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Abstract
Genes make RNA in bursts: a gene sits silent most of the time, switches on briefly, produces a
run of RNA, and switches off. In the telegraph model each gene has a rate and a burst size and
these numbers can be approximated by maximum-likelihood fits to single-cell RNA counts. Each
likelihood is a hypergeometric function and a realistic genome-scale fit must multiply hundreds
of them. Standard tools struggle with this multiplication and errors quickly grow out of control.
We instead use ball arithmetic, a powerful mathematical tool used often in computer-assisted
proofs, to produce fitted rates with sensible and trustworthy error bars. Applying this technique
to the large allelic data set of Larsson et al., we determine the effect of regulatory DNA. We
find that allelic differences in bursting are common, in roughly half of the genes tested, and that
the differences we can resolve are in burst frequency. With error propagation under control, we
also observe that no gene in this data set was measured in enough cells to reveal whether its
promoter needs recovery time between bursts. More generally, the techniques we develop should
allow for the extraction of much meaningful biology from noisy single-cell RNA datasets.

Keywords: transcriptional bursting; telegraph model; single-cell RNA-seq; maximum likelihood;
ball arithmetic; allele-specific expression

Introduction
Genes make RNA in bursts: a promoter switches on, produces a run of transcripts, and switches off.
Two numbers summarize each gene’s regulation: how often bursts fire and how many transcripts
a firing makes. Which of the two a regulatory difference moves is a mechanism question, because
a gene can be turned up either way. Bursting was established by imaging transcription in living
cells [1–3] and by counting single RNA molecules in fixed cells [4, 5], methods that follow a few
chosen genes at a time. The question of how promoters and enhancers share control of burst
frequency and burst size predates these measurements. One early proposal was that enhancers act
by increasing the probability of transcription [6], and live imaging has since shown an enhancer
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controlling the burst frequency of its target gene [7]. Testing such proposals genome-wide requires
burst kinetics inferred from single-cell RNA sequencing.

In hybrid mice from a cross of two inbred strains (here C57BL/6J and CAST/EiJ), single-cell
sequencing counts the transcripts of each gene’s two alleles separately [8]. The counts are small
(zero in most cells, single digits when not, tens for a cell caught mid-burst), and burst kinetics
are inferred from their distribution across cells with the two-state telegraph model [9, 10]. In the
model a promoter switches from OFF to ON at rate kon and back at rate koff and transcribes at
rate ksyn while ON, and transcripts are degraded at a constant rate. The stationary distribution
of the count is a Poisson mixture over a Beta-distributed promoter activity and can be written in
closed form as a confluent hypergeometric function [11, 12].

Kim and Marioni fitted the telegraph model to single-cell counts by Gibbs sampling over the
Beta variable [13], and the differential-expression tools BPSC and D3E are built on the same
Poisson–Beta distribution [14, 15]. Jiang et al. developed SCALE, which estimates allelic kinetics
by the method of moments with a technical-noise model, and reported that allelic differences act
predominantly on burst frequency [16]. Larsson et al. fitted the telegraph model transcriptome-wide
to allele-resolved counts by maximum and profile likelihood with the txburst software, and reported
that burst frequency is encoded primarily in enhancers and burst size in core promoters [8, 17].
Luo et al. generalized the model to non-exponential dwell times and inferred its parameters by
approximate Bayesian computation [18]. Other methods use moments and special functions [19, 20],
finite state projection of the master equation [21, 22], or a likelihood that includes transcript
capture [23].

Existing software implementations evaluate the telegraph likelihood by Gauss–Jacobi quadra-
ture of the mixture integral with a fixed number of nodes, by a truncated series, or by sampling, and
none of them reports an error bound on the value it returns. Delmans and Hemberg wrote that the
hypergeometric routines available to them “become unreliable” at large arguments [15], and a re-
cent dissertation fitting finite-state-projection (FSP) likelihoods to one gene concluded that “direct
likelihood maximization using the FSP is intractable” [24]. Likelihood-ratio tests, profile confidence
intervals and model comparisons take the likelihood value as input, and any error in that value
propagates into them. Extended-precision and log-space evaluations have been described [25, 26]
without an error bound (Supplementary File S1), and to our knowledge the likelihood had not been
evaluated with controlled error. A three-term recurrence for the Poisson–Beta distribution exists
in the actuarial literature on mixed-Poisson counts [27, 28], and, as far as we could determine, no
gene-expression tool uses it.

The accuracy of a single likelihood evaluation is only part of the problem, because a genome-
scale fit multiplies hundreds of per-cell probabilities and searches the product across the parameter
space. Therefore unmeasured error compounds once per cell at every step of the search, and
controlling it means carrying each value’s precision through the entire calculation. Techniques for
such error control have been pioneered and optimized for computer-assisted proofs in mathematics
and physics. One of them, ball arithmetic [29], computes with intervals (balls) instead of numbers,
every quantity carried as a ball (a value plus a radius) proven to contain the true value and every
operation updating both. The bookkeeping is automatic, and the result is a guarantee rather than
a hope: every likelihood value computed this way provably lies inside its stated interval. The fitted
rates themselves are still the output of an ordinary floating-point optimizer run on this likelihood
surface, and the error bars are profile intervals whose endpoint likelihoods are evaluated in the same
way. Hemberg and Barahona built the same kind of guarantee into stochastic simulation of the
master equation, “removing a source of uncontrolled uncertainty” from comparisons of stochastic
models [30, 31].

Here, we construct an exact evaluator for the stationary distribution of the two-state model
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and of its extension with a two-step OFF state, using ball arithmetic to give each likelihood value
a guaranteed error bound. We compare the quadrature rules of txburst and BPSC with this
evaluator over the parameter region of the fits of Larsson et al. and re-evaluate each of those fits.
The published point estimates change by less than their statistical uncertainty for nearly all genes.
However, likelihood values change for genes with a large synthesis rate or with cells whose counts
are improbable under the fitted model, and the endpoints of profile confidence intervals move for
a wider set of genes. In addition, the chi-square cutoff in txburst’s profile-likelihood routine gives
confidence intervals whose coverage is below their nominal level.

