paper

we replace the c2m terms with the weighted form 2(b1 + fµ2)(c0 + c2µ
2 + c4µ

4) k2Plin of Eq. (6.4),
which extends to µ6 with the three coefficients c0, c2, c4.

With Legendre polynomials Pℓ, the multipoles are

Pℓ(k) =
2ℓ+ 1

2

∫ 1

−1
dµ Pℓ(µ) P

s(k, µ) . (2.17)

In forming them we evaluate each overall power fa multiplying µ2m as f(k, z)a from the linear
Boltzmann solution, including the scale dependence induced by massive neutrinos [31, 34]. The
free parameters at fixed cosmology are then b1, b2, γ2 and one cubic coupling, plus the c2m and the
stochastic amplitudes Pshot, a0, a2. Up to normalization conventions, this is the model implemented
in CLASS-PT [21] and PyBird [26] and used in related one-loop treatments [30, 34, 61]. We extend
each term of Eq. (2.16) by one loop order in the remaining sections and apply the same construction
to the three- and four-point functions.

3 Bias basis and redshift-space kernels through fifth order

The two-loop power spectrum and the one-loop trispectrum involve the galaxy kernels through
fifth order, and the one-loop bispectrum through fourth order. We construct the redshift-space
galaxy kernels Zgal

1 to Zgal
5 on the complete fifth-order operator basis of [47]. Through fourth order

they agree with the published redshift-space kernel of [11] on its truncated basis and with the γ31
structure of [46, 60]; in the fourth-order displacement, which enters at fifth order, one transverse
term has the opposite sign to that in the first version of [47]; the revised version of that reference
has the sign found here.

3.1 Operator basis through fifth order

We expand the galaxy overdensity, δg(k) =
∑

a baOa(k) [2, 28, 56, 69], on the hybrid Eulerian and
Lagrangian basis of [47]. Local-evolution (LE) operators are Eulerian, built from the nonlinear
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density δ and the velocity potential Φv through the Galileons

G2(Φv) = (∂i∂jΦv)
2 − (∇2Φv)

2 ,

G3(Φv) = 6 det(∂i∂jΦv) = (∇2Φv)
3 − 3∇2Φv (∂i∂jΦv)

2 + 2 (∂i∂jΦv)
3 ,

(3.1)

whose argument we suppress when it is Φv. Non-local-evolution (NLE) operators are Lagrangian
Galileons of the Lagrangian perturbation theory (LPT) displacements Ψ(n) = −∇φn+∇×An and
their scalar potentials φn [32]. The lowest-order NLE operator is

G2(φ2, φ1) = (∂i∂jφ2)(∂i∂jφ1)− (∇2φ2)(∇2φ1) , ∇2φ2 = −G2(φ1) . (3.2)

In Fourier space the Galileons reduce to the kernels

K(q1,q2) = x212 − 1 , L(q1,q2,q3) = 1− x212 − x223 − x231 + 2x12 x23 x31 , (3.3)

where xij = q̂i · q̂j . Both vanish when their arguments sum to zero. Through cubic order the
expansion reads

δg
∣∣
O(δ3)

= b1 δ +
b2
2
δ2 + γ2 G2 +

b3
6
δ3 + γ×2 δ G2 + γ3 G3 + γ21 G2(φ2, φ1) . (3.4)

We name the coefficients with one × per extra factor of δ and subscripts giving the LPT orders of
the Galileon arguments, as in γ31 ↔ G2(Ψ

(3),Ψ(1)). The coefficients b1, b2 and γ2 = bG2 equal their
CLASS-PT counterparts [21]. The cubic CLASS-PT operator Γ3 = G2(Φδ)− G2(Φv), with ∇2Φδ = δ,

has −4
7 times the kernel K

(3)
γ21 given below, and bG2 there multiplies G2(Φδ) = G2(Φv) + Γ3, so that

γ21 = −4
7

(
bG2 + bΓ3

)
, bΓ3 = −7

4 γ21 − bG2 . (3.5)

The dictionary to other bases is given in Appendix A.
Eight operators are new at fourth order, four LE and four NLE, and fourteen at fifth: five LE,

five NLE products of lower operators with δL or with G2(Φv), and four new NLE Galileons of Ψ(3)

and Ψ(4). The 29 operators (Table 1) [29, 59, 67] are linearly independent at each order [47] and
agree with the basis of [59]. We obtain the momentum-space kernels by evolving the LE operators
in standard perturbation theory and advecting the NLE operators to the Eulerian frame through
second order in the displacement [47]. Complete fifth-order kernels for this basis were given earlier
in [29, 59]. Below,

∑
n runs over the n distinct assignments of momenta to the summand’s labels,

qab = qa+qb, q̄i is the argument list with qi removed and qı̄ its sum. The quadratic and cubic
kernels are

K2(q1,q2) = b1 F2(q1,q2) +
b2
2

+ γ2K(q1,q2) , (3.6)

K3(q1,q2,q3) =
b3
6

+
γ×2
3

∑
3

K(qa,qb) + γ3 L(q1,q2,q3)︸ ︷︷ ︸
K

(3)
LE [b3, γ

×
2 , γ3]

+ γ21K
(3)
γ21(q1,q2,q3)︸ ︷︷ ︸
K

(3)
NLE[γ21]

+ b1 F3(q1,q2,q3) +
b2
3

∑
3

F2(qa,qb) +
2γ2
3

∑
3

K(qa,qbc)G2(qb,qc)︸ ︷︷ ︸
K

(3)
evolved[b1, b2, γ2]

, (3.7)
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order coefficient operator type in ∆P 2-loop
gg

1 b1 δ LE yes
2 b2 δ2/2 LE yes

γ2 G2 LE yes
3 b3 δ3/6 LE yes

γ×2 δ G2 LE yes
γ3 G3 LE yes
γ21 G2(φ2, φ1) NLE yes

4 b4 δ4/24 LE no
γ××
2 δ2 G2/2 LE no
γ×3 δ G3 LE no
γsq2 G2

2/2 LE no
γ×21 δ G2(φ2, φ1) NLE yes
γ211 G3(φ2, φ1, φ1) NLE yes
γ22 G2(φ2, φ2) NLE yes
γ31 G2(Ψ

(3),Ψ(1)) NLE yes
5 b5 δ5/5! LE no

γ×××
2 δ3 G2/6 LE no
γ××
3 δ2 G3/2 LE no

γsq×2 δ G2
2/2 LE no

bG2G3 G2 G3 LE no
γ××
21 δ2L G2(φ2, φ1) NLE no
γ21,2 G2(Φv)G2(φ2, φ1) NLE no
γ×211 δL G3(φ2, φ1, φ1) NLE no
γ×22 δL G2(φ2, φ2) NLE yes
γ×31 δL G2(Ψ

(3),Ψ(1)) NLE yes
γ23 G2(Ψ

(3),Ψ(2)) NLE yes
γ221 G3(φ2, φ2, φ1) NLE yes
γ311 G3(Ψ

(3),Ψ(1),Ψ(1)) NLE yes
γ41 G2(Ψ

(4),Ψ(1)) NLE yes

Table 1: The bias basis through fifth order: 29 operators with their coefficients and their LE (local
evolution, Eulerian) or NLE (non-local evolution, Lagrangian) type, following [47], eqs. (11), (34)
and (38)–(40). The 17 operators marked “yes” have free coefficients in the deterministic two-loop
power spectrum after renormalization and form the vector of Eq. (3.24); the 12 marked “no” are
redundant there. δL is the linear density, Φv the velocity potential, φn the n-th order Lagrangian
perturbation theory (LPT) potential and Ψ(n) the n-th order displacement; γ××

21 carries no factor
1/2, following the kernels printed in the first version of [47]; the revised version includes that factor.

where the NLE kernel multiplying γ21 is

K(3)
γ21(q1,q2,q3) =

1

3

∑
3

K(qa,qbc)K(qb,qc) . (3.8)

The braces separate the new LE and NLE operators from the evolved block, where lower-order bias
coefficients multiply nonlinear matter kernels.

At third order the displacement ceases to be purely potential. Its scalar kernel, with the
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Einstein–de Sitter growth ratios D3a/D
3 = 1/18 and D3b/D

3 = 5/42 absorbed, is

S3(q1,q2,q3) =
1

18

[
−L(q1,q2,q3) +

15

7
K(3)

γ21(q1,q2,q3)

]
, (3.9)

and its transverse part, with ratio D3c/D
3 = 1/14, is built on the vector kernel

W(k1,k2) =
(k1 × k2) (k1 · k2)

k21 k
2
2

(3.10)

as the symmetrized kernel T3(q1,q2,q3) = −1
3

∑
cycW(qi,qjk)K(qj ,qk)/14. Here S3 and T3 are

defined in the convention Ψ(n) = iDn
∫
Ln δ

n
0 , Sn = k · Ln, Tn = −k × Ln of [47]. The transverse

displacement is a polar vector and enters every Galileon built on Ψ(3) through a contraction of two
W vectors, which is even under qi → −qi and does not vanish under the loop integrals. We write
the kernel of G2(Ψ

(3),Ψ(1)) as

K(4)
γ31(q1, . . . ,q4) =

1

4

∑
4

K(qi,qı̄)S3(qj ,qk,ql) +
1

14
S(1,3c)(q1, . . . ,q4) , (3.11)

where S(1,3c) is the W ·W structure defined with S4 below, and the sign of the second term is fixed

by the identity δ4 = F4. The same W ·W term completes the γ×31 and advected-γ31 kernels at fifth
order. The kernels K4 and K5 contain one leading momentum structure for each new operator,

denoted K
(4)

γ×
21

, K
(4)
γ211 , K

(4)
γ22 and K

(4)
γ31 for the fourth-order NLE operators, plus evolved and advected

lower-order terms. The full expressions of both kernels, with the replacement rules that add the
transverse contributions, are given in the Supplementary Information, Sec. S1.

In the fourth-order scalar displacement kernel S4 we find the coefficient +12/11 of the transverse
structure S(1,3c), opposite in sign to that in eq. (50) of the first version of [47]; eq. (52) of the

revised version has +12/11. The kernel S4 enters the basis through γ41 G2(Ψ
(4),Ψ(1)). Normalized

as S4 ≡ −4!k · L4 with the factor −4! absorbed in γ41 (γhere41 = −γk·L4
41 /24), it reads

S4(q1, . . . ,q4) = − 28

33
S(1,3a) +

20

11
S(1,3b) +

153

539
K(4)

γ22 −
78

77
K(4)

γ211 +
12

11
S(1,3c) ,

S(1,3a) =
1

4

∑
4

K(qi,qı̄)L(q̄i) , S(1,3b) =
1

4

∑
4

K(qi,qı̄)K
(3)
γ21(q̄i) ,

S(1,3c) = − 1

4!

∑
σ

[
W(qσ1 ,qσ2σ3σ4) ·W(qσ2 ,qσ3σ4)

]
K(qσ3 ,qσ4) , (3.12)

where σ runs over the 24 permutations of the momenta and

W(ka,kb) ·W(kc,kd) =

[
(ka·kc)(kb·kd)− (ka·kd)(kb·kc)

]
(ka·kb)(kc·kd)

k2a k
2
b k

2
c k

2
d

. (3.13)

The momentum dependence of S(1,3c) does not occur in products of the lower-order scalar potentials,
and we have confirmed the sign of its coefficient by solving the Lagrangian equations directly to
fourth order and projecting k · L4 onto the five structures of S4. The coefficient of γ41 in the
single-hard renormalization conditions of the cubic operators vanishes numerically at order (k/q)0

for both parts of Ψ(4), so those conditions do not depend on this sign. Several further coefficients
printed in the first version of [47] differ from ours through fifth order, and the revised version of
that reference changes all but one of them, the γ××

21 normalization, to the values adopted here; the
projection, those terms and the values adopted here are listed in the Supplementary Information,
Sec. S1.
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3.2 Redshift-space galaxy kernels through fifth order

The redshift-space galaxy kernels Zgal
n are defined by the expansion of Eq. (2.8) with the galaxy

contrast δsg in place of δs. We generate them by the recursion of [74]. We write µ = k̂ · ẑ, µi = q̂i · ẑ,
q1···m = |q1 + · · ·+ qm| and

µ1···m =
(q1 + · · ·+ qm) · ẑ
|q1 + · · ·+ qm|

. (3.14)

Expanding the redshift-space exponential order by order in δ1, we obtain Zn in terms of density

blocks Am and pure-velocity blocks B
(p)
m ,

Zn(q1, . . . ,qn) = An(q1, . . . ,qn) +

n−1∑
m=1

Am(q1, . . . ,qm)

n−m∑
p=1

(fµk)p

p!
B

(p)
n−m(qm+1, . . . ,qn) ,

(3.15)
averaged over the distinct distributions of the n arguments between the two blocks, where

B(1)
m =

µ1···m
|q1 + · · ·+ qm|

Gm , B(p)
m =

m−1∑
l=p−1

B
(p−1)
l (q1, . . . ,ql)B

(1)
m−l(ql+1, . . . ,qm) , (3.16)

with the B
(p)
m recursion symmetrized in the same way. For matter Am = Fm + fµ21···mGm; for

galaxies the density block carries Km in place of Fm,

Agal
m = Km + f µ21···mGm , (3.17)

while every velocity block keeps Gm, because we assume no velocity bias, which at this order should
enter through counterterms. We normal-order the bias operators, ⟨δg⟩ = 0, which in redshift space
is a nontrivial condition (Section 6.3).

Through third order we obtain

Zgal
1 (q1) = b1 + fµ2 , (3.18)

Zgal
2 (q1,q2) = K2(q1,q2) + fµ2G2(q1,q2) +

fµk

2

[
µ1
q1

(
K1(q2) + fµ22

)
+
µ2
q2

(
K1(q1) + fµ21

)]
,

K1(q) = b1 + c0 q
2 , (3.19)

Zgal
3 (q1,q2,q3) = K3 + fµ2G3 + fµk

[
K2(q1,q2) + fµ212G2(q1,q2)

] µ3
q3

+ fµk
(
b1 + fµ21

)µ23
q23

G2(q2,q3) +
(fµk)2

2

(
b1 + fµ21

)µ2
q2

µ3
q3
, (3.20)

with the symmetrization of Zgal
3 left implied. The linear kernel is the Kaiser factor with linear bias.

Besides b1, the kernel K1 contains the coefficient c0 = −β1 of the k2δ counterterm of Section 6.1

For c0 = 0 the kernel Zgal
2 is that of the one-loop analyses [21, 61]. At fourth and fifth order we

obtain

Zgal
4 = A4 + fµk

[
A3B

(1)
1 +A2B

(1)
2 +A1B

(1)
3

]
+

(fµk)2

2

[
A2B

(2)
2 +A1B

(2)
3

]
+

(fµk)3

6
A1B

(3)
3 ,

(3.21)

1This is not the higher-derivative c0 of [47].
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Zgal
5 = A5 + fµk

[
A4B

(1)
1 +A3B

(1)
2 +A2B

(1)
3 +A1B

(1)
4

]
+

(fµk)2

2

[
A3B

(2)
2 +A2B

(2)
3 +A1B

(2)
4

]
+

(fµk)3

6

[
A2B

(3)
3 +A1B

(3)
4

]
+

(fµk)4

24
A1B

(4)
4 ,

(3.22)

where Am = Agal
m takes the first m arguments and the B block the rest, averaged over distributions,

and B
(1)
1 = µ1/q1 (explicit forms in the Supplementary Information, Sec. S1).

Every term of Zgal
n contains one density block and is thus linear in the vector c = (v=1, b1, . . . , b17)

of the pure-velocity weight v and the 17 bias parameters of Eq. (3.24) below. Hence we write the
deterministic two-loop spectrum as the bilinear sum

P s,2-loop
gg (k, µ) =

∑
topo

∑
i≤j

ci cj P
ij
topo(k, µ; f) (3.23)

of coefficient-independent integrals over the topologies P15, P24, P33,I and P33,II, whose coupling
pairs (i, j) are enumerated in Section 4.

Setting b1 = 1 and all other coefficients to zero recovers the matter kernels of [74], and f = 0

reduces Zgal
n to Kn. The fourth-order kernel on the basis truncated to the one-loop bispectrum

operators has been published [11, 25, 60]. Symmetrized over its four arguments, the kernel of [11]

agrees with our Zgal
4 in all sixteen bias and velocity couplings, in exact rational arithmetic at

three random configurations, which tests only the velocity–bias cross structure since both use the

same Kn. The density structure K
(4)
γ31 , including the transverse term + 1

14 S(1,3c), coincides term by
term under the 24 permutations of its arguments with the γ31 structure of eq. (A.1) of [60] and

eq. (A5) of [46], in exact rational arithmetic at twelve generic configurations. The kernel Zgal
5 on the

complete basis, which combines fifth-order bias with the redshift-space map, has to our knowledge
not appeared in the literature. Its velocity–bias couplings follow only from the recursion above and
have not been checked against any independent result.

All kernels above assume Einstein–de Sitter growth. We use them throughout with a single
growth rate f at each redshift. For the bare two-loop matter spectrum the resulting error reaches
roughly one percent at k ≃ 0.17hMpc−1 [37]. However, we have not measured the corresponding
error for galaxies in redshift space. Beyond this approximation the exact-time factorization of [30,
43] separates each kernel into cosmology-independent shape tensors and growth functions. The
shape tensors are time independent, and exact time enters entirely through scalar weights. We
treat massive neutrinos in the cb prescription, in which only the cold-dark-matter-plus-baryon field
is evolved nonlinearly and bias is defined with respect to it [19]. We thereby omit the back-reaction
of neutrino clustering on the kernels, which is suppressed by fν and whose size at two loops we do
not estimate. The growth equations and the neutrino treatment are given in the Supplementary
Information, Sec. S1.

3.3 Parameter vector and renormalized bias parameters

The four fourth-order LE operators are redundant in the two-loop power spectrum. At fifth order
the five LE operators, the four evolved fourth-order LE terms and the three NLE products γ××

21 ,
γ21,2, γ

×
211 give no finite contribution to P15. This leaves 17 free bias parameters, 1/2/4/4/6 order

by order, marked “yes” in Table 1. Ordered as in eq. (119) of [47], they form the vector

bi =
(
b1, b2, γ2, γ21, b3, γ

×
2 , γ3, γ211, γ22, γ31, γ

×
21, γ23, γ221, γ311, γ41, γ

×
22, γ

×
31

)
, (3.24)

12



PR
EL
IM
IN
AR
Y

which fixes the (i, j) shape indices used below. The Π-trace basis of [59] leads to the same seventeen
free parameters, its twelve operators of the (Π[1])5, (Π[1])4 and (Π[1])3Π[2] families dropping out after
renormalization. The basis of 29 operators assumes bias non-local in time, one independent time
kernel per operator [69], whereas a local-in-time ansatz would tie three fifth-order combinations
together [29, 57].