With the exact likelihood we find, in deeply sequenced fibroblasts from the same mouse
cross [32], that about half of the genes tested differ between alleles in burst kinetics, with the
resolved differences in burst frequency or in both parameters. Finally, detecting a two-step OFF
state in snapshot counts requires more cells than Larsson et al. measured for any gene, and
we compute how many cells would be needed. The evaluator is available as a Python package,
[TODO: package name], at [TODO: archive DOI], together with the corrected per-gene
tables (Data availability).

Results

The telegraph likelihood and its numerical evaluation

The telegraph model and its stationary distribution are standard [4, 9–11], and we restate them to
fix notation (Fig. 1a). A promoter switches from OFF to ON at rate kon and back at rate koff , and
while it is ON it produces transcripts at rate ksyn, each of which is degraded at unit rate,

OFF
kon
⇌
koff

ON, ON ksyn−−−→ ON + mRNA, mRNA 1−→ ∅. (1)

All rates are then in units of the mRNA degradation rate, and following Larsson et al. [8] we call
kon the burst frequency and ksyn/koff the burst size throughout. At stationarity the transcript
count n in a cell follows a Poisson distribution mixed over a Beta-distributed promoter activity u
(the Poisson–Beta distribution),

P (n) =
∫ 1

0
Pois(n; ksynu) Beta(u; kon, koff) du. (2)

In this mixture Pois(n; λ) denotes the Poisson probability of n at mean λ and Beta(u; kon, koff) the
Beta density.

The Poisson–Beta integral has a closed form in the confluent hypergeometric function 1F1 [12],
and Kummer’s transformation [33] gives a second form,

P (n) =
k n

syn
n!

(kon)n

(kon+koff)n
1F1(kon+n; kon+koff+n; −ksyn)

= e−ksyn
k n

syn
n!

(kon)n

(kon+koff)n
1F1(koff ; kon+koff+n; ksyn) ,

(3)

where (x)n = x(x + 1) · · · (x + n − 1) denotes the rising factorial. The two expressions are equal but
behave differently in floating-point arithmetic: the series of the first alternates in sign, whereas the
second has a positive argument and a positive numerator parameter koff independent of n. Hence
all terms of the second series are positive at any n and their sum incurs no cancellation error.
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Figure 1: An N -node quadrature rule evaluates the telegraph count distribution accurately while
ksyn ≲ (N/π)2, and most published fits lie below the onset of the 50-node rule. (a) The objects of
the inference problem, from allele-resolved counts through the telegraph model, its Poisson–Beta
distribution with the 1F1 closed form, the per-cell logarithms and their sum ℓ to the fit and the
profile interval. Orange tags mark where the three published approximations act (the N -node
quadrature rule, the constant added before the logarithm and the halved interval cutoff); the box
at lower left lists what evaluation in ball arithmetic encloses. (b) Top, published estimates of ksyn
for the 32,376 fits of the three data set and allele combinations of Larsson et al. [8] (shown against
burst size in Supplementary Fig. S1). Bottom, largest relative error of P (n) against the exact
reference at the median fibroblast shape (Table 1, row 2) for N = 10 (BPSC), 40 (txburst test) and
50 (txburst maximum likelihood). Dotted verticals mark (N/π)2 = 10.1, 162 and 253; the errors
first exceed 10−6 at ksyn = 15.9, 276 and 399. The onset is shape-dependent, and (N/π)2 sets its
scale.

For a gene with counts n1, . . . , nC in C cells, we write the log-likelihood of the three rates as
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the sum of the per-cell log-probabilities,

ℓ(kon, koff , ksyn) =
C∑

c=1
log P (nc). (4)

The rate estimates are obtained by maximizing ℓ over the three rates, and profile-likelihood inter-
vals by constrained maximization. Each probability in Eq. (4) is a hypergeometric function, a gene
contributes hundreds of them (one per cell), and in a genome-scale analysis the sum is evaluated
for thousands of genes, thousands of times each during optimization and profiling. The count dis-
tribution changes little when koff and ksyn increase together at fixed burst size. Thus the likelihood
has a ridge along which the two rates are poorly constrained individually [34]. We follow Larsson
et al. in reporting burst frequency and burst size, which the counts determine more reliably [8].

Published software for fitting the telegraph model evaluates the log-likelihood of Eq. (4) by
quadrature or replaces its evaluation by Monte Carlo sampling (Methods and Supplementary
File S7). In txburst, the maximum-likelihood software of Larsson et al. [8], the mixture integral of
Eq. (2) is evaluated with a fixed Gauss–Jacobi rule of 50 nodes (40 in the hypothesis-test module).
The code adds 10−10 to each probability before taking the logarithm, a routine guard against log 0
(Fig. 1a). BPSC, the beta-Poisson differential-expression package [14], uses the same quadrature
with 10 nodes, and earlier sampling-based methods draw the Beta variable by Monte Carlo rather
than evaluate P (n) [13, 15]. A Gauss–Jacobi rule with N nodes is the natural quadrature for a
Beta mixing density and replaces the integral by a weighted sum of N Poisson probabilities, one
per node.

Textbook methods for evaluating the closed form of Eq. (3) are unreliable in part of the realistic
parameter range. A general-purpose floating-point 1F1 routine applied to the first form underflows
there (Supplementary File S2), because the factor e−ksyn is absorbed into the special function, whose
value falls below the floating-point range even where P (n) is an ordinary probability. Summing
the alternating series directly loses all accuracy to cancellation at moderate ksyn, because its terms
grow far larger than their sum before they decay. Whether the quadrature error or the added
constant matters depends on a gene’s rates (kon, koff , ksyn) and on whether the likelihood value is
used for a point estimate, a likelihood-ratio test or a confidence interval (Fig. 1a). To measure both
dependences we first construct an exact reference.

Exact likelihoods with ball arithmetic

We evaluate the telegraph likelihood exactly through its all-positive series and a three-term recur-
rence run in the stable direction. For one gene (the vector of probabilities for 501 count values)
the evaluation takes about 11.7 milliseconds (Table 1), at several-fold the cost of txburst’s 50-node
quadrature rule [8] and cheap enough to use for all reported likelihoods. Each probability is re-
turned as a ball [29], a midpoint and a radius defining an interval that provably contains the true
value. The resulting radii on the log-likelihood are far smaller than any of the likelihood differences
reported below, and we call an evaluation exact when the returned radius is less than 10−25 of the
value (Methods). We sum the all-positive form in Eq. (3) term by term in ball arithmetic without
cancellation, and once the term index exceeds ksyn the terms decrease at least geometrically, which
bounds the omitted tail (Methods).

Successive probabilities P (n) in Eq. (3) satisfy a three-term recurrence,

n(n+1) P (n+1) = n (n + kon + koff + ksyn − 1) P (n) − ksyn (n + kon − 1) P (n−1) , n ≥ 1 , (5)

with the three rates in degradation units as in Eq. (1). Willmot stated this recurrence in the
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Table 1: Exact reference values of the telegraph count distribution at eight parameter points, with
the errors of the double-precision surrogate and of the three published quadrature rules and the cost
of each method. Rows: (1) low expression; (2, 3) the median fibroblast and mouse embryonic stem
cell (mESC) fits; (4) the onset region of the 50-node rule at large koff ; (5, 6) the 99th percentiles
of burst size and of ksyn among the fibroblast fits; (7) the benchmark-grid corner of largest kon
and ksyn and smallest koff , whose mass lies above the counts; (8) the grid’s largest ksyn, the top
of txburst’s fitting range, at the median shape. Rates are in units of the degradation rate. P (n),
printed for the five rows that belong to the 25-point reference set (Supplementary File S7), is the
exact value at the stated n truncated to twelve digits (relative ball radius below 10−60; at most
1.9 × 10−60 over the whole 228-point grid). Error columns: largest relative error of P (n) over the
counts carrying all but 10−3 of the mass, two digits (Methods); “−∞ (m)”: the general-purpose
1F1 routine returned zero probability at m attainable counts. Cost per 501-count vector, single
core, grid median: exact 11.7 ms, surrogate 1.85 ms, 50-node rule 1.41 ms; the ratios vary with the
point.

(kon, koff , ksyn) n exact P (n) surrogate N=50 N=40 N=10 1F1 routine

1 (0.03, 0.3, 2) 2 2.68418362465 × 10−2 8.9 × 10−16 1.9 × 10−10 1.0 × 10−11 1.7 × 10−15 5.4 × 10−15

2 (0.426, 9.45, 36.7) 10 6.08326565079 × 10−3 2.0 × 10−14 6.0 × 10−13 1.7 × 10−12 6.8 × 10−4 1.4 × 10−14

3 (0.433, 2.12, 9.39) 1.1 × 10−14 6.0 × 10−13 3.2 × 10−13 4.2 × 10−8 9.8 × 10−15

4 (0.03, 999, 331) 3 1.60066732851 × 10−4 6.5 × 10−13 2.7 × 10−9 5.4 × 10−9 2.0 × 10−10 6.7 × 10−13

5 (0.43, 30, 2000) 7.0 × 10−13 4.8 × 10−2 1.6 × 10−1 1.8 −∞ (38)
6 (2.44, 592, 2382) 1.1 × 10−12 8.7 × 10−10 8.8 × 10−8 4.7 × 10−2 1.5 × 10−12

7 (12.9, 0.3, 104) 1500 1.32204786450 × 10−14 1.4 × 10−11 2.1 2.8 8.8 −∞ (2,872)
8 (0.426, 9.45, 104) 1000 1.90149378097 × 10−4 1.2 × 10−11 1.4 1.9 8.2 −∞ (2,851)

actuarial literature [27, 28]. We run Eq. (5) downward in n from two series-evaluated values at the
top of the count range, for a total cost of two series evaluations and one recurrence pass per vector.

Downward recursion is stable because the recurrence has a second solution that grows with n
relative to P (n), and errors in the two starting values are therefore damped in a downward pass
and amplified in an upward one. Run downward for up to 1,500 steps, the recurrence lost at most
about one decimal digit in each of the six parameter regimes we tested (Supplementary File S1).
In contrast, when the recurrence was run upward from P (0) and P (1) in one of those regimes, no
correct digits were left by n ≈ 200. The working precision is chosen from an estimate of how fast
the radii grow along the downward pass. If a returned radius nevertheless exceeds the required
fraction of the value, the probability vector is re-evaluated at higher precision, and after a bounded
number of failed attempts the evaluator returns no value rather than an unverified one (Methods).

On a single core, the exact evaluation takes 5.1 to 8.3 times as long as txburst’s 50-node
quadrature rule (1.41 ms per vector) and 5.5 to 6.4 times as long as a double-precision summation
of the same all-positive series. Because a fit requires thousands of likelihood evaluations, we use this
double-precision summation as a faster surrogate inside the optimizer. Each surrogate entry carries
an a priori error bound, and the probability vector is recomputed in ball arithmetic if the bound
on any entry exceeds 10−12 (Methods). Table 1 gives reference values of P (n) for testing other
implementations at representative parameter points inside and beyond the region of the published
fits, with the errors of the double-precision surrogate and of the published quadrature rules. At 19
further parameter points the evaluator agrees with two independent high-precision computations
to at least 57 digits (Methods and Supplementary File S2).

Ball arithmetic encloses the likelihood values but not the fitted rates that maximize them,
which an ordinary floating-point optimizer finds on the exact likelihood surface. Each reported log-
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likelihood is returned as a midpoint m and a radius r such that the true log-likelihood ℓ satisfies
|ℓ − m| ≤ r, and in all cases r is many orders of magnitude below one thousandth of a natural-log
unit. In particular, this holds for the log-likelihoods at both endpoints of the profile-likelihood
intervals, which are the error bars on the fitted rates. In the reanalysis of the published fits [8]
we measure, for each gene, how far the original rate estimates move when the fit is repeated with
the exact likelihood. The same series-and-recurrence evaluation in ball arithmetic extends to a
promoter with a two-step OFF state, for which the recurrence has four terms.