The bias parameters are scheme dependent, because loop corrections to composite operators
contain powers of the mass variance that are absorbed into lower-order coefficients,

bO + δbO σ
2 = b

(R)
O , σ2 ≡

∫
q
PL(q) , (3.25)

where the finite remainders b
(R)
O are the renormalized parameters, fixed here by the subtractions of

Section 6. At one loop the linear-bias condition, used repeatedly below, is

δb1 =
b3
2

+
34

21
b2 −

4

3
γ×2 . (3.26)

At two loops we project the single-hard limit of P15 onto the cubic basis, which gives the conditions
for δb3, δγ

×
2 , δγ3 and δγ21 of Section 6.3. We keep γ21 and b3 independent although they are

degenerate at one loop, where b3 enters only through δb1, and at two loops their P33,II contribution
is likewise a pure δb1 counterterm.

At f = 0 Eq. (3.23) reduces to the real-space decomposition ∆P 2-loop
gg (k) =

∑
i≤j bi bj P

ij(k)
with 46 nontrivial shapes for the 17 parameters, each shape summed over the topologies that
contain its pair, as in eq. (87) of [47]. Grouped by the highest-order operator in the pair, the
shapes split as 10 + 18 + 12 + 6: pairs within the one-loop set {b1, b2, γ2, γ21}, then pairs whose
higher operator is third-order, fourth-order NLE and fifth-order NLE. In redshift space the coupling
pairs (i, j) run over the 18-component vector c, which includes the pure-velocity entry v. Finally,
some operators redundant in the power spectrum acquire free coefficients in the bispectrum and
the trispectrum. The one-loop trispectrum involves 24 of the 29 operators, so that seven of the
twelve operators redundant in the power spectrum are free there; the remaining five are expected
to become physical beyond two loops.

4 Diagrams and classes of the two-loop power spectrum

Our power spectrum model is the one-loop model of Eq. (2.16) plus the deterministic two-loop term
of Eq. (3.23), renormalized and resummed as in Sections 6 and 7, and combined with counterterms
and stochastic terms in Eq. (8.9). The two-loop term is a sum of 149 diagrams in four topologies,
of which 134 are evaluated and nonzero; the rest are identified below.

4.1 Topologies and diagram counts

The deterministic two-loop spectrum is the sum of four topologies, one for each pattern of Wick
contractions of six linear fields (Fig. 1). In real space, in the notation of [47] and with the symmetry
factors absorbed into the Pnm following [68], they read

P24 = 2

∫
p
K2(k− p,p) I(4)(k− p,p)Plin(|k− p|)Plin(p), (4.1)

13



PR
EL
IM
IN
AR
Y

Z1

Z5

k

P15

Z2

Z4

k

P24

Z3 Z3

k

P33,I

Z3 Z3

k

P33,II

Figure 1: The four topologies of the deterministic two-loop power spectrum, Eqs. (4.1)–(4.5). Each

vertex is a kernel, Kn in real space or Zgal
n in redshift space, of the perturbative order in its

subscript; each internal line is one linear power spectrum, and the external lines carry k. A closed
line on one vertex is a momentum pair (q,−q) contracted inside one kernel, a tadpole; in P24 it
is the inner integral I(4), and P33,I has none. In P15 and P33,II the line joining the vertices is not
integrated over and gives the factor Plin(k). Symmetry factors and diagram counts are in Table 2.

I(4)(k1,k2) = 12

∫
q
K4(k1,k2,q,−q)Plin(q), (4.2)

P33,I = 6

∫
p

∫
q
[K3(k− p− q,p,q)]2 Plin(|k− p− q|)Plin(p)Plin(q), (4.3)

P33,II = 9Plin(k) [σ13(k)]
2 , σ13(k) =

∫
p
K3(k,p,−p)Plin(p), (4.4)

P15 = 30 b1 Plin(k)

∫
p

∫
q
K5(k,p,−p,q,−q)Plin(p)Plin(q), (4.5)

where Kn are the real-space galaxy kernels,
∫
p =

∫
d3p/(2π)3, and the inner loop I(4) of P24 is the

loop integral of the one-loop bispectrum term B411. The prefactors count the Wick pairings and
agree with [74].

In redshift space the same topologies appear with Zgal
n in place of Kn and unchanged symmetry

factors. Each kernel is linear in the coefficient vector c = (v=1, b1, . . . , b17) of Eq. (3.24), and
each contribution is an integral P ij

topo(k, µ; f) labeled by a topology and an unordered pair {i, j}
of entries of c. The two-loop spectrum is their bilinear sum, Eq. (3.23), which at f = 0 is the
real-space decomposition, eq. (87) of [47]. We call each term of this sum, one topology with one
coupling pair, a diagram.

We count the diagrams from the kernels alone. The kernel Zgal
n admits the velocity entry and

every operator whose lowest perturbative order is at most n. The sets of admitted couplings are
nested: their sizes sn are 2 for Zgal

1 and 4, 8, 12 and 18 for Zgal
2 through Zgal

5 . A topology contracting

Zgal
a with Zgal

b , a ≤ b, therefore contains sasb −
(
sa
2

)
unordered pairs: 2 · 18 − 1 = 35 for P15 and

4 · 12− 6 = 42 for P24, while each diagonal Z3Z3 topology has
(
8
2

)
+ 8 = 36. Without the velocity

entry the sets shrink to 1, 3, 7, 11 and 17 entries, and the same arithmetic gives 17 + 30 + 28 + 28
real-space diagrams. In all we find 149 diagrams (Table 2), 103 of them present at f = 0 and 46
only in redshift space.

4.2 Angular structure and selection rules

Every kernel is a polynomial in the line-of-sight projections µ and µ1···m, and Zgal
n carries at most

2n powers of ẑ and n powers of f . Parity under ẑ → −ẑ with qi → −qi removes the odd powers
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topology kernels symmetry diagrams real space (f = 0) redshift space only identifiers

P15 Z1Z5 30 35 17 18 D001–D035
P24 Z2Z4 2× 12 42 30 12 D036–D077
P33,I Z3Z3 6 36 28 8 D078–D113
P33,II Z3Z3 (tadpole) 9 36 28 8 D114–D149

total 149 103 46

Table 2: The deterministic two-loop diagrams of the redshift-space galaxy power spectrum by
topology. Each topology contracts the two kernels named in the second column, with the symmetry
factor of Eqs. (4.1)–(4.5). The diagram column counts the unordered coupling pairs admitted by
the two kernels; the next two columns split them into the pairs present at f = 0 and the pairs
containing at least one velocity entry, which exist only in redshift space. The identifiers number
the diagrams topology by topology, within each topology in the order of the coefficient vector c of
Eq. (3.24).

of µ, and averaging over loop orientations at fixed k̂ and ẑ we reduce every diagram to

P ij
topo(k, µ; f) =

6∑
m=0

µ2m Im(k; f) , (4.6)

where each Im, a polynomial in f of degree at most six, is an isotropic two-loop integral whose
integrand is rational in the Gram invariants of (p,q,k). We refer to the coefficient I ij

m,a(k) of µ2mf a

in a diagram, a function of k alone, as a (µ2mf a) component of the diagram, and to those with
a ≥ 1, which vanish at f = 0, as its velocity components.

Each factor of f in the redshift-space map comes with two line-of-sight indices, one of them
carried by kz = kµ. A term of degree f a therefore carries µa times a velocities uz, whose orientation
average gives µa−2j with 0 ≤ j ≤ ⌊a/2⌋. We bound a by counting fields: six powers of the linear
field are available at two loops, and a bias operator of lowest perturbative order ℓ uses ℓ of them
(ℓ = 0 for the velocity entry). Hence

P ij
topo(k, µ; f) =

6−ℓi−ℓj∑
a=0

f a
a∑

m=0

µ2m I ij
m,a(k) , ⌈a/2⌉ ≤ m ≤ a ≤ 6− ℓi − ℓj ≤ 6 , (4.7)

and every component of a diagram is one term I ij
m,a of this double sum. The selection rule ⌈a/2⌉ ≤

m ≤ a ≤ 6 admits 16 classes (µ2m, f a), all populated. The velocity–velocity diagram of P33,I

saturates the bound, with powers up to µ12 and f6, while the 34 diagrams with ℓi + ℓj = 6 have
no line-of-sight dependence.

We identify two mechanisms by which components vanish identically. Some components are
exact zeros of the reduced kernels, among them every component in the classes µ2f3, µ2f4, µ4f5

and µ4f6 that the selection rule excludes: individual velocity blocks generate such terms, which
cancel in the symmetrized kernel. Others vanish under the orientation average. A loop momentum
q that enters a kernel only through the tadpole pair (q,−q), with no other anisotropic factor, has
⟨qz⟩ = 0 and ⟨q2z⟩ → q2/3, and so produces no power of µ. On the tadpole topologies this removes
the highest power of µ at the highest powers of f , though not at every power. Moreover, the γ3
kernel is proportional to [q1 · (q2 × q3)]

2 and vanishes for coplanar wavevectors, and the tadpole
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configuration (k,p,−p) of σ13 is always coplanar, so that all eight diagrams {i, γ3} of P33,II vanish.
By the same coplanarity the γ211 kernel vanishes on the double-tadpole arguments (p,−p,q,−q)
of P15, and hence D009 (v, γ211) and D026 (b1, γ211) are zero in every component.

4.3 Evaluated components and loop-momentum support

We have evaluated components of 136 diagrams, including the vanishing γ211 diagrams of P15.
Among their 474 components we find 64 that vanish identically, 28 algebraically and 36 under the
orientation average, which leaves 410 nonzero components in 134 diagrams. Of the 149 diagrams,
the 8 γ3 diagrams of P33,II vanish identically, 135 have kernels reduced to scalar integrands, and
the remaining 6 are the P15 pairs of v and of b1 with γ2, γ3 and γ41 (D004, D008, D016, D021,
D025 and D033), of which we evaluate the density components of D021, D025 and D033 directly
from their kernels at f = 0. The 136 evaluated diagrams are the reduced ones other than D003, the
(v, b2) pair of P15, and D037, the (v, b1) pair and leading redshift-space coupling of P24, together
with D021, D025 and D033; of D020, the (b1, b2) pair of P15, and D048, the (b1, b1) pair of P24, we
evaluate the density component only, and the reduced velocity components of these four diagrams
are enumerated in the Supplementary Information, Sec. S2.

Two exact identities reduce the number of genuine two-loop integrals. First, since Z1(k) =
b1 + fµ2 is an overall factor of P15, every velocity pair satisfies P v,j

15 = fµ2 P 1,j
15 for j /∈ {v, b1}.

This gives D003 from D020, and D004, D008 and D016 from D021, D025 and D033. Second,
every P33,II component is a product of two one-loop tadpole integrals. With these two identities
53 of the 149 diagrams need no two-loop quadrature. The diagram-by-diagram enumeration with
the components of each is given in the Supplementary Information, Sec. S2, and the evaluated
components in Sec. S8.

Before renormalization a bare component depends on its loop-momentum support, and apart
from the P15 components of Section 5 we take one radial support for all four topologies,

1.5× 10−3 k ≤ q ≤ 2000 k . (4.8)

Soft cancellations occur only in sums over diagrams. At small k the scaling of a bare component
is therefore set by its ultraviolet sensitivity: a double-tadpole component of P15 or P33,II is the
external Plin(k) times a constant multiple of [σ2(2000k)]2, the squared linear variance below the
moving cutoff. A bare component of P24 or P33,I behaves instead as k0, k2 or k4 according to whether
both, one or neither operator of its pair has a one-point function, times one further σ2(2000k) for
P24. The moving cutoff also sets a lowest usable wavenumber. Below roughly k = 0.017hMpc−1

the limit 2000 k excludes loop momenta that still contribute; the missing piece has the k2Plin(k)
shape of the leading higher-derivative counterterm and is absorbed by it without changing the
renormalized spectrum. We accordingly present each component from its lowest grid point inside
0.017 ≤ k ≤ 0.2hMpc−1, whose upper end is the reach of the expansion (Section 12). Below the
lowest grid point we continue the bare component analytically with its small-k form instead of
extrapolating.

5 Evaluation of the two-loop integrals

We evaluate the two-loop components of Section 4 by direct quadrature in momentum space, each
with the error estimate of Eq. (5.6). On a power-law basis the matter integrands reduce to master
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1

ν2

ν3

1

ν5
k k

Figure 2: The two-loop kite master integral, Eq. (5.2) at d = 3, for the non-adjacent family
K(1, ν2, ν3, 1, ν5): the external momentum k enters and leaves at the side vertices, the internal
lines carry ν1, . . . , ν5 in the routing of the text (ν4 upper left, ν1 lower right), and the two unit
indices sit on the thick lines, which share no vertex. Patterns with the unit indices on adjacent
lines have closed forms in Gamma functions and single hypergeometric sums [52]; this non-adjacent
family is the one pattern without such a form [39], and Eq. (5.4), derived in the Supplementary
Information, Sec. S3, gives it in closed form with two additional single sums.

integrals, one family of which we give in closed form, but the expanded integrands cancel by
factors reaching 9.1 × 105 (FFTLog) and 1.3 × 1017 (Laurent monomials). We therefore integrate
each diagram’s summed kernel directly and measure the remaining round-off by evaluating every
component in double and extended precision.

5.1 FFTLog decomposition and the kite master integrals

For the matter loop integrals we expand the linear power spectrum in a finite set of complex power
laws [71],

Plin(q) ≈
∑
n

cn q
νn , (5.1)

with frequencies νn on a line in the complex plane. Every loop integral then becomes a sum of
massless self-energy integrals with complex propagator powers. At one loop these have a closed
form in Gamma functions [71]; at two loops the master integral is the kite of Fig. 2,

K(ν1, ν2, ν3, ν4, ν5) ∝
∫

d3q1 d
3q2

(q21)
ν1 (q22)

ν2
[
(q1 − k)2

]ν3 [(q2 − k)2
]ν4 [(q1 − q2)2

]ν5 ∣∣∣∣
|k|=1

, (5.2)

evaluated at d = 3. We use the normalization of eq. (4.6) of [71], whose index ordering reads
K(ν1, ν3, ν5, ν2, ν4). Integration by parts, the Gegenbauer polynomial technique [52] and uniqueness
relations solve almost every index pattern of the kite in Gamma functions and single hypergeometric
sums. The exception, listed as an open case in [39], is the family K(1, ν2, ν3, 1, ν5) with unit indices
on a non-adjacent pair of lines and the other three indices generic. The two-loop matter spectrum
requires this family, for which series representations exist [10, 27, 55, 71]; we give it in closed form
at d = 3, apart from two single sums, in Eq. (5.4). The prior representations of this family are
a double series and single sums of hypergeometric values with summation-dependent parameters,
the latter convergent in part of the index space; we obtain a form closed in Gamma functions and
hypergeometric values at unit argument with fixed parameters, apart from two explicit single sums,
valid for ℜ(ν2 + ν5) <

3
2 and extended by the kite’s symmetries.

The closed form of the non-adjacent family, which we derive in the Supplementary Informa-
tion, Sec. S3, follows from the Gegenbauer-series representation [27]. Expanding the two angular
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propagators in Gegenbauer polynomials gives three blocks, each a double sum over a wedge-shaped
index region, and an Abel rearrangement collapses one summation per block exactly. Each block
then reduces to Gamma functions, hypergeometric values at unit argument and one single sum,

Wj =
∑
k≥0

Ψ̂j(k)
[
(1− 2k)Q

(0)
j (k − 1) + 2Q

(1)
j (k − 1)

]
, W2 = 0 exactly, (5.3)

with Ψ̂j a hypergeometric term and Q
(0)
j , Q

(1)
j partial sums of another (we callW1 andW3 wedges).

At d = 3 and for ℜ(ν2 + ν5) <
3
2 , where every single sum converges absolutely, the kite of the non-

adjacent family is

K(1, ν2, ν3, 1, ν5)
∣∣∣
d=3

= κ ρM0

 3∑
j=1

t00j

(
Sa
j Q

(0)
j + 2Sb

j Q
(1)
j

)
− t001 W1 − t003 W3

 . (5.4)

Every factor exceptW1 andW3 is in closed form: the prefactors κ ρM0 and weights t00j are Gamma-

function products, and Sa
j , S

b
j , Q

(0)
j , Q

(1)
j are 3F2/4F3/5F4-class values at unit argument. Their

defining coefficients, the derivation, its numerical and integer-relation (PSLQ) checks and the an-
alytic continuation are given in the Supplementary Information, Sec. S3. Under the integer index
shifts generated by Eq. (5.1), W1 and W3 each reduce exactly onto a fixed basis of 25 elements,
plus polynomials in hypergeometric values at unit argument. The rank 25 is an upper bound
whose minimality is not proven. Within the Gegenbauer representation, at generic rational index
points, the wedges are not hypergeometric, and no telescoping of Zeilberger–Gosper type [38, 76]
reduces them to single pFq(1) sums (Supplementary Information, Sec. S3); this is not a proof for
all parameter values. However, a closed form through another representation may exist.

5.2 Numerical cancellations and the precision criterion

The two-loop integrands cancel in three ways, and each cancellation limits a different evaluation
method. The first cancellation is infrared and occurs between diagrams. Each diagram is finite on
a ΛCDM spectrum, but the leading soft contributions cancel only in the equal-time sum of P15,
P24 and P33 [4, 18]. We integrate each diagram separately against the actual linear spectrum, so
this cancellation is numerical, tested only in the full sum. The second cancellation is ultraviolet
and scheme dependent. In the regulated scheme of the Monte Carlo matter evaluation of [1], only
the sum of the two ultraviolet terms given there is finite under that work’s continuation of the
linear spectrum. Even after regulation, the term that converts between that continuation and
the standard one exceeds the whole two-loop result, |UVtot/P2L| = 1.7 at k = 0.2hMpc−1. Our
evaluation agrees with those results at the 10−3 level only when that scheme’s tabulated screening
is used inside our kernels (Supplementary Information, Sec. S3).

The third cancellation occurs inside a single diagram. Expanded into rational monomials, a
two-loop kernel is a sum of large terms of alternating sign, and power-law bases amplify their
cancellation. On the FFTLog basis the amplification of the connected P33,I rises from 1.8 to
9.1× 105 with increasing k and drives that contribution negative above k = 0.65hMpc−1, which is
impossible for the square of a kernel. The convergence diagnostics of the FFTLog sum do not detect
this failure. In Laurent monomials the connected P33,I matter kernel cancels in double-precision
arithmetic by 6×1015 at k = 10−3 and by 1.3×1017 at k = 1hMpc−1 (the largest amplification we
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have measured). In contrast, two-loop kernels evaluated from the recursion have been integrated by
adaptive Monte Carlo to a relative tolerance of 10−3 [47, 74]. Therefore we evaluate each diagram’s
summed kernel directly in momentum space.