Where fixed-order quadrature loses accuracy

An N -node Gauss–Jacobi rule evaluates the Poisson–Beta integral of Eq. (2) accurately for ksyn
below a threshold near (N/π)2, which we call the onset, and loses accuracy above it (Fig. 1b). The
predicted onsets are ksyn ≈ 253, 162 and 10.1 for the 50 nodes of txburst’s fitting routine [8], the
40 of its hypothesis-test module and the 10 of BPSC [14]. Near its peak the Poisson kernel in
the integrand has width

√
n/ksyn, and the Jacobi nodes there lie about π

√
n/ksyn/N apart. The

ratio of kernel width to node spacing, N/(π
√

ksyn), does not depend on the count n, and the rule
therefore stops resolving the kernel for all counts at once (derivation in Supplementary File S1)
when

ksyn ≳ (N/π)2 . (6)

At the median Beta shapes (kon, koff) of the published fits, the measured onsets are 1.4–1.7 times
the predicted ones (ksyn ≈ 399, 276 and 15.9 at 10−6 relative error, fibroblast shape), and Eq. (6)
thus gives the scale of the onset up to a shape-dependent factor of order one. The three measured
onsets scale as N2. Hence, by Eq. (6), a fixed rule needs N ≳ π

√
ksyn nodes, about 314 at the top

of txburst’s fitting range (ksyn = 104).
A fixed rule was nevertheless the reasonable choice for txburst, because about 90% of the fits of

Larsson et al. [8] have ksyn ≤ 300, where the 50-node rule is accurate to a relative error of 3.1×10−9.
Only the upper tail of the fitted synthesis rates lies beyond the onset (fibroblast ninety-fifth and
ninety-ninth percentiles 871 and 2,382, Fig. 1b). BPSC [14] uses 10 nodes, and at about half of the
regular benchmark-grid points (50.9%, Methods) its probabilities are in error by more than one
percent. Figure 2 shows how the quadrature error, the added constant and the chi-square cutoff
affect fits, tests and intervals on simulated data.

The constant 10−10 that txburst adds to each probability before taking the logarithm limits any
cell’s contribution to the negative log-likelihood to − ln 10−10 = 23.0 natural-log units (nats). A
cell whose count has almost no probability under the parameters being evaluated could otherwise
contribute hundreds of nats. For each such cell the negative log-likelihood computed with the
constant is therefore smaller than the exact value by the cell’s true contribution minus 23.0 nats.
We evaluated both likelihoods along ksyn for a synthetic 200-cell data set drawn from the telegraph
distribution at a large synthesis rate (Fig. 2a). On this synthetic data set the negative log-likelihood
with the constant lies below the exact one by up to 10,625 nats, while the two optima along ksyn
differ by only about 0.6 conditional half-widths in burst size. When we re-fit such data sets, the
joint maximizer moves by at most 0.23 conditional half-widths from a single start (Supplementary
File S2), and because conditional intervals are narrower than profile intervals this number can only
overstate the shift.

Beyond the onset of the 10-node rule, BPSC’s estimate of the synthesis rate is biased low on
simulated data (Fig. 2c). For data simulated with ksyn = 300 at the median fibroblast shape,
BPSC’s fitting routine returns synthesis rates low by a factor of 2–3, with the other parameters
shifted to keep the mean count unchanged. Because its binned fitting objective differs from maxi-
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Figure 2: On synthetic data with known parameters the published evaluation changes likelihood
values and interval coverage but hardly moves txburst’s rate estimates or alters BPSC’s test de-
cisions. (a) Negative log-likelihood along ksyn of a synthetic 200-cell data set with known param-
eters (kon, koff , ksyn) = (0.43, 5.7, 104): the added 10−10 limits each cell’s term to 23.0 nats, so at
ksyn = 1,500 the published value lies 10,625 nats below the exact one, yet the two minima (inset)
differ by 0.6 conditional half-widths. (b) Monte Carlo coverage of nominal 95% profile intervals,
400 sets of 200 cells at two parameter points where the quadrature is accurate: burst frequency and
size 0.824 and 0.777 at the published cutoff, 0.943 and 0.900 at the corrected cutoff, the burst-size
residual being a 200-cell ridge effect (per-point coverage in Supplementary Fig. S3). Halving the
cutoff alone makes nominal 95% intervals 0.834 intervals (dotted line); large ksyn is not measured
here. (c) BPSC’s 10-node synthesis-rate estimate beside an exact-likelihood re-fit of the same cells,
50 simulated two-group experiments (a limited probe): null estimates at the median fibroblast
shape span 90–170 for a true value of 300; 0 calls changed.

mum likelihood even for an error-free density, this bias is likely due mainly to the fitting procedure
in that region and only partly to the quadrature error. However, BPSC’s differential-expression
test uses only the variance function of the fitted distribution and does not evaluate the density. In
60 simulated two-group experiments (the 50 of Fig. 2c and 10 more; a limited probe, Methods),
replacing BPSC’s fit by an exact-likelihood fit changed none of the 60 differential-expression calls
at the 0.05 level. We did not test its goodness-of-fit and model-selection outputs, which do use the
density.

Separately, txburst’s profile-likelihood routine places each interval endpoint where twice the
drop in log-likelihood from the maximum reaches 1.9207, half of the 95% chi-square quantile 3.8415
given by Wilks’ theorem [35]. The halving is consistent with the textbook cutoff for ∆ log L applied
to a statistic that is already 2∆ log L. The implied asymptotic coverage of the nominal 95% intervals
is

P
(
χ2

1 ≤ 1.9207
)

= erf
√

1.9207/2 = 0.8342, (7)

where χ2
1 denotes a chi-square variable with one degree of freedom. The nominal 95% intervals are

therefore 83.4% intervals. Error bars labeled to miss the truth one time in twenty in fact miss it
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about one time in six.
We also measured the coverage of the nominal 95% intervals directly, running txburst’s profile-

likelihood routine on 400 synthetic data sets at two parameter points where the quadrature is
accurate (Methods). In these 200-cell data sets the intervals covered the true burst frequency in
a fraction 0.824 of cases (0.777 for burst size, Fig. 2b). With only the cutoff corrected, the two
coverages rose to 0.943 and 0.900. The remaining burst-size shortfall comes from the (koff , ksyn)
ridge [34] at 200 cells and from the under-converged inner optimizer of txburst’s profile scan; the
cutoff and the quadrature contribute none of it (Supplementary File S3).

Thus, quantities that depend only on where the likelihood attains its maximum, such as txburst’s
rate estimates and BPSC’s differential-expression statistic, are nearly unaffected by the quadrature
error and the added constant. Any quantity computed from the likelihood value itself is affected by
the full error in that value. We measure both effects on the published fits of Larsson et al. (Fig. 3).

Reanalysis of the published fits

Of the 32,376 txburst fits with finite parameter values published by Larsson et al. [8], 205 have a
log-likelihood at their own parameters that differs from the exact value by more than one nat (by
up to 4,827 nats for one gene, Fig. 3a). Apart from this small group, the published values agree
with ours to better than 10−3 nats for about 99% of the fits. The fits cover three allele-specific
count tables, from primary mouse fibroblasts (C57 and CAST alleles) and mouse embryonic stem
cells (mESCs; CAST allele). We compared four quantities, each against a threshold fixed before
the re-evaluation (Methods).

In 200 of the fits differing by more than one nat, the published log-likelihood is the higher one,
and txburst thus reports a better fit than the exact likelihood permits. Few of them lie beyond
the quadrature onset (Eq. (6)). In 194 of them, instead, the fitted ksyn is below 300 and at least
one cell carries a count to which the model assigns almost no probability. For such cells the added
constant raises the computed log-likelihood above the exact value (Fig. 2a). The largest difference,
for Ywhae in the embryonic stem cells, arises because all 94 of its cells carry such a count (color
scale of Fig. 3a). Over all fits, by contrast, we find a median absolute difference of 2 × 10−7 nats,
as expected from Fig. 1b for the bulk of the fitted region (Supplementary File S3).

When we re-fit on the exact likelihood surface with txburst’s optimizer settings [8], 12 of the
20,201 genes whose published fits pass the original quality filter (0.059%) have burst-frequency or
burst-size estimates that move by more than one conditional half-width (Fig. 3b). The published
point estimates are in effect unchanged. The extreme case among these shifts is Krt10 on the
fibroblast CAST allele (Supplementary Fig. S2). For this gene the published likelihood surface has
a second optimum at a positive log-likelihood, which requires per-cell probabilities above one, and
this optimum is absent from the exact likelihood surface. Applied to the re-fits, the original quality
filter gives a different call (in either direction) for 1,088 genes when one filter rule is applied on
both sides (Supplementary File S3). Of the 1,384 changes counted against the calls as published,
the change in likelihood value accounts for only six. The rest lie on the non-identifiable (koff , ksyn)
ridge [34] or at the edge of the optimizer’s range, where the call is unstable under either likelihood
(Supplementary File S3).

Profile intervals were published [8] for the 7,186 fibroblast genes on the CAST allele, of which
we set aside nine whose endpoints were not reproduced in a partial re-run under the current SciPy
(Methods). At the correct cutoff, 2,066 of the remaining 7,177 genes (28.8%) have a burst-frequency
or burst-size endpoint that moves by more than 10% between the published likelihood and the exact
likelihood, whose endpoints are those of the corrected per-gene tables described below. Of these
genes, 309 move an endpoint by more than half (Fig. 3c).
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Figure 3: Of the 32,376 published fits of the three data set and allele combinations of Larsson et
al. [8], 205 differ from the exact log-likelihood by more than one nat at their own parameters, while
only 12 of 20,201 re-fitted estimates move by more than one conditional half-width. (a) The 205
fits ranked by the difference, evaluated at the published parameter values, up to 4,827 nats, each
embryonic stem cell counted once. Color: fraction of cells whose published probability sits on the
added 10−10 (nonzero in 199 fits); dots: the five fits whose published log-likelihood lies below the
exact one. (b) Larger of the burst-size and burst-frequency re-fit shifts, published versus exact
likelihood, for the 20,201 genes whose published fits pass the original quality filter, in conditional
half-widths. (c) Width of the 95% interval of kon under the published likelihood and under the exact
likelihood with the endpoints of the corrected tables, for the fibroblast CAST set: 2,066 of 7,177
genes have a burst-frequency or burst-size endpoint moved by more than 10% at the correct cutoff
(colored where drawn; genes with a truncated or undefined width on either side are not drawn).
Triangles: moved genes inside the large-synthesis-rate region; most moved genes lie outside it.

However, only 413 of these genes lie in the large-synthesis-rate region defined for this comparison
(Methods). Correcting the cutoff alone widens the intervals by median factors of 1.437 to 1.452
(1.6% to 2.7% above

√
2 ≈ 1.414, the quadratic-profile value), and this small excess has the sign

expected for ridge-shaped profiles. Thus the published intervals cannot be corrected by a single
rescaling, because the correct cutoff must be applied to the exact-likelihood profile, which itself
differs from the published profile for the 2,066 genes of Fig. 3c.

The per-gene tables (Data availability) list the published estimate and quality call, the exact
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log-likelihood at the published and re-fitted parameters, and the re-fitted kon, koff and ksyn with
burst frequency and size. Each row also gives profile intervals for both under the exact likelihood at
the correct cutoff, with endpoint likelihoods evaluated in ball arithmetic. When we re-evaluated the
68,657 endpoints of these tables as first computed against the exact profile, 926 moved inward, by
up to a factor of 16.2 (Supplementary File S3). For those the scan had placed the endpoint too far
out. Rows are marked where the nominal calibration does not apply: a parameter at an optimizer
bound, an endpoint beyond the scanned range, a fit on the non-identifiable ridge, a disconnected
confidence set or a nuisance optimum at the edge of the optimizer box (Supplementary File S3).