The double- and extended-precision evaluations T (d) and T (e) of a component use the same
discretized sum, and we require them to satisfy∣∣T (d)(k)− T (e)(k)

∣∣ ≤ 10−6
∣∣T (e)(k)

∣∣ (5.5)

at every tabulated wavenumber, with a second criterion on the growth of the mismatch. A com-
ponent failing either criterion is re-evaluated with a regrouped kernel, or its round-off, measured
against an arbitrary-precision evaluation, is added to the error estimate. The mismatch of the
two evaluations measures round-off only, so their agreement does not by itself bound the quadra-
ture error. In addition, several density components have a second, independent evaluation from
the kernels printed in the first version of [47]; for the density component of P 1,3

24 the two evalua-
tions, whose kernels agree exactly, differ by 0.87% at k = 0.1hMpc−1, outside both stated errors
(Supplementary Information, Sec. S8).

5.3 Numerical error of the evaluated components

Every evaluated component (one (µ2mfa) component of one diagram) is computed at 140 fixed
wavenumbers, each with an error estimate. In our direct-quadrature method (Supplementary In-
formation, Sec. S3) we integrate each component at two radial-grid densities and assign it the
additive error

ϵ(k) = ϵref(k) + ϵgrid(k) + ϵreg(k) + ϵtail(k) + ϵang(k). (5.6)

The five terms are, in order, the radial refinement, the difference between the two densities, the
sensitivity to the regulator, a bound on the unintegrated tail and an angular term. For the angular
term of the P24 components we use a polar rule that resolves the soft |k − q| corner, and for the
slowly converging tail of some P15 components a wider radial support (Supplementary Information,
Sec. S3). Some components are given only for k ≥ 0.01hMpc−1, and we do not extrapolate below
that. At fixed shape of the linear spectrum an n-loop component Tn is homogeneous of degree n+1
in its amplitude,

Tn[APlin] = An+1 Tn[Plin], (5.7)

and an amplitude rescaling is exact.
In the matter limit, a 140-point evaluation of P24 made before the galaxy components, with the

same quadrature that produces the stated errors of the P24 components, differs from our direct-
quadrature matter tables by more than the combined errors at 60 of its 140 wavenumbers (Supple-
mentary Information, Sec. S8). Because internal convergence diagnostics can indicate convergence
while the result has the wrong sign, every numerically evaluated component has an error built
from measured quantities, Eqs. (5.6) and (5.5). The evaluated components, with their wavenumber
ranges and error estimates, and those that vanish by symbolic proof are given in the Supplementary
Information, Sec. S8.

6 Renormalization at two loops

Loop momenta beyond the validity of the fluid description contribute to the two-loop integrals of
Section 4 with the momentum dependence that the counterterms parametrize. We subtract these
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contributions from the momentum-space integrands in the Bogoliubov–Parasiuk–Hepp–Zimmermann
(BPHZ) sense [12, 44, 77], following [47], so that the bias parameters are identical at one and two
loops and coincide with those of the one-loop CLASS-PT basis [21].

6.1 Ultraviolet structure and the subtraction forest

The bare two-loop integrals are finite but depend on their loop-momentum support until subtracted.
For each diagram we apply the forest formula truncated to the limits that occur at two loops,

R[K] =
(
1− Tdh

)(
1− Tsh1

)(
1− Tsh2

)
K(q1, q2, k) , (6.1)

where Tshi takes the single-hard limit qi → ∞ at fixed k and Tdh takes the double-hard limit
q1 ∼ q2 → ∞ jointly, at fixed ratio q1/q2 and fixed angles. The joint limit TdhK then depends on
q1/q2 and differs from the iterated limit Tsh1Tsh2K for every non-product bias operator. Ref. [47]
derives the two-loop conditions of the cubic-bias sector from these limits. We do not inherit its
finite-part convention: instead, we fix the finite parts by the two subtractions of Section 6.4.

Every T -term in Eq. (6.1) is itself a loop integral of lower order, evaluated like the bare one.
Hence the subtracted integral is the linear combination

Tsub = Tbare − Tsh1 − Tsh2 + 2Tsh1sh2 − Tdh , (6.2)

where each T is the integral of the corresponding limit of the kernel and the iterated-limit integral
Tsh1sh2 is the piece that the two single-hard subtractions remove twice. This form holds under the
overlap convention TdhTshiK = Tsh1Tsh2K.

The matter and velocity single-hard limits have exactly the momentum structure of the higher-
derivative counterterms, whose leading term is

Pgg

∣∣
∇2δ

= −2 b1 β1 k
2Plin(k) , β1 ≡ b1cs + b∇2δ , (6.3)

with cs the dark-matter sound speed and b∇2δ the pure higher-derivative bias [47]. We absorb
the double-hard limits into the k4 and stochastic counterterms and the bias-operator hard limits
into lower-order couplings; for matter the corresponding two-loop counterterms are those of [6].
Nested regions that require the full forest occur in P15, whose single-hard regions each contain
the double-hard domain. For P33,II, an exact square of one-loop factors, we need the one-loop
subtraction through order σ4. The inner loop of P24 has the single-hard limit of the B411 integral.
The outer-momentum limit of P24 and the ultraviolet limit of P33,I are Taylor series in k

2, absorbed
by the stochastic counterterms [47].

6.2 Counterterm basis at two loops

At order k2Plin the redshift-space mapping generates, at every loop order, one three-coefficient
structure extending to µ6,

P s
gg

∣∣
k2Plin

= 2 (b1 + fµ2) (c0 + c2µ
2 + c4µ

4) k2Plin(k) . (6.4)

Higher terms of the velocity expansion enter at k4 and beyond. We take c0 = −β1, the whole µ0

coefficient of Eq. (6.3). We include two further classes at two loops, k2µ0,2,4P1-loop with coefficient
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β1 and k4Plin at µ0 and µ2, to which the redshift-space mapping adds the velocity-dispersion term
c̃ at higher powers of µ (Section 9).

The single-hard expansion of a two-loop integrand continues past order k2Plin. Its O(1/q22) part
is (k2, q21, |k− q1|2)/q22 times the one-loop integrand, weighted by the convergent moment

σ2−2 =

∫
d3q

(2π)3
Plin(q)

q2
= 51.4 (Mpc/h)2 , (6.5)

that is, the one-loop integrals with a k2 insertion on the internal momentum, (q2 + |k− q|2)/2 in
P22 and q2 in P13. A single coefficient multiplying k2P1-loop cannot generate these terms with the
internal insertion, and no finite-part shift of β1 absorbs them. They form a separate counterterm
class with fixed coefficients, products of lower couplings times σ2−2. Since σ2−2 = 3σ2v (σ2v is the
linear velocity dispersion), these coefficients are finite and cutoff-independent.

Through cubic order the local higher-derivative bias operators are those of [47]: ∇2δ with coef-
ficient b∇2δ, four quadratic operators with coefficients β2,i and the cubic operators with coefficients
β3,i. Table 9 collects all counterterm structures of the two-loop power spectrum with the status of
their coefficients. For the k2P1-loop and k4Plin classes we have not constructed the full redshift-space
angular dependence.

6.3 Renormalization conditions and contact terms

We define the shifts δbO of Eq. (3.25) by projecting each hard limit onto the operator basis. The
coefficients are exact rationals and, with the remarks made below on the γ×31 and γ××

21 columns,
equal those of [47]. The simplest case is P24: the hard limit q ≫ k1, k2 of its inner loop I(4), the
B411 integral [32], projects onto the second-order basis,

1

2
I(4)(k1,k2)

∣∣∣
hard

= δK2(k1,k2) =
[
δb1 F2(k1,k2) +

δb2
2

+ δγ2K(k1,k2)
]
σ2 . (6.6)

It is absorbed by the coupling shifts

δb1 =
b3
2

+
34 b2
21

− 4 γ×2
3

, (6.7)

δb2 =
b4
2

− 8 γ××
2

3
+

32 γ×21
15

+
32 γsq2
15

+
68 b3
21

+
8126 b2
2205

− 208 γ×2
35

, (6.8)

δγ2 =
γ××
2

2
− 2 γ×21

5
− γ×3 +

4 γsq2
15

+
127 b2
2205

+
92 γ×2
105

. (6.9)

The first line is Eq. (3.26). Thus one δb1, with ⟨δg⟩ = 0 for the velocity components, cancels the
hard-limit contributions of P13, P33,II and P24.

For P15 the two single-hard limits coincide by the p ↔ q symmetry of Eq. (4.5) and have the
T5111 trispectrum structure generated by K5. From this common limit we define the shift of the
cubic kernel,

δK3(k1,k2,k3) = 10

∫
q
K5(k1,k2,k3,q,−q)Plin(q)

∣∣∣∣
q hard

, (6.10)

which projects onto the cubic basis,

δK3 =
[
δb1 F3 +

δb2
3

∑
3

F2 + δγ2K
(3)
G2

+
δb3
6

+
δγ×2
3

∑
3

K + δγ3 L+ δγ21Kγ21

]
σ2 . (6.11)

21



PR
EL
IM
IN
AR
Y

Here
∑

3 runs over the three pairings of the arguments, F3 is the cubic matter kernel, and K
(3)
G2

,
Kγ21 are the evolved cubic kernels of G2 and of the G2(φ2, φ1) operator. Evaluating this hard limit,
we recover the three shifts above coefficient by coefficient and obtain the conditions of the cubic
sector,

δb3 =
b5
2

− 4 γ×××
2 +

32 γsq×2

5
+

64 γ××
21

5
− 144 γ×31

245
− 384 γ21,2

35
+

34 b4
7

− 624 γ××
2

35

+
2304 γsq2

245
− 32 γ×21

5
+

8126 b3
735

− 16504 γ×2
1715

+
286004 b2
56595

, (6.12)

δγ×2 =
γ×××
2

2
− γ××

3 − 16 γsq×2

15
− 4 γ××

21

5
+

8 bG2G3

5
+

32 γ×22
15

− 8 γ×31
735

+
8 γ×211
15

+
16 γ21,2
105

+
262 γ××

2

105
− 78 γ×3

35
− 152 γsq2

735
− 64 γ×21

105
+

127 b3
2205

+
12877 γ×2
5145

+
7229 b2
33957

, (6.13)

δγ3 =
γ××
3

2
+

4 bG2G3

5
+

4 γ×211
15

+
131 γ×31
6615

+
16 γ21,2
105

+
66 γ×3
35

+
296 γsq2
735

+
2 γ×21
5

+
3433 γ×2
9261

− 421 b2
101871

, (6.14)

δγ21 = γ××
21 +

8 γ×22
15

− 31 γ×31
630

− 2 γ×211
3

+
4 γ21,2
15

− 12 γ×21
35

+
142 γ×2
735

+
1262 b2
33957

. (6.15)

The γ×31 column of these conditions differs from that printed in eqs. (74)–(77) of the first version of
[47]; eqs. (79)–(82) of the revised version give the column above. The other 27 columns agree with
both versions of that reference, up to the factor 1/2 that the revised version includes in the normal-
ization of γ××

21 . We obtain the γ×31 column from the fifth-order γ×31 kernel of Section 3.1, transverse
term included: its scalar part, built on S3 alone, gives (−32/49,−26/735, 158/6615,−4/63), ex-
actly one sixth of the column printed in the first version of [47], and the transverse Ψ(3) term adds
(+ 16

245 ,+
6

245 ,−
1

245 ,+
1
70) per unit γ

×
31; the sum is the column of the revised version, whose eq. (83)

gives the scalar part separately.
The double-hard limit of P15 gives the last condition of the cubic sector, δb1

∣∣
σ4 =

(
−1

4 δb3 +
2
3 δγ

×
2 − 17

21 δb2
)
σ4 in the ordered limit q1/q2 → ∞, with the relative sign of the BPHZ subtraction

[47]. This coefficient is exact only for the product operators (b4, b5, γ
×××
2 ). For the other couplings

the angle-averaged kernel at k → 0 depends on q1/q2, and the Tdh integrals contain a further
constant times Plin(k), degenerate with b1. By recovering the rationals of [47] from the hard limits,
we test the kernels of 24 of the 29 basis operators. The other five have not been checked.

We also normal-order the bias operators, ⟨δg⟩ = 0: the unit-operator counterterm removes the
mean of every composite operator, b2σ

2/2 at order σ2 and the tadpoles of b2, b3, γ
×
2 and γ×21 at

order σ4. In real space that counterterm contributes only at k = 0, but in redshift space the (1+δg)
weighting of the velocity map multiplies it by the full linear kernel and leaves ⟨δg⟩ fµ2Plin times
Z1. No coupling of the 18-component vector c absorbs this term at fixed f . At one loop the P13

terms containing b2 are constants times σ2(qmax)Plin. The constant is 68/21 = 2 × 34/21, twice
the b2 coefficient of the one-loop shift δb1, for the b1b2 µ

0 and b2fµ
2 terms, and 1, the mean of δ2

entering through the velocity map, for the b1b2fµ
2 and b2f

2µ4 terms. Renormalization removes all
four exactly, whatever the size of σ2(qmax) (145.89 at qmax = 300hMpc−1 and z = 0.61).

At two loops the one-point functions of the composite operators produce the largest bare terms,
the 27 double-tadpole components of P15 and P33,II at or above 106 (Mpc/h)3 at k = 0.1hMpc−1,

22



PR
EL
IM
IN
AR
Y

17 in P15 and ten in P33,II. These share the form

T (k) = κPlin(k)
[
σ2(2000k)

]2
, σ2(Q) =

∫ Q

1.5×10−3k

d3q

(2π)3
Plin(q) , (6.16)

where κ is a constant of the operator pair and (µ2mfa) component, with |κ| ranging from 1/4 to
approximately 18. They rise relative to Plin as k1.31, the cutoff scaling of an unsubtracted contact
term, solely because the loop support scales with k. Indeed, the ten P33,II terms are pure contact
terms to all orders and vanish in our subtracted scheme. In P15 a density component and its
velocity partner one power of µ2f higher share one integral; only the µ2f component of (b1, b3) has
a rational constant, κ = 34/21, and maps to numerically zero, while the other seven integrals have
support-dependent constants and keep finite remainders, whose accuracy at q ∼ k is untested.

We exclude from the fixed two-loop sum, and leave to the counterterms, every component whose
integrand reduces to a pure single-hard contact term (a constant times k2Plin or a σ

2-weighted lower-
order shape). These are the 10 double-tadpole P33,II terms, 33 single-hard-only terms, 23 contact-
dominated P15 components and 51 tadpole-only P24 components, those whose contact leg contains
b2, b3, γ

×
2 or γ×21. We give the derivation of each condition, the 27 double-tadpole components, and

the classification and subtraction terms of every component in the Supplementary Information,
Sec. S4.

6.4 Finite parts and the pivot scale

We fix the finite part of each loop integral by one of two linear subtractions. The first, our subtracted
scheme, removes the σ2 and σ4 terms that dimensional regularization sets to zero, as in [47]. We
construct it from the angle-integrated kernels on a fixed loop support 10−5 ≤ q ≤ 100hMpc−1, on
which σ2 = 49.4. For a P15 or P33,II component we apply the two single-hard subtractions and then
take the double-hard limit, which splits the integral as

T = Tdh + Tsh + TR , Tdh = Plin(k)
(
M0 + k2M2

)
. (6.17)

Here, Tsh is σ2 times the one-loop integrals of the two hard legs with their common iterated limit
removed, (M0,M2) are the leading moments of the remaining kernel with both loop momenta hard,
and the remainder TR is the subtracted integral. Similarly, we split a P24 component on its q2

tadpole. From a P33,I component we subtract only a k → 0 constant. Twelve of the components
that enter the two-loop spectrum are renormalized by the pivot condition below only, without this
subtraction (Supplementary Information, Sec. S4).

Two finite-part choices of the subtracted scheme differ from the dimensionally regulated pre-
scription of [47]. First, the σ2−2 class of Eq. (6.5) stays in the remainder with its fixed coefficient.
In particular, our β1 is not the two-loop-renormalized β1 of [47]. Second, we stop the double-hard
subtraction at k2: the double-hard k4 moment M4 stays in the remainder, while the single-hard-
type part σ2k4σ2−4 (σ2−4 is the Plin/q

4 moment, infrared-divergent for ns < 1) is removed with the
single-hard piece.

The second subtraction is a pivot condition on every component that enters the spectrum: we
require the renormalized component to vanish at k∗ = 0.2hMpc−1 (Fig. 3),

Tren(k) = Tbare(k)− αk2Plin(k) , (6.18)

α =
Tbare(k∗)

k2∗ Plin(k∗)
. (6.19)
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Figure 3: Pivot subtraction, Eq. (6.18), on one two-loop component: the density component of
P 1,15
15 (b1γ41 pair, diagram D033, evaluated at f = 0) at z = 0.61. Red circles: bare integral
Tbare. Gray squares: removed part αk2Pref , α = 99.0 (Mpc/h)2, with Pref a fixed reference linear
spectrum used in place of Plin in this illustration. Blue triangles: renormalized component Tren,
an order of magnitude smaller and zero at k∗ = 0.2 (dotted line, stars). Curves interpolate in
ln k; per-point errors (a few times 10−3 of Tbare) are below symbol size. Wavenumbers in hMpc−1,
values in (Mpc/h)3.

Here, Tbare is the bare integral with no forest terms subtracted, and Plin is the linear spectrum of
the cosmology at which the integrals are evaluated, so α should be recomputed for each cosmology.
The components tabulated in the Supplementary Information instead carry this subtraction with
one fixed reference spectrum Pref , the z = 0.61 linear spectrum, at both redshifts (Sec. S4). We
apply the pivot to the two-loop integrals as they enter the resummed model of Section 7, so that
evaluations with scale-independent f and with exact f(k) use identical renormalized integrals. The
residual shape dependence left by the pivot subtraction at k∗ = 0.2hMpc−1 has not been quantified.

Each pivot removes αk2Plin from one coefficient of µ2mf a in Eq. (3.23). At fixed redshift, where
f is a number, the total scheme dependence of the spectrum therefore collects into

∆schemeP
s
gg(k, µ) = k2Plin(k)

6∑
m=0

αm µ
2m , (6.20)

a polynomial in µ2 of degree six whatever the bias coefficients, with αm the f -weighted sum of the
α of the µ2m components; the seven αm are scheme constants. Projected onto P0, P2 and P4 the
seven monomials have rank three, the span of (c0, c2, c4), and under finer angular projections the
αm with m ≥ 3 stay fixed and add no free parameter. We normalize c0 by the one-loop σ2−2 on the
one-loop support. In the bispectrum, whose loop support differs, the same c0 shifts by the change
in σ2−2. The pivot condition is identical at both fiducial redshifts, z = 0.61 and 0.2954, and only
the derived α values differ.
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7 Infrared resummation

Long-wavelength displacements at low redshift are comparable to the width of the baryon acoustic
feature. Their effect on that feature therefore cannot be left to a fixed order of the loop expansion,
whereas their effect on the smooth spectrum cancels order by order [7, 13, 70]. We extend the
one-loop prescription of Eq. (2.15) to two loops with the anisotropic damping scale of [49]. We
damp each term according to its own loop order and that of the calculation, and apply the damping
factor of the one-loop terms inside their loop integrals.

7.1 Damping order and loop order

To leading power in the soft momenta, averaging over the relative displacement from modes softer
than k damps the acoustic feature at fixed µ by a Gaussian factor [70, 73]. The resummed wiggly
spectrum then reads

P res
w (k, µ) = e−x

[
Pw
0 + S1 + S2 + S3 + · · ·

]
, x = k2Σ2

tot(z, µ) . (7.1)

Here Pw
0 = (b1+fµ

2)2Pw is the tree wiggle, Sn is the infrared-safe n-loop wiggle (the n-loop wiggle
with its infrared-enhanced part removed) and Σ2

tot is defined below. Since the fixed-order terms
contain the expansion of e−x, the one-loop and two-loop wiggles are

Pw
1 = S1 − xPw

0 , Pw
2 = S2 − xS1 +

1
2 x

2 Pw
0 . (7.2)

Requiring the net damping of Pw
0 , S1 and S2 each to equal e−x through the loop order N of the

calculation fixes the damping factor of a term of loop order n,

D(N)
n (x) = e−x

N−n∑
j=0

xj

j!
. (7.3)

This is the prescription of [70, 73] in real space and of [47, 49] in redshift space. At N = 2 the tree,

one-loop and two-loop terms carry D
(2)
0 = e−x(1 + x + 1

2x
2), D

(2)
1 = e−x(1 + x) and D

(2)
2 = e−x

[37, 73, 74], and the three net factors become

Pw
0 : e−x

[
(1 + x+ 1

2x
2)− x(1 + x) + 1

2x
2
]
= e−x ,

S1 : e−x
[
(1 + x)− x

]
= e−x , S2 : e−x . (7.4)

Thus the three damped terms sum to e−x[Pw
0 + S1 + S2] identically. Every infrared-enhanced

contribution through two loops is resummed exactly once, and the first omitted term is e−xS3.
Each counterterm is damped like the diagrams it renormalizes [37]; the change produced by leaving
the counterterm shapes undamped is quantified in the Supplementary Information, Sec. S5. By
contrast, Ref. [74] damps all counterterms by e−x.

We do not extract the two-loop wiggle Pw
2 from the two-loop diagrams: its infrared-enhanced

part, −xS1 + 1
2x

2Pw
0 in Eq. (7.2), is determined entirely by the tree and one-loop wiggles and

by the displacement scale, and its infrared-safe part S2 is the truncation error estimated below.
We therefore evaluate every two-loop diagram on the smooth spectrum Pnw only and add the
closed-form completion term

P 2-loop,IR
ℓ (k) =

2ℓ+ 1

2

∫ 1

−1
dµ Pℓ(µ) e

−x
[
− xS1(k, µ) +

1
2x

2 Pw
0 (k, µ)

]
, (7.5)
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where Pℓ is the Legendre polynomial and S1 = Pw
1 + xPw

0 . The completion term thus contains no
free amplitude. Together with the damped tree and one-loop wiggles it reproduces e−x(Pw

0 + S1)
exactly. We estimate the omitted e−xS2 roughly as ϵ e−xS1, with ϵ(k) the ratio of the root mean
squares over µ of S1 and P

w
0 . The Supplementary Information, Sec. S5, instead carries the two-loop

wiggle through components evaluated on damped input spectra (its hybrid form), which retains
e−xS2; Paper II uses that form.

On the smooth spectrum each two-loop diagram still carries a bulk-flow enhancement from soft
loop momenta, which cancels only in the equal-time sum over the four topologies [13, 53]. To
leading power a soft mode enters the kernels Zn only through the displacement it generates along
ks = k + fkzẑ. Hence each topology D contains a universal dipole term, which we subtract to
make each diagram infrared-safe on its own,

ṼD(k, µ) = VD(k, µ)− cD k
2
s σ

2
W , k2s = k2

(
1 + 2fµ2 + f2µ2

)
, (7.6)

c15 = −1
2 P13 , c24 = P13 − P22 , c33,I = P22 , c33,II = −1

2 P13 ,
∑

D cD = 0 .

Here VD is the contribution of topology D at fixed operator pair, σ2W is the one-dimensional
displacement variance of the soft modes, and P13, P22 are the one-loop terms of the same pair. The
factor k2s distributes each µ2mfa component of P13 and P22 over three components of the two-loop
diagram in the ratio 1 : 2f : f2. Because the weights cD add up to zero, the sum over the four
topologies is unchanged, while each ṼD is infrared-safe separately, component by component in
µ2mfa. In particular, a truncated set of the two-loop diagrams of Section 4 with fixed relative
amplitudes is infrared-safe only if all four topologies are present in every component to which it
contributes.

7.2 Resummation inside the loop integrals

The anisotropic damping scale of [49] is, in our Fourier convention,

Σ2
tot(z, µ) =

[
1 + fµ2(2 + f)

]
Σ2 + f2µ2(µ2 − 1) δΣ2 , (7.7)

Σ2(z) =
1

6π2

∫ kS

0
dq Pnw(q)

[
1− j0(qr) + 2j2(qr)

]
, (7.8)

δΣ2(z) =
1

2π2

∫ kS

0
dq Pnw(q) j2(qr) .

Here jn are spherical Bessel functions, kS separates the resummed soft modes from the rest and r
is the comoving radius of the acoustic feature [21, 49, 73, 74]. We take kS = 0.2hMpc−1 and r
equal to the drag-epoch sound horizon of the fiducial cosmology, rds = 147.146Mpc (99.577Mpc/h
at its h = 0.6767), both held fixed for every cosmology. We evaluate both integrals on the no-wiggle
spectrum of the cosmology at hand, so they vary with the amplitude and shape parameters. The
resummation therefore introduces no free parameter. The residual kS dependence is formally of
higher order in the soft displacements.

At N = 2 we apply the one-loop factor D
(2)
1 inside the loop integral rather than at the external

wavenumber. We replace every linear spectrum in the one-loop integrands, at its own momentum
and line-of-sight angle, by the damped input

Pin(q, µq) = Pnw(q) +D
(2)
1

(
q2Σ2

tot(z, µq)
)
Pw(q) , µq = q̂ · ẑ , (7.9)
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as in [49, 73]. Applying D
(2)
1 (k2Σ2

tot) as an outer factor at the external wavenumber gives the same
result only to leading power in the soft momenta, up to an anisotropic remainder of the next order.
Because Pin depends on µq, the usual reduction to isotropic integrals multiplying powers of µ no
longer applies, and we compute the resummed one-loop term as a function of (k, µ).

We resum the tree term by the replacement Plin → Pnw + D
(2)
0 (x)Pw in the Kaiser spectrum

and project it onto multipoles with the damped Legendre weights

cℓ(m) =
2ℓ+ 1

2

∫ 1

−1
dµPℓ(µ)µ

2m ,

cDℓ (m, k) =
2ℓ+ 1

2

∫ 1

−1
dµPℓ(µ)µ

2mD(N)
n

(
k2Σ2

tot(z, µ)
)
. (7.10)

The resummed two-loop contribution is the sum of the dipole-subtracted diagrams and the com-
pletion term,

P 2-loop,res
ℓ (k) =

∑
c

Ac cℓ(mc) Ṽ
nw
c (k) + P 2-loop,IR

ℓ (k) , (7.11)

where c runs over the µ2mcfac components of the diagrams, Ṽ nw
c is the dipole-subtracted component

c evaluated on Pnw, and Ac collects its two bias coefficients from Eq. (3.23), its power of f and its
prefactor. At small k we test the infrared cancellation among the four topologies, on which the
dipole subtraction relies, by splitting each P15 or P33,II component into hard parts and a remainder
as in Eq. (6.17). Where numerically resolved, the sum of the remainders over the four topologies
at fixed operator pair scales approximately as k4[APlin(k)+C] (all sums are in the Supplementary
Information, Sec. S3).

7.3 Damping scales, the bispectrum and the trispectrum

The isotropic average of Σ2
tot(z, µ) over µ is

Σ̄2(z) =
1

2

∫ 1

−1
dµΣ2

tot(z, µ) =
[
1 + f(2+f)

3

]
Σ2 − 2

15 f
2 δΣ2 , (7.12)

which for the fiducial cosmology is 25.769 (Mpc/h)2 at z = 0.61 (32.937 at z = 0.2954). In the
one-loop bispectrum we replace every linear spectrum at its own argument, with the same damping

factors D
(N)
n as in the power spectrum,

Plin(ki) → Pnw(ki) +D(NB)
n

(
k2i Σ̄

2
)
Pw(ki) , (7.13)

where NB is the loop order of the bispectrum calculation. Using the isotropic average Σ̄2 in every
term is the leading approximation for the bispectrum monopole. At NB = 1 the tree terms carry
(1+x)e−x and all other terms e−x; at NB = 0 (tree bispectrum only) every term carries e−x. Every
bispectrum term is linear in each input spectrum through the map K to its coefficients c = K[Plin]
on the evaluation basis of Section 5. The replacement is therefore an exact shift of those coefficients,

ctree = c+K
[(
(1 + x)e−x − 1

)
Pw

]
, cloop = c+K

[(
e−x − 1

)
Pw

]
. (7.14)

In an alternative form of the bispectrum tree term, which should be more accurate for config-
urations along the line of sight [49], the anisotropic scale enters on each leg inside the orientation
integrals and the bin average of Section 9.5,

Plin(ki) → Pnw(ki) +D
(NB)
0

(
k2i Σ

2
tot(z, µi)

)
Pw(ki) . (7.15)
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A damping factor that depends on µi cannot be written as a shift of the coefficients c as in Eq. (7.14).
In this form we evaluate the tree term with the damping scales and f held at fixed reference values
at each redshift, and the other terms keep the isotropic shift cloop. Either form may be used at tree
level (the anisotropic one is written out in the Supplementary Information, Sec. S5).

We estimate the anisotropic remainder left by an outer damping factor as the change in the
two-loop components when a single isotropic factor e−k2Σ̄2

is moved from inside the loop integrals
to the external wavenumber. These residuals by multipole and the damping scales at seven redshifts
are given in the Supplementary Information, Sec. S5. Two contributions are not resummed: the
stochastic terms of the power spectrum, which contain no acoustic feature, and the trispectrum
(Section 10), whose tree term enters the covariance with bare spectrum factors. We bound the effect
of leaving these factors bare using an isotropic damping e−k2Σ2

with Σ2 = 17.58 (Mpc/h)2, distinct
from the Σ2(z) defined above, and a Savitzky–Golay split of the linear spectrum, both conventions
of this bound only. With a wiggle fraction |w| = |Pw/Plin| of at most 4.6 percent on the band
0.02 to 0.12hMpc−1, resumming the three spectrum factors would change the trispectrum by an
amount bounded as ∣∣∣∆T

T

∣∣∣ ≤ 3max |w|
(
1− e−k2Σ2)

(7.16)

at most a few percent of Ttree on this band, which we treat as a bound and do not correct for.
Where a measurement requires it, the correction could be included by placing the resummed linear
spectra on the external legs.

8 Stochastic terms and the full power spectrum model

For discrete tracers the bias expansion is supplemented by a noise field ϵ, uncorrelated with δ1,
whose connected moments generate the stochastic terms of all three statistics. We specify these
terms here and then assemble the full two-loop power spectrum.

8.1 Stochastic power spectrum at two-loop order

With primes denoting spectra stripped of momentum-conserving delta functions, we write the noise
moments as

⟨ϵ ϵ⟩′ =
1 + Pshot

n̄
, ⟨ϵ ϵ ϵ⟩′c =

Ashot

n̄2
, ⟨ϵ ϵ ϵ ϵ⟩′c =

Tshot
n̄3

, (8.1)

where n̄ is the mean density, Pshot the fractional departure of the pair term from Poisson, and
Ashot, Tshot the higher connected amplitudes in Poisson units [11]. The Poisson point is Pshot = 0,
Ashot = Tshot = 1. In the power spectrum the noise terms are analytic in k and of degree zero in
Plin, and through k4 we write

P s,stoch
gg (k, µ) =

1

n̄

[
1 + Pshot +

(
a0 + a2 µ

2
) k2

k2stoch
+ a

(P )
4

k4

k4stoch

]
, kstoch = 1hMpc−1 ,

(8.2)
where kstoch is a fixed reference scale. The constant and k2 terms form the one-loop stochastic

spectrum Pstoch [11], and the quartic term is of two-loop order. Here Pshot, a0 and a
(P )
4 are the

three stochastic parameters of the real-space model of [47], whose normalization we adopt. The

superscript distinguishes a
(P )
4 from the bispectrum coefficient a4 below.
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The stochastic terms are partly degenerate with the counterterms. In particular, only the scale

dependence of Plin distinguishes a0+a2µ
2 from the k2Plin coefficients and a

(P )
4 from the k4Plin ones

(c̃ among them). We keep both sets, which arise from different operators. Deterministic loops also
generate white noise: the µ0 b22 term of the one-loop P22-type integral tends to a constant as k → 0.
We keep it in the loop for all three statistics; it could equally be absorbed into Pshot, as in the
common one-loop convention [21]. At two loops the double-hard region of the integrals produces
contact terms of the same form, which renormalize the four stochastic parameters above.

8.2 The c0 image term and the Poisson terms

After renormalization the linear kernel is K1(q) = b1 + c0 q
2 with c0 = −β1 in (Mpc/h)2, which

makes 2b1c0 the µ0 coefficient of the k2Plin counterterm below. Because the redshift-space map
acts on the whole galaxy field, Zgal

2 contains the image of the c0 q
2 term,

Zgal
2 ⊃ fµ12q12

2
c0

(
q21 µ2
q2

+
q22 µ1
q1

)
, µ12q12 = −k3µ3 under closure , (8.3)

and the tree bispectrum contains the additional term 2Zgal
1 (ki)Z

gal
1 (kj) (fµ12q12/2) c0 (k

2
i µj/kj +

k2jµi/ki)Plin(ki)Plin(kj) plus two cyclic permutations, with the same signs as in [11]. This term
comes from the long-wavelength product (1 + δg)uz. It therefore has no free coefficient and is
neither a counterterm nor a combination of the counterterm structures R1, . . . , R11 of Section 9.
We include it at tree level only, its one-loop corrections being of two-loop order. Its coupling
monomials c0b

2
1f , c0b1f

2, c0f
3 extend the tree bispectrum from fourteen monomials to seventeen

and from 18 weighted tree shapes to 19.
In the bispectrum the noise enters at orders n̄−1 and n̄−2. We group the stochastic terms of

[11], complete under their power counting, into five contributions,

Bstoch = Btree
mixed + B

(n̄−2)
stoch + Bctr,I

mixed + Bctr,II
mixed + B1-loop

mixed , (8.4)

where the mixed tree term is given by

Btree
mixed =

1

n̄

3∑
i=1

Zgal
1 (ki)Plin(ki)

[
Bshot b1 + (1 + Pshot) fµ

2
i

]
(8.5)

with Bshot the amplitude of the b1 term in Poisson units. The pure n̄−2 term is Ashot/n̄
2 plus two k2

corrections with coefficients a1, a6. The first mixed counterterm contribution has ten k2Plin/n̄ terms
with coefficients a0 (shared with the power spectrum, whose a2 generates no bispectrum term), a3,
a4, a5, a7, . . . , a12. The second is built from Pshot, Bshot and the power-spectrum counterterms
(c̃ included) without new parameters. The mixed one-loop contribution consists of the P22- and
P13-type loops with one noise leg [11]. Their noise-side kernels carry the coefficients d1, d2, dG2 ,
dΓ3 times (1 + Pshot)/n̄, with d1 fixed by the identity

(1 + Pshot) d1 = 1
2 b1Bshot , (8.6)

which leaves three new parameters.
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In total, the power spectrum and bispectrum have nineteen stochastic parameters at one loop,
the shared Pshot, a0 and a2 counted once. At the Poisson point (Pshot = 0, Bshot = Ashot = 1) and
with a1, a6 set to zero, the mixed tree term and the pure n̄−2 term reduce to

Bstoch

∣∣∣
Poisson

=
1

n̄

[
P s,tree
gg (k1, µ1) + P s,tree

gg (k2, µ2) + P s,tree
gg (k3, µ3)

]
+

1

n̄2
, (8.7)

which has no free parameter. However, for real tracers Bshot may exceed its Poisson value while
Ashot remains close to unity, and we treat the Poisson point as a reference. The mixed one-loop
stochastic term of the trispectrum contains a further family with more than one mixed leg, whose
bispectrum analog, with one deterministic and two mixed legs, is not among the five contributions
to Bstoch. We leave open whether that family enters at the order kept here.

Under a weighted selection with local mean density n̄ and weight w per volume element (cell)
we define

I[a, b] =
∑
cells

n̄ aw b , c(N)
p =

I[N − p, N ]

I[N,N ]
, (8.8)

and each factor n̄−p of a Poisson term in the N -point statistic becomes c
(N)
p . We define the

amplitudes Pshot, Ashot, Bshot, Tshot with these quotients factored out, so that they keep their
Poisson-point values under any weighting. The model and the three covariances of Section 11
contain the same quotients and therefore have a common Poisson limit.

8.3 The full power spectrum model and its parameters

The full redshift-space galaxy power spectrum at two-loop order is then

P s
gg(k, µ) = P s,tree

gg (k, µ) + P s,22+13
gg (k, µ) +

∑
i≤j

ci cj

(
P ij
15 + P ij

24 + P ij
33,I + P ij

33,II

)
(k, µ; f)

+ 2
(
b1 + fµ2

)(
c0 + c2µ

2 + c4µ
4
)
k2Plin(k) + ∆schemeP

s
gg(k, µ)

+ P s,ctr
k4, k2P1-loop

(k, µ) + P s,stoch
gg (k, µ) .