In all, 69.6% of the rows are unmarked. Whether any biological conclusion of Larsson et al. [8]
is affected by these numerical differences was not tested.

The effect of regulatory DNA

Among the 77 clean hits in the fibroblast data of Johnsson et al. [32], the one-degree tests resolve 19:
17 are frequency-resolved calls, 2 are resolved on both axes, and none is a size-resolved call (Fig. 4a;
Table 2). These counts are outcomes of tests with unequal power, 0.74 for a 2-fold difference in
burst frequency against 0.36 for the same difference in burst size, and they do not measure how
often each mechanism occurs (Methods). Jiang et al. concluded from SCALE analyses of mouse
blastocyst and human fibroblast cells that “cis control in gene expression overwhelmingly manifests
as differences in burst frequency” [16]. Larsson et al. attributed control of burst frequency mainly
to enhancers and of burst size to core promoter elements [8]. If so, enhancer sequence differences
between the strains would appear as allelic differences in burst frequency. The allele-resolved studies
by Larsson et al. of the C57BL/6J × CAST/EiJ cross that we also analyze [8, 17] are the closest
prior work to ours. The calls reported here do not test these statements.

The data set of Johnsson et al. [32] (ArrayExpress E-MTAB-11054) contains 682 Smart-seq3
fibroblasts from one female F1 animal of that cross. In these cells we tested a stratified random
sample of 198 of the 13,123 autosomal genes that met the coverage criteria, a family size fixed in
the analysis plan before any fitting (Methods). We adopted this data set after a pilot in which the
same tests on the allelic matrices of Larsson et al. (224 and 94 cells) did not meet our calibration
criteria (Methods and Supplementary File S4).

For each gene the primary test is a joint likelihood-ratio contrast of the three telegraph pa-
rameters between the alleles (three degrees of freedom), computed with exact likelihoods. One-
degree-of-freedom contrasts of burst size and of burst frequency are secondary tests, and the false
discovery rate is controlled at 5% separately for each of the three tests (Benjamini–Hochberg [36]).
We call a gene that is significant on the joint test size-resolved if only the burst-size contrast is also
significant, frequency-resolved if only the burst-frequency contrast is, resolved on both if both are,
and unresolved if neither is. The call is an outcome of tests whose power depends on the gene’s
expression.

The analysis plan, including three calibration criteria, was specified before the allelic test results
were unblinded (Methods). All 20 imprinted genes used as positive controls were recovered in the
expected direction. The P values of the three statistics were uniform on 500 data sets simulated
under the null (Kolmogorov–Smirnov test, Fig. 4b). Median power at observed expression for a
2-fold difference is 0.74 in burst frequency and 0.36 in burst size (Fig. 4c). Therefore the burst-size
contrast fails the criterion of 0.5. Its first implementation met the criterion at 0.87 because the
constrained fit had stopped at its starting point for most genes, and the repaired statistic is the
one reported (Methods and Supplementary File S4).

By the joint test, 104 of the 198 genes differ in burst kinetics between the alleles (Table 2;
per-gene catalog in Supplementary File S4). The clean set comprises the 77 of these genes with
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Figure 4: Among the 19 clean genes the one-degree tests resolve, 17 differ between alleles in burst
frequency, 2 in both parameters and none in burst size alone; the burst-size contrast has less than
half the power of the burst-frequency contrast, and the split reflects that difference in power. (a)
Allelic log2 ratio (C57 over CAST allele) of burst size against that of burst frequency for the 198
autosomal genes tested in 682 fibroblasts of Johnsson et al. [32]. The 77 clean significant genes
(no artifact mark, balanced counts; Methods) are colored by the call the one-degree tests return
(size-resolved, frequency-resolved, both, unresolved), 58 of them unresolved and none size-resolved;
marked and non-significant genes gray; the 20 imprinted controls, all recovered, diamonds; points
beyond the axis range are drawn at the frame edge. Each point contrasts telegraph parameters
between the alleles of one single-direction cross; strain and parent-of-origin effects are not distin-
guished. (b) Null P values of the joint, frequency and size statistics on 500 data sets simulated
with equal alleles against uniform quantiles (Kolmogorov–Smirnov P = 0.33, 0.39 and 0.28). (c)
Simulated power per gene for a 2-fold difference at observed expression; medians 0.74 (frequency)
and 0.36 (size).

none of the four artifact marks (boundary fit, low expression, possible mapping dropout, or a
likelihood ridge) and with total-count allelic balance inside the accepted band (Methods). We
added this balance criterion post hoc, after re-fits showed that the largest apparent allelic effects
were artifacts of read mapping or of an allele nearly absent from the data (Supplementary File S4).
Among the resolved clean genes the allelic effects are modest, with a median unsigned ratio between
the alleles of about 2.1-fold in the affected parameter (Fig. 4a; | log2 | ratio 1.07, per-class medians
in Table 2). The 58 clean genes that remain unresolved have small or mixed allelic effects, or effects
the one-degree tests lack the power to attribute.

The split between frequency-resolved and size-resolved calls says little about the balance of
mechanisms. In a simulation of the whole procedure with planted allelic differences (Methods and
Supplementary File S4), a planted burst-frequency difference is returned as a frequency-resolved
clean call in a fraction 0.142 of cases and a planted burst-size difference as a size-resolved clean call
in 0.034. An equal mixture of the two yields a split at least as uneven as ours in a fraction 0.79 of
experiments (Wilson 95% interval 0.52 to 0.92). A difference in koff alone, which changes burst size
and burst frequency together, is returned as size-resolved in none of 390 planted cases. Hence we
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Table 2: Counts and calibration of the allele-resolved analysis on 198 autosomal genes in 682 fi-
broblasts. A gene is significant when the joint three-degree-of-freedom likelihood-ratio test of equal
kinetics on the two alleles rejects at a Benjamini–Hochberg level of 5%; it is clean when its fit
carries no artifact mark and its total-count allelic balance lies in [0.3, 0.7], a criterion adopted
after unblinding (Methods). The one-degree-of-freedom tests return, for each clean difference, a
size-resolved, frequency-resolved, both or unresolved call; these are outcomes of tests with unequal
power (frequency 0.74, size 0.36 for a 2-fold difference), and the expected calls under an equal
planted mixture come from a simulation of the whole procedure (Supplementary File S4). Ef-
fects are unsigned allelic ratios of model parameters between the two alleles of one single-direction
C57BL/6J×CAST/EiJ cross. Every likelihood entering a test was evaluated exactly; zero evalu-
ations failed their error bound, and at identical parameters the double-precision search statistics
agree with the exact statistics to 1.3 × 10−7 nats. 13 nested statistics were negative by up to 0.98
because the free per-allele fits stopped at least 0.55 nats short of their optimum, and were set to
zero (all with P = 1).

Genes
tested (autosomal, 682 cells) 198
significant, joint test 104

clean 77
marked, plausible 15
marked, likely artifact 12

clean, resolved by the one-degree tests 19
size-resolved 0
frequency-resolved 17
resolved on both 2

clean, unresolved 58
expected clean calls under an equal planted mixture, size / frequency 0.33 / 6.67

median | log2 | effect, clean resolved (about 2.1-fold) 1.07
size / frequency / both – / 1.07 / 1.73
unresolved (larger of the two ratios) 0.53

Calibration
imprinted positive controls recovered 20 of 20
null P values against the uniform on 500 simulated sets, Kolmogorov–
Smirnov P (joint / frequency / size)

0.33 / 0.39 / 0.28

power at a 2-fold difference, burst frequency / burst size 0.74 / 0.36

make no statement about whether regulatory differences act more often on burst size or on burst
frequency.

In Larsson et al.’s own transcriptome-wide comparison of the C57 and CAST alleles in fibrob-
lasts, similar numbers of genes differed in burst frequency (307) and in burst size (276) [8]. That
analysis used the published txburst implementation examined in Fig. 3, so every gene call in that
comparison carried unmeasured error. The disagreement between the fibroblast results and the
SCALE result may reflect differences in species, cell type, platform and statistical test, and we do
not attempt to resolve it here. An allele-specific capture or mapping ratio ρ multiplies the inferred
burst-size ratio by ρ exactly (binomial thinning, Methods), and neither of the 2 clean genes signif-
icant in the burst-size family keeps its call at a ratio 10% above or below unity (Supplementary
File S4).

Each entry in the resulting catalog (Table 2, Supplementary File S4) is an allelic difference in
parameters of the stationary telegraph model, inferred from the published count matrices rather
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than measured directly. With a single-direction cross, an allelic difference may be a cis effect of
sequence differences between the strains or a parent-of-origin effect such as imprinting, and these
data cannot distinguish the two. Genes with signs of mapping dropout are left out of the clean set,
but residual per-gene mapping bias, including reference bias at SNP positions, cannot be excluded
(genome-wide allelic balance in Supplementary File S4). The bootstrap treats the two alleles of a
cell as independent. A within-cell label swap of the joint contrast, exact when the two alleles are
exchangeable within a cell, keeps 90 hits at the same false-discovery level and drops 14, 12 of them
clean and one of them resolved on both axes (Supplementary File S4). For these reasons we do not
assign a specific mechanism to any individual gene. Finally, with cells from one animal and one
cell type, the analysis has no biological replicate.

Exact likelihoods for refractory promoters

The stationary count distribution of a promoter with a two-step OFF period is a generalized hy-
pergeometric function (Eq. (8)), and we evaluate its log-likelihood for 200 cells in ball arithmetic
to within 5.1 × 10−44 nats in 0.004 s. In live-cell recordings many promoters are refractory, passing
through more than one rate-limiting step before firing again [3, 37]. Hypergeometric stationary
solutions for multistate promoters go back to Zhou and Zhang [38]. Cao et al. derived the sta-
tionary distribution for two sequential OFF states as a 2F2 function and used it to compare count
distributions between promoter models [39]. For their generalized telegraph model, Luo et al. found
approximating the count distribution “computationally prohibitive, making it impossible to eval-
uate the likelihood function directly” and used approximate Bayesian computation [18]. Among
inference tools for sequencing counts and works citing these solutions, we found no likelihood eval-
uation with an error bound for more than one OFF state (Supplementary File S1).

The three-state model we evaluate has one active state and a Markovian two-step OFF state,
ON koff−−→ OFF2

k12−−→ OFF1
kon−−→ ON, in which the OFF dwell is the sum of two exponential stages

(Fig. 5a). Synthesis proceeds at rate ν in the ON state, with all rates in units of the mRNA
degradation rate. The model’s stationary count distribution P (k), rederived from the master
equation (Supplementary File S1), is

P (k) = νk (a1)k (a2)k

k! (b1)k (b2)k
2F2(a1+k, a2+k; b1+k, b2+k; −ν) , (8)

where (x)k is the rising factorial, a1,2 = {k12, kon} are the OFF-state exit rates, and b1,2, possibly
complex conjugate, are fixed by b1+b2 = kon+k12+koff and b1b2 = konk12+koff(kon+k12) (Methods).