(8.9)

The first two terms are the tree spectrum and the bare one-loop integrals; the symbol P s,1-loop
gg

of Eq. (2.16) is reserved for the complete one-loop model [21]. The bilinear sum over the four
topologies, with c given below, is the deterministic two-loop term, which we evaluate and renor-
malize as in Sections 4–6. The second line contains the one-loop counterterm, in the weighted form
implied by the c0 convention, and the scheme polynomial ∆schemeP

s
gg. The third line collects the

two-loop counterterm classes β1k
2P1-loop and k4Plin (c̃ among the latter), listed in Appendix B,

and the stochastic term P s,stoch
gg . Under the infrared resummation of Section 7, the tree spectrum,

the one-loop terms and the counterterms carry the damping factors assigned there, and the deter-
ministic two-loop term is evaluated on the smooth spectrum Pnw with the closed-form completion
term added. The deterministic parameters are

c =
(
v, b1, . . . , b17

)∣∣∣
v=1

, cctr =
(
c0, c2, c4

)
, (8.10)

per tracer population and redshift, where the bi are the 17 bias parameters in the order of Eq. (3.24)
and v = 1 in the absence of velocity bias. Hence we count 20 deterministic parameters before the

two-loop counterterm coefficients, plus the four stochastic ones: Pshot, a0, a2, a
(P )
4 . At f = 0

the model contains the same operators as the real-space model of [47], with its 17 + 8 + 3 = 28
parameters. Every term of the model is written out in the Supplementary Information, Sec. S4.
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9 The one-loop bispectrum

The one-loop redshift-space galaxy bispectrum with fourth-order bias, counterterms and stochastic
terms was constructed in [24, 25, 60], where the counterterms were shown to renormalize the loop,
and the real-space bias loops are those of [32]. We compute it at tree level and one loop on the
operator basis of Section 3 in the renormalization scheme of Section 6, so that every parameter
shared with the power spectrum has the same definition in both statistics. We adopt the kernels of
[60] through third order and indicate below where our counterterms differ from those of that work.

9.1 Model, kernels and loop integrals

We define the redshift-space galaxy bispectrum by

⟨δsg(k1) δ
s
g(k2) δ

s
g(k3)⟩ = (2π)3 δD(k1 + k2 + k3)B

s
ggg(k1, k2, k3;µ1, µ2) , (9.1)

a function of five variables, the three side lengths and two of the line-of-sight cosines µi = k̂i · ẑ,
the third following from closure, k1µ1 + k2µ2 + k3µ3 = 0. At f = 0 it depends on the side lengths
only. We expand the galaxy field as in Eq. (2.8) with the galaxy kernels Zgal

n , needed here through

Zgal
4 . At tree level the bispectrum is given by

B211 = 2Zgal
2 (k1,k2)Z

gal
1 (k1)Z

gal
1 (k2)Plin(k1)Plin(k2) + 2 cyc. , (9.2)

which depends on b1, b2, γ2 and f , and on the power-spectrum coefficient c0 through the image
term of Eq. (8.3). The one-loop correction is the sum of four topologies [60],

B222 = 8

∫
q
Zgal
2 (k1 + q,−q)Zgal

2 (k1 + q,k2 − q)Zgal
2 (k2 − q,q)

× Plin(q)Plin(|k1 + q|)Plin(|k2 − q|) , (9.3)

B321,I = 6Zgal
1 (k1)Plin(k1)

∫
q
Zgal
3 (−q,q− k2,−k1)Z

gal
2 (q,k2 − q)

× Plin(q)Plin(|k2 − q|) + 5 perm. , (9.4)

B321,II = 6Zgal
2 (k1,k2)Z

gal
1 (k2)Plin(k1)Plin(k2)

∫
q
Zgal
3 (k1,q,−q)Plin(q) + 5 perm. , (9.5)

B411 = 12Zgal
1 (k1)Z

gal
1 (k2)Plin(k1)Plin(k2)

∫
q
Zgal
4 (k1,k2,q,−q)Plin(q) + 2 cyc. , (9.6)

with
∫
q =

∫
d3q/(2π)3 and integer prefactors counting the Wick pairings. The loops of B321,II

and B411 are tadpoles of P13 and P24 type on a tree vertex. Because every kernel is linear in the
couplings, each topology is a trilinear form in the coefficient vector c of Section 4,

Bs,1-loop
ggg (k1, k2, k3;µ1, µ2) =

∑
topo

∑
(i,j,l)

ci cj cl B
ijl
topo(k1, k2, k3;µ1, µ2; f) , (9.7)

with coefficient functions Bijl
topo polynomial in f and the cosines.

The kernels through third order are eqs. (2.8)–(2.9) of [60] in our operator basis, and Zgal
4

follows from the recursion of Eq. (3.15). All eight cubic and quartic bias parameters of Table 3
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type parameters count

bias, order 1 b1 1
bias, order 2 b2, γ2 2
bias, order 3 b3, γ

×
2 , γ3, γ21 4

bias, order 4 γ×21, γ211, γ22, γ31 4

counterterms, real space βB,a, . . . , βB,e 5
counterterms, redshift space C1, . . . , C5, C7, . . . , C11, e5 11
counterterm, velocity dispersion c̃ 1

stochastic, shared with P s
gg Pshot, a0, a2 3

stochastic, n̄−2 Ashot, a1, a6 3
stochastic, mixed tree Bshot 1
stochastic, mixed counterterm a3, a4, a5, a7, . . . , a12 9
stochastic, mixed one-loop d2, dG2

, dΓ3
3

total 47 (46 enter the bispectrum)

Table 3: Parameters of the one-loop galaxy bispectrum in redshift space: 11 bias parameters
through fourth order, 17 counterterm coefficients (five real-space shapes [60], eleven redshift-space
structures R1, . . . , R11 of Section 9.2, which the table lists as C1, . . . , C5, C7, . . . , C11 and e5, and c̃
of Eq. (9.14)) and the 19 stochastic parameters of [11]. With Pshot, a0, a2 shared with the power
spectrum and counted once, the total is 47, of which 46 enter the bispectrum (a2 does not). The
image term of Eq. (8.3) and Bctr,II of Eq. (9.15) use the power-spectrum c0, c2, c4 and add no

parameter; a
(P )
4 of Eq. (8.2) is distinct from a4.

enter the one-loop bispectrum, and only γ21 among them contributes to the renormalized one-loop
power spectrum [60]. We call each coefficient function Bijl

topo a shape. The four topologies have 568
one-loop shapes in 190 signatures (distinct fillings of the kernel vertices by velocity structures), or
586 in 202 with the 18 tree shapes. Both counts are upper bounds on the number of nonvanishing
coefficient functions. We evaluate the coefficient functions on canonically ordered closed triples,
k1 ≤ k2 ≤ k3 ≤ k1 + k2, with sides on the geometric grid

kt = 0.01× 30 (t−1)/23 h/Mpc , t = 1, . . . , 24 , (9.8)

which runs from 0.01 to 0.30hMpc−1 with spacing ratio 301/23 ≈ 1.16. The grid contains 786 closed
configurations, listed together with the number of shapes in each topology in the Supplementary
Information, Sec. S6.

9.2 Counterterms and renormalization

At order k2 relative to tree level the counterterms enter through second-order counterkernels on
one vertex,

Bctr = 2Zgal
1 (k1)Z

gal
1 (k2)

(
F ctr
2 + Zctr

2

)
(k1,k2)Plin(k1)Plin(k2) + cyc. , (9.9)

where F ctr
2 is the sum of the five real-space shapes (k21 + k22)F2, k

2
3F2, (k

2
1 + k22)κ, k

2
3 κ and k1 · k2,

with κ = (k̂1 · k̂2)
2 − 1 [32]. Each of these shapes is divided by k2NL, with the convention kNL =

0.45hMpc−1, and multiplied by one of the free coefficients βB,a, . . . , βB,e. The redshift-space
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counterkernel Zctr
2 contains eleven structures R1, . . . , R11, each divided by k2NL and multiplied by

a free coefficient: ten local line-of-sight contact structures and the nonlocal velocity counterterm
e5 of [11, 25]. Eight of the eleven are structures of eq. (2.12) of [60], R1, . . . , R5 = C1, . . . , C5 and
R6, R7, R8 = C7, C8, C9. The structure given there as C6 = fk33z [(µ1/k1)(µ2− 1

3)+(µ2/k2)(µ1− 1
3)]

contains a term odd under the reflection ẑ → −ẑ, which cannot appear in the kernel of a scalar
statistic. Instead, the szz projection of its parent operator u(isjk) (sij being the traceless tidal
tensor) gives

Ccorr
6 = C8 − 1

3 C7 (with k3z = k1µ1+k2µ2 and the f -powers absorbed into the coefficients) ,
(9.10)

and the nine structures of that reference then have rank 8. To these eight we add three structures,

R9 = C10 = k23z
(
µ21 + µ22 − 2

3

)
, (9.11)

R10 = C11 = k3z

[
1
2 (k1 · k2)

(µ1
k1

+
µ2
k2

)
− 1

6 k3z

]
, (9.12)

R11 = e5 = k23z
(k1 · k2)(k1 · k3)(k2 · k3)

k21 k
2
2 k

2
3

. (9.13)

The structures C10 and C11 descend from δ sij and sij∂jδ at f0. Neither has a linear piece, so
the power-spectrum relations of [60] among C1, C2, C5 still hold in principle. However, we do not
impose those two relations and keep all eleven coefficients free.

Both C10 and C11 lie in the span of the fourteen quadratic counterterm kernels eK2
i of [24, 25]:

on closed triangles C10 = − 4
f2 e

K2
12 + 4

3f2 e
K2
14 and C11 =

1
f e

K2
6 + 2

f2 e
K2
10 − 2

f e
K2
12 + 1

3f2 e
K2
14 . They are

absent only from the printed set of [60]; C11 also lies in the span of the redshift-space counterterms of
[11, 46], and so does C10 when the symmetrization of those counterterms is interpreted consistently
with the linear counterkernel used there. We do not admit projections of level-two (u2z) composites
such as (∂z∂z∇−2)(δ2), which would raise the count to thirteen. We list the structures with their
origins in Appendix B.

We add one quartic structure to the linear counterkernel,

Z
ctr (s)
1 → Z

ctr (s)
1 − c̃

2

k4

k4NL

µ4f4
(
b1 + fµ2

)
, (9.14)

the k4µ4 velocity-dispersion term of [11, 74], expected to absorb the leading nonperturbative line-of-
sight contamination near the scale cut. In total the counterterms then have 17 free coefficients (five
in real space, eleven in redshift space and c̃), two more than the 14 + 1 of [11]. Both constructions
span the same contact space once the powers of f are absorbed into the coefficients, and they agree
on the nonlocal velocity term e5 = R11, which we keep free. The two additional parameters are
free redshift-space coefficients on that common space, eleven here against nine there. The c0 image
term is of the same order in k and linearly independent of R1, . . . , R11 (joint rank 12, established
numerically at random configurations).

We regulate the self-loop topologies B321,II and B411 by a hard loop-momentum cutoff. Their
hard region q ≫ ki then makes two contributions. The first is the σ2 tadpole, with σ2 = 1.888
on the support 10−3 ≤ q ≤ 1hMpc−1 for the fiducial linear spectrum. Through it the operators
on the loop shift b1, b2, γ2 by exactly the constants of the power-spectrum conditions, Eqs. (3.26)
and (6.7)–(6.9) (Supplementary Information, Sec. S4). In particular, the renormalized b1, b2, γ2
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absorb the bispectrum tadpoles with no new condition, and the velocity mean fµ2b2/6 is removed
by ⟨δg⟩ = 0.

The second hard contribution to the self-loop topologies is the single-hard part, weighted by
the moment σ2−2 = 51.36 (Mpc/h)2 of Eq. (6.5) on the same support. In B321,II it acts as Z

ctr
1 with

the P13 coefficients on the side carrying the loop, and the model therefore contains

Bctr,II = 2
∑
(i,j)

Zctr
1 (kj)Z

gal
1 (ki)Z

gal
2 (ki,kj)Plin(ki)Plin(kj) , (9.15)

where the sum runs over the six ordered pairs of sides. This term is Bctr. II, the last line of eq. (37)
of [11]. Its coefficients are the power-spectrum amplitudes c0, c2, c4 of Eq. (8.9), without c̃, and it
introduces no new parameter. The loop of B321,II shifts these coefficients by

δc0 = σ2−2

[
− 61

630 b1 −
32
35 γ2 +

16
15 γ21

]
,

δc2 = σ2−2

[
− 3

10 f + f b1
105 − 8

35 f
2 − f2b1

6

]
, δc4 = σ2−2

[
− 23

105 f
2 − f3

6

]
,

(9.16)

exactly as P13 does, so one set of c0, c2, c4, determined by the power-spectrum renormalization
conditions alone, absorbs the single-hard parts of P13 and of B321,II together.

In B411 the single-hard part lies in the span of the five real-space shapes, R1, . . . , R11 and the
image term of Eq. (8.3), to residuals of at most 1.3 × 10−7 on 40 configurations. The image term
enters this decomposition with half the coefficient found for B321,II. Hence the subtraction in B411

also requires it. If we change the support of Plin inside the loop, c0, c2, c4 shift by a further
computable constant and c̃ does not (Supplementary Information, Sec. S6). With two spectra
in the loop, B321,I has no σ2 tadpole; its hard region gives a P22-type constant, proportional to∫
P 2
lin q

2 dq, with the momentum structure of the stochastic terms, whose amplitudes absorb it.

9.3 Stochastic bispectrum and parameter count

The stochastic bispectrum arises from the moments of the noise field and consists of the stochastic
terms of [11], grouped into the five contributions of Eqs. (8.4)–(8.7) in Section 8. Only the mixed
one-loop term contains genuine loop integrals, two-point loops of the P22 and P13 class with one
noise leg [11]. Its three parameters, d2, dG2 and dΓ3 , multiply shapes not among the 568 one-loop
shapes above; their integrands and evaluation are given in the Supplementary Information, Sec. S6.
We list all parameters by type in Table 3. The deterministic bias operators through fourth order
number 1+2+4+4 = 11. Composite local-evolution operators such as δ4 and δ2G2(Φv) never enter
the one-loop bispectrum, and we drop them [60]. With the 17 counterterm coefficients and the 19
stochastic parameters the total is 11 + 17 + 19 = 47, against the 45 of [11], the difference being
the two additional redshift-space counterterm coefficients of Section 9.2. Of the 47 parameters, 46
enter the bispectrum, since a2 appears only in the power spectrum.

9.4 Soft poles and quadrature accuracy

As the loop momentum q → 0 each of the four integrands develops the eikonal pole of its soft
spectrum argument,

bX(q) ∼
q→0

k2
(
k̂ · q̂

)2 Plin(q)

q2
,

dBX

d ln q
∼ q 1+n for Plin ∝ q n , (9.17)
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where bX is the integrand of topology X and k an external side. The contribution of the pole
to the integral diverges only for spectral index n ≤ −1, in which case the divergences cancel in
the sum over topologies as the equivalence principle requires [13]. For the physical soft index
neff(q → 0) = +0.96 each topology is separately integrable. At every triangle, bias point and

growth rate the soft coefficients of the two topologies that share the soft Zgal
1 leg are equal and

opposite,
bsoft321,I = − bsoft411 , (9.18)

an eikonal identity that holds numerically in the b31 class at q = 10−4 hMpc−1 to 1.2× 10−5 at the
equilateral, scalene and flattened configurations and to 1.3× 10−4 at the most squeezed one. The
pole of the summed integrand at the origin is then that of b321,II + b222, and we integrate all four
topologies together,

Bs,1-loop
ggg =

∫
q

[
b222 + b321,I + b321,II + b411

]
(q) . (9.19)

Away from the origin, b222 and b321,I have integrable singularities at image points, where another
spectrum argument vanishes. We integrate each such singularity in a windowed patch in local coor-
dinates (the patches, the cutoff variation and the quadrature depths are given in the Supplementary
Information, Sec. S6).

We define the quadrature error of a shape as the relative difference between two quadrature
depths of the same integral, with the denominator bounded below by five percent of the median
magnitude over the grid so that sign-crossing configurations cannot inflate it. We measure this error
configuration by configuration in the b31 coupling class, 4 of the 568 shapes, on all 786 configurations.
At the baseline pair of depths the median errors are 1.0 × 10−4 for b222 and 2.0 × 10−4 for b321,I.
Both self-loop integrands are smooth, with no image points. For b321,II and b411 we compare the
two depths shape by shape at a full-bias point on 20 of the 786 configurations, where the median is
3.2× 10−4 for both. One shape of b411 at a sign-crossing configuration differs by 2.0× 10−2 under
the relative convention and by 7.1 × 10−4 of the shape’s own median on the absolute scale, and
each topology summed over shapes at that bias point moves by at most 3.19× 10−4.

9.5 Tree level and the bin average

The tree bispectrum of Eq. (9.2) [60, 62] is bilinear in the spectrum with closed-form coefficients,

B211 =
∑
(i,j)

Plin(ki)Plin(kj)
14∑

m=1

cm T (ij)
m (k1, k2, k3;µ1, µ2) , (9.20)

where the outer sum runs over the three cyclic pairs and each T
(ij)
m is rational in the sides and

cosines. The coupling monomials are

cm ∈
{
b31, b

2
1b2, b

2
1γ2, b

2
1f, b1b2f, b1γ2f, b1f

2, b2f
2, γ2f

2, f3, b31f, b
2
1f

2, b1f
3, f4

}
, (9.21)

ten of total order three and four of order four, plus the three image-term monomials c0b
2
1f , c0b1f

2,
c0f

3. We parametrize the second cosine by an azimuth ϕ about k̂1,

µ2 = µ1
(
k̂1 · k̂2

)
+

√
1− µ21

√
1−

(
k̂1 · k̂2

)2
cosϕ . (9.22)
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The tree integrand then contains azimuthal harmonics through cos 6ϕ and even powers through µ81.
Hence an eight-node Gauss–Legendre rule in µ1 (exact through degree fifteen) and an eight-point
uniform rule in ϕ (exact through the seventh harmonic) integrate every angular monomial of the
tree theory exactly for the monopole and the µ1-referenced quadrupole.

A measured bispectrum is an average over a bin b, a triple of side-length shells, and the prediction
is the same average over the fundamental triangles of a periodic volume of side L,

⟨B⟩b =
1

Nb

∑
n1+n2+n3=0

(|kn1 |, |kn2 |, |kn3 |)∈ b

B(kn1 ,kn2 ,kn3) , (9.23)

where kn = kf n with kf = 2π/L, moduli are assigned to half-open shells [k, k + ∆k) and Nb

counts the closed triples in the bin. We include multipole weights [62, 64] in the same sum, which
contains only closed triangles even for bins straddling the triangle inequality. Point evaluation at
effective side lengths differs from this average by a few percent at tree level [58]. Bin quadrature
[60] and discreteness-weighted continuum integrals [45] approximate the sum. Instead, we evaluate
the discrete sum itself, for loop and tree terms alike, because it factorizes.

After contraction with the spectrum the predicted bispectrum is a finite sum B =∑
m Sm(k1, k2, k3)µ

im
1 µjm2 with coefficients Sm smooth in the sides. The bin average therefore

splits into a geometric part, computed once per volume and binning, and a theory part,

⟨B⟩b =
1

Nb

∑
m

∑
ν

Am[b; ν] Sm(ν) , Am[b; ν] =
∑

triangles∈ b

wν(k1, k2, k3) µ
im
1 µjm2 , (9.24)

where ν runs over the grid configurations of Eq. (9.8), wν is the interpolation stencil assigning a
triangle’s sides to the grid, and each monomial is evaluated at the triangle’s own orientation. The
operator Am[b; ν] is a sparse matrix (its construction and the azimuthal reduction are given in the
Supplementary Information, Sec. S6). At tree level we need no stencil: the tree bispectrum of
Eq. (9.20) is a closed-form function of the sides, and its bin average is therefore exact.

10 The one-loop trispectrum

On the parallelogram configurations (k,−k,k′,−k′) the connected galaxy four-point function in
redshift space is the non-Gaussian part of the power spectrum covariance [9, 66], and on general
quadrilaterals it is an observable. We construct its one-loop correction, the contact subtraction of
its self-loop types and its stochastic sector from the kernels Zgal

n , n ≤ 5.

10.1 Model, operator content and tree level

The redshift-space galaxy trispectrum is the connected four-point function

⟨δsg(k1) δ
s
g(k2) δ

s
g(k3) δ

s
g(k4)⟩c = (2π)3 δD(k1 + k2 + k3 + k4) T

s
gggg(k1,k2,k3,k4; ẑ) , (10.1)

a function of six shape variables of the closed quadrilateral and two orientation angles of the line of
sight, of which the two angles drop out at f = 0. By Wick’s theorem we organize the contributions
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by the four kernel orders, which form the partitions (3, 1, 1, 1) and (2, 2, 1, 1) of six at tree level and
the five partitions of eight at one loop,

(5, 1, 1, 1) , (4, 2, 1, 1) , (3, 3, 1, 1) , (3, 2, 2, 1) , (2, 2, 2, 2) , (10.2)

which resolve into nine contraction types. The model is the sum

T s
gggg = Ttree+T1-loop+Tctr+Tstoch , Ttree = T3111+T2211 , T1-loop =

∑
9 types

Ttype , (10.3)

where Tctr denotes the counterterms and we construct Tstoch in Section 10.4. We leave the countert-
erms of the one-loop trispectrum to future work, where they are to be constructed in the operator
basis made consistent with the renormalization of the matter kernels [47]. In the multiplicity
convention of [8, 72] the tree terms read

T3111 = 6Zgal
3 (k1,k2,k3)Z

gal
1 (k1)Z

gal
1 (k2)Z

gal
1 (k3)Plin(k1)Plin(k2)Plin(k3) + 3 perm. ,

T2211 = 4Zgal
2 (−k1 − k2,k2)Z

gal
2 (k1 + k2,k3)Z

gal
1 (k2)Z

gal
1 (k3)

× Plin(|k1 + k2|)Plin(k2)Plin(k3) + 11 perm. , (10.4)

with the momentum routing of Appendix A of [8], F
(s)
n → Zgal

n , and one Zgal
1 per external first-

order vertex. Under the Alcock–Paczynski distortion with dilation parameters (q∥, q⊥) the observed
trispectrum is

Tobs(k
′) = (q∥ q

2
⊥)

−3 T (Ak′) , A = diag
(
1/q⊥, 1/q⊥, 1/q∥

)
, (10.5)

with one volume factor (q∥q
2
⊥)

−1 per linear spectrum, three at tree level. We apply this map only
at tree level.

Which of the 29 operators of Table 1 enter follows from their renormalized kernels in the nine
contraction types below, and the resulting count agrees with the real-space analysis of [5]. The one-
loop trispectrum admits 1, 3, 7, 15 and 24 bias operators of order at most one to five, against 1, 3, 7,
11 for the one-loop bispectrum and 1, 3, 7, 11, 17 for the two-loop power spectrum. The trispectrum
admits more fourth-order operators than the bispectrum because the four quartic products of

Π
[1]
ij = (∂i∂j/∇2) δ, whose renormalized kernels vanish in the self-contracted configurations of P24

and B411, survive in T4211b and, through their evolved fifth-order kernels, in T5111. At fifth order
Zgal
5 enters only T5111, where nine of the 14 new operators contribute and the five fifth-order LE

operators (products of five Π[1]) drop out. Thus the coefficient vector is the 17-vector of Eq. (3.24)
extended by seven,

biT =
(
bi of Eq. (3.24); b4, γ

××
2 , γ×3 , γ

sq
2 ; γ××

21 , γ21,2, γ
×
211

)
, (10.6)

namely four fourth-order LE operators redundant for the power spectrum and bispectrum and three
fifth-order NLE products without a finite P15 contribution.

10.2 Contraction types and one-loop integrands

A Wick pairing of the eight linear fields into four linear spectra is a connected multigraph on the
four kernel vertices with four internal lines, each vertex of degree equal to its kernel order. We
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Figure 4: The nine one-loop contraction types of the redshift-space galaxy trispectrum, drawn as
connected multigraphs on the four kernel vertices Zn = Zgal

n with four internal lines, each standing
for a linear power spectrum; every vertex also carries one external momentum, not drawn. The
one independent cycle of Eq. (10.7) is a self-loop (q,−q) inside one kernel (T5111, T4211a, T3311a,
T3221a), a doubled line (T4211b, T3311b, T3221b), a triangle (T3221c) or a square (T2222). Subscripts
give the kernel-order partition of Eq. (10.2), letters distinguish the types within a partition, and
the integrands are those of Eq. (10.9).

allow self-loops, (q,−q) pairings inside one kernel. Connectedness with four vertices and four lines
leaves exactly one independent cycle,

I − V + 1 = 4− 4 + 1 = 1 , (10.7)

so the loop is a self-loop, a two-cycle (a doubled line), a three-cycle or a four-cycle. The contraction
types are its inequivalent placements. The partitions (5, 1, 1, 1) and (2, 2, 2, 2) admit one placement
each, the self-loop at the fifth-order vertex and the four-cycle. Both (4, 2, 1, 1) and (3, 3, 1, 1) admit
two, a self-loop at a highest-order vertex or a two-cycle between the two vertices of order above
one. The partition (3, 2, 2, 1) admits three, a self-loop at the third-order vertex on a path 3–2–2–1,
a two-cycle between the third-order and a second-order vertex, or a three-cycle through the three
vertices of order at least two. The five partitions thus give

1 + 2 + 2 + 3 + 1 = 9 (10.8)

contraction types, T5111, T4211a,b, T3311a,b, T3221a,b,c and T2222 (Fig. 4 and Table 4), matching type
by type the nine amplitudes of [8] and the nine diagrams of [72].

With
∫
q =

∫
d3q/(2π)3 and every Zn standing for Zgal

n , the nine one-loop integrands are

T5111 = 60

∫
q
Z5(q,−q,k2,k3,k4)Z1(k2)Z1(k3)Z1(k4) Plin(q)Plin(k2)Plin(k3)Plin(k4) + 3 perm. ,
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partition type cycle multiplicity permutations pieces at the loop-dependent spectra
parallelogram

(3, 1, 1, 1) T3111 (tree) none 6 = 3! 4 4 none
(2, 2, 1, 1) T2211 (tree) none 4 = (2!)2 12 8 none

(5, 1, 1, 1) T5111 self-loop in Z5 60 = 5!/2! 4 4 Plin(q)
(4, 2, 1, 1) T4211a self-loop in Z4; reducible line to Z2 24 = 4! 24 16 Plin(q)

T4211b doubled line Z4–Z2 24 = 4! 12 12 Plin(q)Plin(|q+k1|)
(3, 3, 1, 1) T3311a self-loop in one Z3; star at the other 18 = (3!)2/2! 12 12 Plin(q)

T3311b doubled line Z3–Z3 18 = (3!)2/2! 12 12 Plin(q)Plin(|q+k14|)
(3, 2, 2, 1) T3221a self-loop in Z3; path 3–2–2–1 12 = 3! 2! 24 16 Plin(q)

T3221b doubled line Z3–Z2; path 2–1 12 = 3! 2! 24 16 Plin(q)Plin(|q+k1|)
T3221c triangle Z3–Z2–Z2; line to Z1 24 = 3! (2!)2 12 12 Plin(q)Plin(|q+k14|)Plin(|q−k2|)

(2, 2, 2, 2) T2222 square on the four Z2 16 = (2!)4 3 3 Plin(q)Plin(|q−k2|)Plin(|q−k23|)Plin(|q+k1|)

one loop 9 types 127 103

Table 4: Contraction types of the redshift-space galaxy trispectrum at tree level and one loop,
with the one independent cycle of Eq. (10.7) named in the third column. The multiplicity is the
Wick symmetry factor multiplying one representative term in Eqs. (10.4) and (10.9); it equals the
factorials of eqs. (60)–(70) of [72] and eqs. (A5)–(A15) of [8] in every row. “Permutations” counts
the inequivalent external-label permutations, and the next column those that remain nonzero on
the parallelogram configurations of Eq. (10.16), where a reducible line can carry zero momentum
and Plin(0) = 0 removes the piece. The last column lists the linear spectra whose argument depends
on the loop momentum q in the routing of Eq. (10.9), with kij = ki + kj .

T4211a = 24

∫
q
Z4(q,−q,k2+k3,k4)Z2(−k2−k3,k3)Z1(k3)Z1(k4)

× Plin(q)Plin(|k2+k3|)Plin(k3)Plin(k4) + 23 perm. ,

T4211b = 24

∫
q
Z4(k1+q,−q,k3,k4)Z2(−q−k1,q)Z1(k3)Z1(k4)

× Plin(|q+k1|)Plin(q)Plin(k3)Plin(k4) + 11 perm. ,

T3311a = 18

∫
q
Z3(q,−q,−k1)Z3(k1,k3,k4)Z1(k3)Z1(k4)

× Plin(q)Plin(k1)Plin(k3)Plin(k4) + 11 perm. ,

T3311b = 18

∫
q
Z3(q,−q−k1−k4,k4)Z3(−q,q+k1+k4,k3)Z1(k3)Z1(k4)

× Plin(q)Plin(|q+k1+k4|)Plin(k3)Plin(k4) + 11 perm. ,

T3221a = 12

∫
q
Z3(q,−q,−k1)Z2(k1,k3+k4)Z2(−k3−k4,k4)Z1(k4)

× Plin(q)Plin(k1)Plin(|k3+k4|)Plin(k4) + 23 perm. ,

T3221b = 12

∫
q
Z3(q+k1,−q,k3+k4)Z2(−k1−q,q)Z2(−k3−k4,k4)Z1(k4)

× Plin(q)Plin(|k1+q|)Plin(|k3+k4|)Plin(k4) + 23 perm. ,

T3221c = 24

∫
q
Z3(q,−k1−k4−q,k4)Z2(−q,q−k2)Z2(k2−q,k1+k4+q)Z1(k4)

× Plin(q)Plin(|k1+k4+q|)Plin(|q−k2|)Plin(k4) + 11 perm. ,

39



PR
EL
IM
IN
AR
Y

T2222 = 16

∫
q
Z2(q,−k1−q)Z2(−q,q−k2)Z2(k2−q,q−k2−k3)Z2(k2+k3−q,q+k1)

× Plin(q)Plin(|q−k2|)Plin(|q−k2−k3|)Plin(|q+k1|) + 2 perm. , (10.9)

where in T3311a and T3221a the line Plin(k1) joins the self-contracted third-order vertex to another
kernel of order at least two, and no Z1 takes the argument k1. For T3311a this routing follows
eq. (A10) of [8], as momentum conservation at Z3(q,−q,−k1) requires. However, eq. (68) of [72]
has Plin(k2) there, which agrees only where k2 = −k1. We evaluate the four-cycle of T2222 in
both traversal directions at weight one half, making the sum invariant under k ↔ −k on one
opposite pair of parallelogram legs. Each type reduces to one three-dimensional quadrature per
configuration. Counting as for the bispectrum (Section 9) and summing over the nine types, we
find 1163 signatures and 5209 shapes, both upper bounds on the number of nonvanishing coefficient
functions (Supplementary Information, Sec. S7).

10.3 Contact subtraction of the self-loop types

In each of the four self-loop types one vertex carries both loop legs, Zgal
3 (q,−q,ka) in T3311a and

T3221a, Z
gal
4 (q,−q,ka,kb) in T4211a and Zgal

5 (q,−q,k1,k2,k3) in T5111. There each bias operator
of order |C| contributes its kernel KO on a core C of |C| legs times velocity factors on the other
legs. On the core C = (q,−q,k) (with µ = q̂ · k̂) the third-order operator kernels are

Kb3(q,−q,k) = 1
6 ,

Kb2(q,−q,k) = 1
3

[
F2(q,k) + F2(−q,k) + F2(q,−q)

]
= 2

3

(
5
7 + 2

7µ
2
)
,

Kγ×
2
(q,−q,k) = −2

3 (1− µ2) , Kγ3(q,−q,k) = 0 , (10.10)

none of which depends on |q|, a property we call contact-flat. By contrast, a core holding only one
loop leg gives a genuine P13-type loop, which we keep. A contact-flat piece integrates to∫

d3q

(2π)3
Plin(q)KO(q̂ · k̂)× (the tree star of the vertex) = σ2 ⟨KO⟩µ × (the tree star) ,

σ2 =

∫
d3q

(2π)3
Plin(q) , (10.11)

the tree star being the vertex’s tree-level structure with the operator replaced by b1. The angular
means ⟨Kb3⟩ = 1

6 , ⟨Kb2⟩ = 34
63 and ⟨Kγ×

2
⟩ = −4

9 , times the vertex multiplicity three, are exactly the

three terms of δb1 in Eq. (3.26): a contact-flat core only renormalizes b1. Left in place, these contact
pieces amount to 2.5 to 12.7 times the tree trispectrum and would mimic a cubic-bias signal.

Therefore we define the subtracted form of a type by zeroing, before the loop integral, the
operator kernels on every core holding both loop legs. These are the tadpole Kb2 = 1

2 for |C| = 2,
the kernels of Eq. (10.10) for |C| = 3, and the lists for |C| = 4 and 5 in the Supplementary
Information, Sec. S7. We use the subtracted forms of T3311a and T3221a, in which only |C| = 2 and
|C| = 3 occur. We keep T4211a and T5111 unsubtracted, with their |C| = 4 and |C| = 5 contact
contributions absorbed by the renormalized couplings of the tree term as Eq. (10.11) allows, because
the flatness of those two lists is established numerically rather than in closed form.
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class structure n̄ Plin parameters renormalizes

contact × B [cE ] b bB[E]CD(k12,k3,k4) + 5 perm. n̄−1 2 [cδ], two [ca] T4211b + T3311b + T3221b

double contact × P [dE ] b P[E]D(k4) + 3 perm. n̄−2 1 [dδ] T3221c

two contacts × P [cE ][cF ]P[E][F ](k12) + 2 perm. n̄−2 1 none new
quadruple contact [e1] n̄−3 0 [e1] T2222

total 5; 7 with P and B

Table 5: The stochastic sector of the one-loop galaxy trispectrum at contact-term order, Eq. (10.13).
Brackets denote renormalized stochastic amplitudes, b bias coefficients, B[E]CD and P[E]D the op-
erator bispectrum and power spectrum with one stochastic contact, and k12 = k1 + k2. The n̄
and Plin columns give the power of the inverse number density and the number of linear spec-
tra. “Parameters” lists the amplitudes each class introduces for the trispectrum alone, where the
two [ca] belong to the second-order operators and the third class reuses the [cE ] of the first. The
last column names the contraction types of Table 4 whose stochastic contributions each amplitude
renormalizes; the four self-loop types carry no stochastic amplitude: the contact parts of their
self-contracted vertices are removed by the subtraction of Section 10.3, and the remainder belongs
to the trispectrum counterterms, left to future work. With the power spectrum and bispectrum
the joint count is 5 + 1 + 1 = 7, because the pure shot amplitudes [c1] = Pshot and [d1] = Ashot

enter again from those spectra and [cδ] is shared with the bispectrum through Bshot of Eq. (8.5).

With ∆b1 = σ2 δb1 the shift generated by the removed |C| = 3 set, the unsubtracted and
subtracted forms obey, configuration by configuration,

T raw[b1, bO] = T ren[b1, bO] +
(
∆b1 +

1
2b2 σ

2fµ2a
) ∂T tree

∂b1

∣∣∣
slot

, (10.12)

where ∂T tree/∂b1|slot is the tree star of the self-looped vertex and µa the line-of-sight cosine of its
remaining momentum ka. The term 1

2b2 σ
2fµ2a is the fµ2 one-point piece of the |C| = 2 core, the

removed Kb2 = 1
2 times the remaining leg’s velocity factor, and enters separately from the shift of

b1. We have checked this identity on bin-averaged evaluations of T3311a in the unsubtracted and
subtracted forms: the two forms agree wherever no subtracted core contributes, and the ratios of
the b2 and γ×2 shifts to the b3 shift reproduce those of Eq. (3.26) to a relative accuracy of 4.1×10−7

or better (Supplementary Information, Sec. S7).

10.4 Stochastic trispectrum and its dressing

At contact-term order the stochastic four-point function of a biased tracer has four classes,

Tstoch =
∑
E

[cE ] b b B[E]CD(k12,k3,k4) + 5 perm. +
∑
E

[dE ] b P[E]D(k4) + 3 perm.

+
∑
E,F

[cE ][cF ] P[E][F ](k12) + 2 perm. + [e1] , (10.13)

whose orders in n̄−1 and Plin are listed in Table 5. Brackets denote renormalized stochastic am-
plitudes and each b a bias coefficient. The trispectrum alone has five stochastic parameters, seven
counting [c1] = Pshot and [d1] = Ashot, which already enter the power spectrum and bispectrum.
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In redshift space we dress the four classes in the noise-field formulation of [11], with the noise
moments of Eq. (8.1) and the mixed field

δmix
g (k) =

∑
n

∫ n∏
i=1

δ1(qi)

∫
ϵ(qn+1) δD(k− q1···n+1) Zn(q1, . . . ,qn;qn+1) , (10.14)

whose last argument is the noise momentum, where Z1(k1;k2) = d1+fk12zk1z/k
2
1, Z2(k1,k2;k3) =

d1F2 + f(k123zk12z/k
2
12)G2 + (fk123zd1/2)(k1z/k

2
1 + k2z/k

2
2) + (f2k2123z/2) k1zk2z/(k

2
1k

2
2) + d2/2 +

dG2 G(k1,k2) and Zn(. . . ;0) = Zn. At leading order in k our dressing is exact. Writing (ij) for the
pair of legs that carries the noise, (lm) for the other two, µij for the line-of-sight cosine of kij , and
Plm = Z1(kl)Z1(km)Plin(kl)Plin(km), the dressed classes read

T1a(ij) =
1

n̄

[
b1B

(T )
shot + (1 + Pshot) fµ

2
ij

][
2Z2(kij ,km)Z1(km)Plin(kij)Plin(km) + (l ↔ m)

]
,

T1b(ij) =
1 + Pshot

n̄
2
[
Z2(kl,km;ki) + Z2(kl,km;kj)

]
Plm ,

T1c(ij) =
1

n̄

{
E

(T )
shot −

b1B
(T )
shot

2
f
[kizklz
k2l

+
kjzkmz

k2m

]
+ (1 + Pshot) f

2 kizklzkjzkmz

k2l k
2
m

}
Plm + (l ↔ m) ,

T2(m) =
1

n̄2

[
D

(T )
shot +Ashot fµ

2
m

]
Z1(km)Plin(km) ,

T3(12|34) =
1

n̄2

[
b1B

(T )
shot + (1 + Pshot) fµ

2
12

]2
Plin(k12) ,

T4 =
Tshot
n̄3

, (10.15)

with the first class summed over the six pairs, the second over the four legs and the third over the
three pairings.

The fµ2 dressings contain no free parameter. The amplitudes obey b1Bshot = 2d1(1+Pshot) and

B
(T )
shot = Bshot when [cδ] is shared with the bispectrum, and E

(T )
shot = d21(1+Pshot) is exactly degenerate

with the d2 term of Z2, hence not independent. For a Poisson-like tracer with a modulated rate,

every cumulant acquires one power of δg, so that D
(T )
shot = 2d1Ashot + δD, the Poisson value plus

a free offset δD (not the Dirac delta). We do not use the single-noise convention of [11], which,
carried over to the trispectrum, would give 3d1Ashot instead, a factor 3/2 above the Poisson value.
By power counting a mixed one-loop stochastic contribution of the same order as T1-loop also exists.
At n̄−1 it is (1+Pshot) times the one-loop bispectrum topologies with one mixed-kernel leg, at n̄−2

it contains families with one or more mixed legs, and at n̄−3 it reduces to constants absorbed into
Tshot and its O(k2) corrections (Supplementary Information, Sec. S7). We give only its functional
form: none of its members has been evaluated, and the family with more than one mixed leg might
not enter at this order, which we leave open.

10.5 Infrared bound, evaluated configurations and the covariance term

We leave the trispectrum unresummed; Eq. (7.16) bounds the omitted damping. On the parallelo-
gram

(k1,k2,k3,k4) = (k, −k, k′, −k′) , k ≤ k′ , x = k̂ · k̂′ , (10.16)
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the argument of Cov[P̂ (k), P̂ (k′)] [66], the tree term and the one-loop types project onto the
multipole covariance of Eq. (11.2). We evaluate the nine types with both moduli on the 24-point
grid (spacing ratio approximately 1.15)

kt = 0.01× 25 (t−1)/23 hMpc−1 , t = 1, . . . , 24 , (10.17)

giving
(
25
2

)
= 300 unordered pairs k ≤ k′; the eight Gauss–Legendre nodes in x on [−1, 1] make

300×8 = 2400 configurations. The infrared image points differ from those of the bispectrum: pieces
of the Plin(q)

2 class at the origin in T3311b and T3221c, a doubly-soft point in two of the three cyclic
orderings of T2222, and subsets of kernel arguments that sum identically to zero in T5111, T3311a
and T4211b. We quantify the quadrature error of each type by the relative difference δq between
two quadrature depths, with no floor on the denominator and a target of 3 × 10−3. The image
points, their exponents and regulators, and the distribution of δq are listed in the Supplementary
Information, Sec. S7. We evaluate all nine types on this grid, and report sizes at a fiducial point
in Section 12 and the projection onto the power spectrum covariance in Section 11. On the binned
general quadrilaterals of the trispectrum estimator, a configuration set distinct from this grid, we
have evaluated T2222, T3311a, T3311b and the subtracted forms of T3311a and T3221a.

On general quadrilaterals every stochastic structure above is nonvanishing. A bin q = (a, b, c, d;K)
contains the configurations with k1 to k4 in shells a to d and |k1 +k2| in shell K. We estimate the
binned connected trispectrum from the Fourier modes δk on a periodic volume V by

T̂q =
1

V Nq

[ ∑
k1∈a, k2∈b, k3∈c, k4∈d

|k1+k2|∈K

δk1δk2δk3δk4 δ
K
k1+k2+k3+k4

− D̂q

]
, Fq =

Nq

V
. (10.18)

Here δK is the Kronecker delta, Nq the number of mode quadruples in the bin, D̂q the disconnected
pairings of the measured per-mode power and Fq the ideal-volume normalization (Supplementary
Information, Sec. S7). At tree level we model T̂q by the tree terms T3111 + T2211 under the Alcock–
Paczynski map of Eq. (10.5) plus the stochastic classes of Eq. (10.15), each summed over the bin
as in the estimator.

11 Covariance of the power spectrum, bispectrum and trispec-
trum

We give the covariance of binned estimates of Pℓ, B and T in terms of Ptot = b21Plin + 1/n̄. Apart
from this shot-noise term, the mean density n̄(x) and weight w(x) enter the covariance only through
normalization moments, with no window convolution. For derivations see the Supplementary In-
formation, Secs. S6 and S7.

11.1 Power spectrum covariance and the trispectrum term

The covariance of the multipole estimates P̂ℓ(k) has a Gaussian part, quadratic in Ptot, and a
connected part, the projection of the parallelogram trispectrum T (k,−k,k′,−k′; n̂) onto multipoles
ℓ and ℓ′. We use the plane-parallel approximation with line of sight n̂ and neglect the window.
With µ = n̂ · k̂, x = k̂ · k̂′ and ψ the azimuth of k̂′ about k̂, the line-of-sight cosine of k′ is
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µ′ = n̂ · k̂′ = xµ+
√
1− µ2

√
1− x2 cosψ. The projected trispectrum and its covariance term read

Tℓℓ′(k, k
′, x) =

(2ℓ+ 1)(2ℓ′ + 1)

2

∫ 1

−1
dµ

∫ 2π

0

dψ

2π
Pℓ(µ)Pℓ′(µ

′) T
(
k,−k,k′,−k′; n̂

)
, (11.1)

Tℓℓ′(k, k
′) =

1

2

∫ 1

−1
dx Tℓℓ′(k, k

′, x) , CovT
[
Pℓ(k), Pℓ′(k

′)
]
=

I44
I222

Tℓℓ′(k, k
′) , (11.2)

where Pℓ is the Legendre polynomial and Iab =
∫
d3x n̄awb are moments of the weighted selection

(I22, I44 being the continuum forms of I[2, 2], I[4, 4] in Eq. (8.8)). The factor I44/I
2
22, the four-point

normalization of the Feldman–Kaiser–Peacock estimator [33] (in the local approximation [75]), is
the inverse of an effective volume

Veff =
I222
I44

(11.3)

of dimension (Mpc/h)3. In a periodic volume Veff = V . Unlike the power spectrum estimate, which
is normalized by I22, the trispectrum term cannot be normalized by I22 alone, since T/I22 has
dimension (Mpc/h)12 and cannot be added to a covariance of Pℓ.

The reducible pieces of the four-point function, those with a pair sum ka + kb → 0, vanish
only in a periodic volume. Under a window they become the beat-coupling term, which with the
local-average term forms the super-sample covariance [75], not included here. Of the nine one-loop
trispectrum types, T2222 and T3221c are summed into CovT here.

11.2 Bispectrum covariance and the cross block

For a Gaussian field the variance of the bispectrum monopole in a bin b follows from mode counting
[63],

σ2B0
(b) = s123

(2π)6

Vs V123(b)
Ptot(k1)Ptot(k2)Ptot(k3) =

s123 Vs Ptot(k1)Ptot(k2)Ptot(k3)

Ntri(b)
,

Ntri(b) =
V 2
s V123(b)

(2π)6
.

(11.4)

Here Vs is the volume on which the Fourier modes are defined, s123 = 6, 2, 1 for equilateral, isosceles
and scalene bins, and Ntri(b) is the number of ordered fundamental triangles in the bin with one
side in each shell. We define the closure-restricted bin volume as

V123(b) = 8π2
∫
b
dk1 dk2 dk3 k1k2k3 ⊮

[
|k1 − k2| ≤ k3 ≤ k1 + k2

]
. (11.5)

For isotropic Ptot and uniformly oriented triangles, the quadrupole variance is approximately 2ℓ+
1 = 5 times σ2B0

.

At leading order Cov[P̂ℓ, B̂(b)] is linear in the bispectrum. With Gaussian pairings of the
remaining fields [41, 63] it reads

Cov
[
P̂ℓ(k), B̂(b)

]
=

2 (2ℓ+ 1)

NkNord(b)

∑
t∈b

Nfix(t)mult(t)

3∑
p=1

⊮
[
sidep(t) ∈ k

]
Xp(ℓ, t) ,

Xp(ℓ, t) =
1

4π

∫
dµ1 dϕ Pℓ(µp)Ps(kp, µp)Bs(t;µ1, ϕ) ,

(11.6)
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where Nk is the lattice mode count of the power spectrum shell, Nord(b) the ordered-triangle
count of the bin, Nfix(t)mult(t) the exact lattice weight of side-length class t, kp, µp the length
and line-of-sight cosine of side p, (µ1, ϕ) the two orientation angles of the triangle, and Ps, Bs

the redshift-space spectra with shot noise kept in Ps. For a bispectrum multipole B̂L the weight
becomes Xp(ℓ, L, t) =

2L+1
4π

∫
dµ1 dϕPℓ(µp)PL(µ3)PsBs (µ3 on the longest side). At tree level the

three multipole pairs containing a quadrupole are correlated comparably to the monopole-monopole
pair. Hence a consistent cross block should contain all four pairs (ℓ, L) ∈ {0, 2}2. The cross block
above omits the window and beat-coupling contributions that dominate it in a survey volume.

Similarly, the Gaussian covariance of the binned trispectrum T̂q of Eq. (10.18) follows from
Gaussian pairings and is quartic in Ptot. Our parallelogram configurations do not cover the general
quadrilaterals of the P × T term in Cov[B,B]. The connected B × B, six-point and P × T terms
of the bispectrum covariance, its non-Gaussian shot noise and super-sample response, and the non-
Gaussian, window and super-sample terms of the trispectrum covariance are beyond the scope of
this paper.

12 Sizes of the terms at a fiducial point

We evaluate the loop terms of the three statistics at one fiducial point in the bias couplings,
the growth rate and the linear spectrum. Every loop value below is unrenormalized, with the
counterterms omitted; it measures the size of one class of terms and does not describe any particular
tracer.

12.1 Fiducial point and the two-loop power spectrum terms

We compute the two-loop power spectrum terms for one flat ΛCDM cosmology with h = 0.6767
and

∑
mν = 0.1138 eV (Table 8). We evaluate them at two redshifts, z = 0.61 and z = 0.2954,

with the growth rate and damping scales of that cosmology. The bispectrum and trispectrum loop
integrals are contracted with one fixed linear spectrum at z = 0.61, set to zero above q = 1hMpc−1,
at the bias point

b1 = 1.8, b2 = −0.4, γ2 = −0.3, b3 = 0.2, γ×2 = 0.15, γ3 = −0.1,

γ21 = 0.25, γ×21 = −0.2, γ211 = 0.1, γ22 = −0.15, γ31 = 0.12, f = 0.8 .
(12.1)

We chose this point, which is not modeled on a galaxy sample, to make every coupling contribute,
and we set f = 0.8 independently of the fiducial cosmology. For the trispectrum we extend the
point by the quartic couplings (0.08, −0.06, 0.05, −0.04) and the quintic couplings (0.03, −0.03,
0.02, −0.02, 0.02, −0.015, 0.015, −0.01, 0.01), in the operator order of Section 10.

The two-loop diagrams are not individually infrared-safe, because their soft parts cancel only
in sums over diagrams. Hence single-diagram values do not estimate the two-loop correction; the
components of every diagram at k = 0.1hMpc−1 and z = 0.61, with their relative errors, can be
found in the Supplementary Information, Sec. S8. With the bias coefficients applied, the loop terms
amount to roughly 0.1 to 0.2 of P over k ≃ 0.1–0.2hMpc−1 at the fiducial point.

The loop expansion is expected to hold up to the fingers-of-God scale kFoG, at which the rms
line-of-sight displacement from linear velocities equals the wavelength of the mode [74],

k2FoG f
2 σ2v = 1 , σ2v ≡ 1

3

∫
q

Pθθ(q)

q2
, (12.2)
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TX , finer depth, 2400 configurations [(Mpc/h)9] quadrature disagreement δq

type median min max fraction < 0 median 95th percentile max fraction > 3× 10−3

T3311a 2.42× 1014 −1.86× 1013 2.96× 1016 0.098 3.1× 10−4 3.2× 10−4 5.1× 10−4 0.000

Table 6: Unrenormalized one-loop trispectrum of the contraction type T3311a, one of the nine types,
at the bias point of Eq. (12.1) with its quartic and quintic extension, on the 2400 parallelogram
configurations of the power spectrum covariance (k ≤ k′ from 0.01 to 0.25hMpc−1), contracted
with the fixed z = 0.61 linear spectrum at one line of sight. The values are those of the unsubtracted
form, which retains the σ2 contact pieces (σ2 times lower-order kernels). Columns 2–5 refer to the
finer of two quadrature depths; δq (columns 6–9) is the relative disagreement between the two
depths.

where Pθθ is the velocity-divergence power spectrum. The estimate of [74] is kFoG ≈ 0.2hMpc−1

for z = 0 to 0.5. With the linear spectrum for Pθθ the condition gives a higher scale, 0.30hMpc−1

for the z = 0.57 spectrum of [1] at f = 0.78, and 0.2hMpc−1 is therefore a conservative convention.
A prediction beyond kFoG would require a nonperturbative treatment of the small-scale velocity
dispersion, which a third loop would not supply, so no claim in this paper extends past k ∼
0.2hMpc−1. In the real-space two-loop analysis of [47] the stochastic terms set the same limit.

12.2 One-loop bispectrum and trispectrum terms

We contract all one-loop bispectrum shapes with the fixed linear spectrum on all 786 triangles for
a single line of sight, n̂ = (0.28,−0.45, 0.848) relative to the triangle wavevectors. The resulting
values are not multipole moments. On the equilateral configurations the self-loop topology B321,II

dominates B321,I by two orders of magnitude at k = 0.01hMpc−1. This hierarchy is ultraviolet
in origin: approximately 99 percent of it at k ≲ 0.08hMpc−1 is the constant-times-Plin part that
renormalization absorbs into b1, b2 and γ2 (Section 9.2). At the equilateral k = 0.01hMpc−1 the
tree-level B211 at the same couplings is 3.05× 109 (Mpc/h)6 and B321,II is −4.30× 109 (Mpc/h)6.

For the trispectrum we evaluate all nine contraction types on the 2400 parallelogram configu-
rations of Section 10.5, at the extended bias point and one line of sight. Each value is computed
at two quadrature depths, whose relative disagreement is δq. Table 6 summarizes the distribution
of the values and of δq for one of them, T3311a. The values of the bispectrum topologies B321,I and
B321,II are given in the Supplementary Information, Sec. S6, and the distributions of the trispectrum
values by type, with δq and the covariance projection, in Sec. S7.

13 Summary and outlook

We have constructed the two-loop power spectrum and the one-loop bispectrum and trispectrum
of biased tracers in redshift space, and evaluated the loop integrals tabulated here and in the
Supplementary Information. The three statistics share one bias basis complete through fifth order
and one set of redshift-space kernels, and the power spectrum and bispectrum share one infrared
resummation. Every tabulated two-loop component is evaluated in both double and extended
precision, with its numerical error stated beside it. For the bispectrum and trispectrum the stated
error is the relative difference between two quadrature depths. For the one family of two-loop kite
master integrals that had only series representations we give a closed form at d = 3, complete
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except for two single sums (Section 5). Some of our expressions differ from printed results: relative
to the first version of [47], the transverse term of the fourth-order displacement kernel S4 has
the opposite sign and the γ×31 column of the cubic-sector renormalization conditions differs; the
revised version of that reference agrees with the expressions given here on both points. Relative to
[60], we remove a parity-odd term from one quadratic bispectrum counterterm and include three
structures absent from its printed set, all contained in the counterterm bases of [11, 25]. For the
double-contact trispectrum shot-noise amplitude our reference is the Poisson value; the single-noise
convention of [11] gives a larger value. The full expressions and the evaluated components with their
numerical errors are given in the Supplementary Information, the power spectrum and bispectrum
counterterm operators in Appendix B.

Several parts of the calculation are left open. We leave the counterterms of the one-loop trispec-
trum to future work, where they are to be constructed in the operator basis made consistent with
the renormalization of the matter kernels [47]. The trispectrum contribution to the power spectrum
covariance (on parallelogram configurations) has been summed for only two of the nine types, T2222
and T3221c. No infrared resummation is applied to the trispectrum; the omitted correction is at
most a few percent of the tree trispectrum over the band of wavenumbers containing the acoustic
feature (Section 7) and can be included by using resummed linear spectra on the external legs. We
include the Alcock–Paczynski map in the tree trispectrum but do not apply it to the evaluated
components.

Twelve two-loop components on which the assembled power spectrum depends have not been
mapped to the subtracted scheme, which removes their single-hard and double-hard limits. Two
approximations have errors that we do not quantify at this order: Einstein–de Sitter growth co-
efficients in the two-loop components and the neglect of neutrino back-reaction on the nonlinear
kernels. Below the lowest tabulated wavenumber the analytic low-k limits of Section 4 apply, and
we have not extended the tabulation below it. The application of these expressions to survey data
is left to future work.

One-loop analyses of redshift surveys [20, 26, 48] have so far included the two-loop galaxy term
only through an estimate of its size, used to place their scale cuts. The calculation presented here
can replace that estimate. Over each fitted range the k2 counterterm has absorbed part of the
omitted term, and fitting the one-loop model to the two-loop prediction shows how large that part
is. In particular, fits that include the term could test the proposal of [15] that the upward shift
in σ8 found by one-loop fits at aggressive scale cuts comes from the missing two-loop term. The
scale cuts of the equilateral non-Gaussianity analyses, set where the omitted term falls below the
statistical error [17, 20, 23], may likewise be revisited. Including the two-loop term does not extend
the range of wavenumbers over which the expansion applies, since nonperturbative velocities set
that range at every loop order. Instead, it reduces the theoretical error inside that range. Because
the bispectrum and trispectrum are built on the same kernels, bias parameters and stochastic terms
as the power spectrum, all three statistics can be analyzed jointly at a consistent loop order once the
trispectrum counterterms are constructed on the same basis. We expect the one-loop trispectrum
to enter such analyses first through its contribution to the covariance of the power spectrum and
bispectrum.
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A Notation and conventions

We collect here the conventions of the main text, the recurring symbols, the relation of our bias
coefficients to other bases and the parameters at which the loop terms are evaluated.

A.1 Fourier, multipole and normalization conventions

We define the Fourier transform with the factor (2π)3 in the momentum measure and abbreviate
the constrained loop measures of Eq. (2.2) as

δ(k) =

∫
d3x e−ik·x δ(x) , δ(x) =

∫
q
e iq·x δ(q) ,

∫
q
≡

∫
d3q

(2π)3
,∫ k

q1···qn

≡
∫
q1

· · ·
∫
qn

(2π)3 δD
(
k− q1···n

)
, q1···n ≡ q1 + · · ·+ qn .

(A.1)

The spectra are defined with a single overall momentum-conserving delta function,

⟨δ(k) δ(k′)⟩ = (2π)3 δD(k+ k′)P (k) ,

⟨δ(k1) δ(k2) δ(k3)⟩ = (2π)3 δD(k123)B(k1,k2,k3) ,

⟨δ(k1) · · · δ(k4)⟩c = (2π)3 δD(k1234)T (k1, . . . ,k4) ,

(A.2)

where the subscript c denotes the connected part. The redshift-space galaxy spectra P s
gg, B

s
ggg and

T s
gggg of Eqs. (2.1), (9.1) and (10.1) follow the same normalization. Moreover, they depend on the

orientation of their arguments relative to the line of sight ẑ of the distant-observer approximation.
A loop term such as Pmn is the contribution of the correlator of the order-m and order-n fields,
Wick multiplicity included, as in P22 = 2

∫
q[F2]

2PlinPlin and P13 = 6Plin

∫
q F3Plin of Eq. (2.13).

Roman numerals, as in P33,I and P33,II, distinguish topologies at equal orders. Throughout, Plin

denotes the linear spectrum at the redshift of evaluation, with the growth factors absorbed into the
linear field.

We define the scaled velocity divergence and velocity, the two potentials, the growth rate and
the direction cosines with respect to the line of sight by

θ ≡ −∇·v
aHf

, u ≡ − v

aHf
, ∇2Φv ≡ θ , ∇2Φδ ≡ δ ,

f ≡ d lnD

d ln a
, µ ≡ k̂ · ẑ , µi ≡ q̂i · ẑ , (A.3)

where D is the linear growth factor. With these normalizations θ = δ and Φv = Φδ at linear order.
The map from real space to redshift space is then s = x − fuzẑ, as in Eq. (2.6). In Section 3.2
the redshift-space map is expanded with the opposite sign of the scaled velocity, u → −u, so
that there uz(q) = iqzδ1(q)/q

2, θ = −δ at linear order and the expansion generates the factors
(−ifkz)m. No kernel, counterterm or evaluated loop term depends on this choice. Multipoles Pℓ(k)
are the projections of P s(k, µ) onto the Legendre polynomials Pℓ(µ) over −1 ≤ µ ≤ 1 with weight
(2ℓ + 1)/2, as in Eq. (2.17). In the kernel displays we write xij ≡ q̂i · q̂j and qab ≡ qa + qb. The
symbol

∑
n denotes a sum that runs once over each of the n distinct assignments of the argument

momenta to the labels of its summand. We write q̄i for the argument list with qi removed and qı̄

for the sum of its momenta.
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symbol meaning defined in

δ, θ, u; Φδ, Φv matter overdensity, scaled velocity divergence, scaled ve-
locity; density and velocity potentials

Eq. (A.3); Section 2

δg, δ
s
g galaxy overdensity in real space and in redshift space Section 3; Eq. (2.7)

D, f , a, H linear growth factor, growth rate, scale factor, Hubble rate Eq. (A.3)
Plin; Pnw, Pw linear spectrum at the redshift of evaluation; its smooth

and oscillatory parts in the infrared resummation
Section 2; Section 7

P , B, T ; P s
gg, B

s
ggg, T

s
gggg power spectrum, bispectrum, connected trispectrum; the

same for galaxies in redshift space
Eqs. (A.2), (2.1), (9.1), (10.1)

Pmn, Blmn, Tklmn; I, II loop terms labeled by the orders of the paired fields, Wick
multiplicity included; topologies at equal orders

Eq. (2.13); Sections 4, 9, 10

Fn, Gn; Zn; Kn, K
(n)
γ density and velocity kernels of perturbation theory;

redshift-space galaxy kernels; real-space galaxy kernels and
the order-n kernel of the operator with coefficient γ

Eqs. (2.4), (2.8); Section 3, Eq. (3.8)

G2, G3; Γ3 Galileon operators of Φv; the cubic operator G2(Φδ) −
G2(Φv) of the one-loop basis

Eq. (3.1); Eq. (3.5)

K, L; xij , qab,
∑

n momentum kernels of G2 and G3; direction cosines, momen-
tum sums and the symmetrization sum

Eq. (3.3); this appendix

b1, b2, b3, . . . ; γ2, γ
×
2 , γ3, γ21, . . . bias coefficients: bn multiplies δn with the normalization

of Eq. (3.4); each γ multiplies a Galileon, a superscript ×
marking one further factor of δ and numerical subscripts
giving the Lagrangian orders of its arguments

Eq. (3.4); Table 1

bG2 , bΓ3 coefficients of G2(Φδ) and Γ3 in the one-loop basis of [21] Eq. (3.5)
c0, c2, c4; c̃ counterterm coefficients multiplying k2Plin at successive

even powers of µ in the weighted form of Eq. (6.4), in
(Mpc/h)2; the coefficient of the velocity-dispersion coun-
terterm

Eqs. (6.4), (8.9), (9.14)

β1, cs, b∇2δ the combination b1cs+b∇2δ of the dark-matter sound speed
and the higher-derivative bias

Eq. (6.3)

α, αm, k∗ subtraction constant of one component, the sum of such
constants at order µ2m, and the subtraction wavenumber

Eqs. (6.18), (6.20)

Σ2, δΣ2, Σ̄2, Σ2
tot(µ); r

d
s , kS damping scales of the infrared resummation; the drag-

epoch sound horizon at which they are evaluated and the
separation scale of the long-short split

Eq. (7.8); Section 7

ẑ, µ, µi; Pℓ, Pℓ line of sight and direction cosines; Legendre polynomials
and multipoles

Eqs. (A.3), (2.17)

Sn, Tn, Ln; W longitudinal and transverse Lagrangian displacement ker-
nels and the displacement vector kernel, in the conventions
of [47]; the vector kernel from which T3 is built

Section 3

Table 7: Recurring symbols, their meaning in words and the place where each is defined. Loop
momenta are denoted q or qi and external momenta k or ki. A superscript s marks redshift space
and a subscript g the galaxy field.

We give wavenumbers in hMpc−1 and power spectra in (Mpc/h)3. The counterterm coefficients
c0, c2, c4 and the subtraction constants α of Section 6 have units of (Mpc/h)2. The bare and pivot-
subtracted forms of a single loop component differ by αk2Plin(k) (Eqs. (6.18) and (6.20)). Table 7
collects the recurring symbols.

A.2 Dictionary and fiducial parameters

The bias coefficients b1, b2 and γ2 = bG2 equal their counterparts in the one-loop basis of [21], and
γ21 is related to bG2 and bΓ3 of that basis by Eq. (3.5). For bases whose quadratic bias operators
are δ2/2 and the squared traceless tidal field s2 built from Φδ, with coefficients that we denote
bE2 and bEs , the second-order identity G2 = s2 − 2

3 δ
2 gives bEs = γ2 and b2 = bE2 + 4

3 b
E
s . The

counterterm coefficient c0 = −β1 of Eq. (6.3) is neither the coefficient c0 of the higher-derivative
terms PHD

0 , . . . , PHD
7 of [47] nor the constant trace term of the composite velocity operator of that
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quantity symbol value

Cosmology of the fiducial linear spectrum for which the loop terms are evaluated
dimensionless Hubble rate h 0.6767
neutrino mass sum

∑
mν 0.1138 eV

baryon and cold-matter densities, tilt, amplitude ωb, ωc, ns, As held fixed at the same fiducial point

Redshifts of evaluation and growth rates
first redshift (two-loop power-spectrum components and damping scales) z 0.61
second redshift (two-loop power-spectrum components and damping scales) z 0.2954
growth rate of this cosmology at z = 0.61 from the growth equation f 0.7879
growth rate used in the infrared-damped input spectrum at z = 0.61 f 0.7926
growth rate used in the infrared-damped input spectrum at z = 0.2954 f 0.6811

Bias point at which the bispectrum and trispectrum sizes are evaluated
linear, quadratic, cubic density biases b1, b2, b3 1.8, −0.4, 0.2
Galileon biases γ2, γ

×
2 , γ3 −0.3, 0.15, −0.1

nonlocal-in-time biases γ21, γ
×
21, γ211, γ22, γ31 0.25, −0.2, 0.1, −0.15, 0.12

growth rate used with this bias point f 0.8

Table 8: Parameters held fixed in evaluating the loop components, the damping scales and the
bispectrum and trispectrum sizes. The linear spectrum is that of the clustering species (cold dark
matter plus baryons) in a single cosmology with massive neutrinos, evaluated at the two listed
redshifts. The sizes of the two-loop power-spectrum components are quoted at the first redshift,
with no bias coefficients or powers of f applied. The bias point, Eq. (12.1), is chosen to make
every term of the bispectrum and trispectrum models contribute, and it is not meant to resemble
a real galaxy sample. For the trispectrum sizes it is supplemented by the small quartic and quintic
couplings listed in Section 12.
Notes: Each infrared-damped input spectrum is evaluated with the growth rate given in its own row; the growth-
equation value refers to the clustering species alone and does not include the massive neutrinos; the growth rate listed
with the bias point is one of the couplings that define that point and is unrelated to the growth rates of the other
rows.

reference. That trace term is fixed by the one-point renormalization of the operator and is not a
free parameter. The remaining relations between our basis and the bases of [47] and [21], including
the Lagrangian displacement conventions used for Sn, Tn and S4, are given in the Supplementary
Information, Sec. S1.

Table 8 lists the cosmological parameters, redshifts, growth rates and bias couplings at which
we evaluate the loop terms of the power spectrum, the infrared damping scales and the bispectrum
and trispectrum sizes.

B Counterterm operator lists

In this appendix we list the counterterm operators of the two-loop power spectrum and the one-loop
bispectrum of galaxies in redshift space. For each coefficient we state whether it is a free parameter,
is fixed by the renormalization conditions of Section 6.3, or equals a power-spectrum coefficient. We
omit the stochastic terms, which are not counterterms in this sense, and set kNL = 0.45hMpc−1

throughout.

B.1 Power spectrum counterterms at two loops

We list the structures in Table 9. At order k2Plin the redshift-space map generates at every loop
order the structure 2(b1+fµ

2)(c0+c2µ
2+c4µ

4) k2Plin of Eq. (6.4), which reaches µ6. Its coefficients
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structure coefficients status

2(b1 + fµ2)(c0 + c2µ
2 + c4µ

4) k2Plin,
Eq. (6.4)

c0, c2, c4 free; c0 = −(b1cs + b∇2δ)

β1 k
2P1-loop β1 = −c0 no new coefficient; µ structure not con-

structed here
k4Plin terms, including the c̃ term of
Eq. (9.14)

c̃ and the k4 coefficients free; µ structure not constructed here

scheme polynomial
k2Plin

∑6
m=0 αmµ2m, Eq. (6.20)

α0, . . . , α6 scheme constants, not counterterms

∇2δ; the four quadratic and the cu-
bic local higher-derivative operators
of [47]

b∇2δ; β2,1...4; β3,i free; on the real-space two-loop spectrum they
enter through PHD

0 , . . . , PHD
7

coupling shifts δb1, δb2, δγ2, . . . ,
Eqs. (6.7)–(6.9) and Section 6.3

exact rationals in the
bare couplings

fixed by the renormalization conditions

unit operator ⟨δg⟩ = 0 fixed; removes the composite means and their
fµ2Plin image

Table 9: Counterterm structures of the redshift-space galaxy power spectrum at two loops. “Free”
marks an independent coefficient of the effective theory and “fixed” a quantity determined by the
renormalization conditions. The higher-derivative operators are local in the sense that they contain
no inverse Laplacian acting on a product of fields. The stochastic terms are not listed.

c0, c2, c4 are free. Here c0 = −β1 = −(b1cs + b∇2δ) (in (Mpc/h)2), with cs the dark-matter sound
speed and b∇2δ the pure higher-derivative bias. The seven coefficients α0, . . . , α6 of the scheme
polynomial are subtraction constants and add no counterterm. At two loops β1 also multiplies the
one-loop spectrum, forming the class β1k

2P1-loop, and k
4Plin terms appear [47], which in redshift

space include the velocity-dispersion term c̃. The subleading single-hard terms of the two-loop
integrals, weighted by σ2−2 (Eq. (6.5)), carry fixed coefficients and add no counterterm.

Through cubic order the local higher-derivative bias operators are those of [47], ∇2δ with coef-
ficient b∇2δ, four quadratic operators with coefficients β2,i and the cubic operators with coefficients
β3,i, which enter the real-space two-loop power spectrum through the eight shapes PHD

0 , . . . , PHD
7

of that reference. The coupling shifts δb1, δb2, δγ2 and their fifth-order counterparts that absorb
the σ2 hard limits are exact rationals in the bare couplings, and we do not vary them. Finally,
the mean of the composite operators, whose image under the velocity map is an fµ2Plin term, is
removed by the condition ⟨δg⟩ = 0.

B.2 Bispectrum counterterms

The one-loop bispectrum counterterm of Eq. (9.9) is bilinear in the linear spectrum and contains
two counterkernels, whose structures we collect in Table 10. The real-space kernel F ctr

2 is a sum of
five shapes, (k21 + k22)F2, k

2
3F2, (k

2
1 + k22)κ, k

2
3 κ and k1 · k2 with κ = (k̂1 · k̂2)

2 − 1, each over k2NL

with coefficients βB,a, . . . , βB,e in that order [32, 60]. The redshift-space kernel Zctr
2 is the sum of

eleven structures R1, . . . , R11 in k3z = k3µ3, the µi and f , each over k2NL. They are the line-of-sight
contact operators of the renormalized composites [(1+ δg)u

m
z ]R, m = 1, . . . , 4, of the redshift-space

map, together with the nonlocal velocity counterterm e5 [11, 25].
Eight of the eleven redshift-space structures are those of eq. (2.12) of [60], R1, . . . , R5 =

C1, . . . , C5 and R6, R7, R8 = C7, C8, C9. However, the C6 given there is odd under the line-of-
sight reflection, and its corrected form C8 − 1

3C7 is not an independent direction. The remaining
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symbol structure origin status

βB,a, . . . , βB,e (k2
1+k2

2)F2, k
2
3F2, (k

2
1+k2

2)κ, k
2
3κ, k1·k2,

each over k2
NL

real space, F ctr
2 [32] free (5)

R1, . . . , R5 C1, . . . , C5 of eq. (2.12) of [60] contact operators of [(1 +
δg)u

m
z ]R, m = 1, . . . , 4

free

R6, R7, R8 C7, C8, C9 of eq. (2.12) of [60] as above free
R9 = C10 k2

3z(µ
2
1 + µ2

2 − 2
3
), Eq. (9.11) δ sij at the second composite

level, f0
free

R10 = C11 Eq. (9.12) sij∂jδ at the first composite
level, f0

free

R11 = e5 k2
3z(k1 · k2)(k1 · k3)(k2 · k3)/(k

2
1k

2
2k

2
3),

Eq. (9.13)
longitudinal-projection veloc-
ity counterterm [11, 25]

free

(none) C6 of [60]; corrected form C8 − 1
3
C7,

Eq. (9.10)
parity-odd as given there; re-
dundant once corrected

omitted

c̃ − c̃
2
(k4/k4

NL)µ
4f4(b1 + fµ2) in Zctr

1 ,
Eq. (9.14)

velocity dispersion [11] free; shared with the
power spectrum

c0, c2, c4 in
Bctr,II

Zctr
1 on an external leg, Eq. (9.15) power spectrum, Eq. (6.4) equal to the power-

spectrum coeffi-
cients; shifts δc0,2,4 of
Eq. (9.16) fixed

c0 image second-order image of k2δ in Zgal
2 the map acting on K1 = b1 +

c0q
2

equal to the power-
spectrum c0

δb1, δb2, δγ2 σ2 tadpoles of B321,II, B411 Eqs. (6.7)–(6.9) fixed by the renormal-
ization conditions

Table 10: Counterterm structures of the one-loop galaxy bispectrum in redshift space. The upper
rows list the 17 free coefficients (5+11 plus c̃): five real-space shapes, eleven redshift-space contact
structures and the velocity-dispersion term. The lower rows give the structures whose coefficients
are those of the power spectrum or are fixed by the renormalization conditions. Here κ = (k̂1 ·
k̂2)

2 − 1, k3z = k3µ3 with µi the cosine of ki with the line of sight, and kNL = 0.45hMpc−1.

three are R9 = C10, R10 = C11 and R11 = e5 of Section 9.2. The first two, from δ sij and sij∂jδ
at order f0, complete the local contact space at O(k2δ2), which at fixed f is ten-dimensional and
spanned by R1, . . . , R10. The third, the longitudinal projection ∂z∂i∂j∇−2 of the tidal-squared
tensor, is the only direction that the velocity counterterm adds to the local contact space. All
eleven coefficients are free, and in particular we do not impose the two relations among C1, C2 and
C5 that the power spectrum implies in principle. In total, the bispectrum counterterms have 17
free coefficients: five for the real-space shapes, eleven for the redshift-space structures that replace
the nine of [60], and the velocity-dispersion coefficient c̃.

Two further groups of terms take their coefficients from the power spectrum and add no pa-
rameter. In Bctr,II we insert the first-order counterkernel with the power-spectrum c0, c2, c4 on
an external leg of the tree. The shifts that the loop leg of B321,II induces on these coefficients are
exactly the P13 shifts of the power spectrum. Thus the same renormalized c0, c2, c4 enter both
statistics. The kernel Zgal

2 also contains the second-order image of the k2δ operator, generated by
the map from K1 = b1 + c0q

2 with the power-spectrum c0 and no additional contact structure.
We remove the σ2 tadpoles of the self-loop classes B321,II and B411 with the same constants δb1,
δb2, δγ2 that renormalize the power spectrum, and the renormalized bias parameters are therefore
common to the two statistics.
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