The probabilities P (k) obey a recurrence of order three,

(K+1)(K+2)(K+3) P (K+3) = (K+1)(K+2)
(
2K + Eb

1 + ν + 1
)

P (K+2)
− (K+1)

[
K2 + K(Eb

1 + 2ν) + ν(Ea
1 + 1) + Eb

2
]
P (K+1)

+ ν
(
K2 + Ea

1 K + Ea
2
)

P (K),
(9)

where Ea
1,2 and Eb

1,2 denote the elementary symmetric functions of the a’s and b’s. We prove the
recurrence by a telescoping identity and show that no lower-order recurrence with polynomial coef-
ficients exists up to the degrees we searched (Supplementary File S1). Like Eq. (5), the recurrence
is stable only when run downward in K (Supplementary File S1). Luo et al. report about 75 s per
gene for approximate Bayesian inference of this model class on their hardware [18]. In that time the
exact 200-cell likelihood at their demonstration parameters can be evaluated about 2 × 104 times
on our hardware (0.004 s each).
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When counts are drawn from a three-state distribution, the expected log-likelihood ratio in favor
of the extra state is n KL, the number of cells n times the Kullback–Leibler divergence from that
distribution to the nearest two-state distribution. At the demonstration parameters of Luo et al.’s
first example in Markov form (Methods), 200 cells carry only n KL ≈ 0.1 (Fig. 5a), which is too little
for any method to recover the second OFF step from stationary counts. Indeed, the exact three-
state maximum-likelihood fit to 200 simulated cells converges to the two-state boundary, where
the OFF2 stage is effectively instantaneous, and the likelihood-based model comparison favors two
states (∆AIC = +2). However, with 20,000 cells at an identifiable parameter set, n KL ≈ 48
(Fig. 5a) and direct maximum likelihood recovers the second OFF step (∆AIC = −64.4). With
the exact likelihood we compute n KL for each gene in the data of Larsson et al. [8] at its own cell
count and fitted parameters (Fig. 5b).

The limits of snapshot data

Across the 20,216 genes evaluated in the data of Larsson et al. [8], the largest separation between
a two-step and a single-step OFF state at a gene’s own cell count is n KL = 0.58, for Timp1
with 224 cells (Fig. 5b). The corresponding asymptotic detection power is at most 0.285, and the
power simulated at the critical value of its own design is 0.222 (Methods). Stationary snapshots are
known to discriminate promoter architectures poorly [41, 42]; Braichenko et al. found telegraph-like
and mechanistic models “practically indistinguishable by comparison of their transcript numbers
distributions” in a large parameter region [43].

For three-state parameters θ we measure the distance from the two-state family by

KL(θ) = min
ϕ

KL(P3(θ) ∥ P2(ϕ)) , (10)

where P3(θ) and P2(ϕ) are the count distributions of Eqs. (8) and (2) and the minimizing ϕ
defines the nearest two-state distribution. Because the two-state family lies on the boundary of
the three-state family, the likelihood-ratio null is asymptotically an even mixture of χ2

0 and χ2
1 [44]

(Methods), and the asymptotic detection power is 0.64 at n KL = 2 and 0.99 at n KL = 8. At these
cell numbers the mixture is approached slowly: the 5% critical value simulated at nine two-state
designs lies between 0.59 and 3.03 against the asymptotic 2.706 (Supplementary File S5), and the
power values quoted here are asymptotic.

We computed n KL for each of the 20,217 genes whose exact re-fit passes the original quality
filter (median 206 cells per gene), except one that could not be evaluated (Supplementary File S5).
We divided each gene’s fitted mean OFF dwell into two exponential stages in varying proportions;
the equal division gives the largest separation, and all evaluated genes stay below n KL = 2 at their
own cell counts (Fig. 5b). The median separation is n KL = 0.0069, at which the power to detect
a second OFF step is close to the test’s false-positive rate.

Over the 95% likelihood region of the Timp1 two-state fit the separation ranges from n KL =
0.45 to 0.70. No test of any form at the 5% level has power above 0.64 anywhere in that region
(Pinsker’s inequality, Methods). Thus, at the fitted parameters and across their confidence region,
no gene in this data set was measured in enough cells to reveal whether its promoter needs recovery
time between bursts. Even at the ninetieth-percentile fibroblast parameters (Methods) a gene
would need more than 20,000 cells to reach n KL = 8 (Supplementary Fig. S5).

From Eq. (10), the number of cells N needed for n KL = 8 is

N ≃ 8
KL(θ) , (11)
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and N ≃ 4.3/KL gives power 0.9. Capture at a fixed efficiency β enters exactly as binomial thinning,
ν → βν (Methods); the fitted rates are rates of captured molecules, νfit = β0ν, with β0 the capture
efficiency of the experiment, which is not known for these libraries. At the experiment’s own
capture and the most favorable two-step division, a gene with the median fibroblast parameters
needs N = 1.2 × 105 cells (Fig. 5c). With every transcript counted, the same gene would need
between 1.0 × 104 and 4.3 × 104 cells for β0 between 0.1 and 0.5. Thinning the observed counts
to 0.3 and to the droplet-like 0.06 of the experiment’s capture raises the requirement to 1.8 × 106

and 3.9 × 108 cells (Supplementary Fig. S6). A droplet experiment at the absolute mean efficiency
0.06 of Klein et al. [40] and Tang et al. [23] would need between 3.2 × 105 and 3.2 × 107 cells over
the same bracket. A gene with the identifiable parameter set of Fig. 5a would reach n KL = 2 at
832 cells and power 0.9 near 1,800 cells. Zhu et al. [45] estimated that about 105 cells of stationary
counts separate a three-state model with polymerase dynamics from the two-state model, the same
order of magnitude as our best case; their third state subdivides the active period and ours the
OFF period, and the cell numbers do not transfer.

Our cell numbers bound the two-step case only; OFF periods with more stages, whose dwell-
time distributions are more sharply peaked (5–7 rate-limiting steps have been inferred from live-cell
traces [37]), are not bounded. Jiao et al. [46] showed model mimicry [47] between the two- and
three-state models on 625 simulated parameter sets, and Cao et al. [39] mapped a parameter plane
on which the two distributions do separate.
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Figure 5: At the cell numbers of Larsson et al. [8] no gene reaches the separation needed to detect
a two-step OFF period, and a gene with the median fitted parameters would need 1.2 × 105 cells at
the capture efficiency of the experiment and of order 104 (1.0 × 104 to 4.3 × 104) if every transcript
were counted. (a) Expected log-likelihood ratio n KL of counts from a two-step model against the
closest two-state distribution: demonstration parameters (0.1 at 200 cells; open circle, 0.5 at 1,000
cells) and identifiable parameter set (48 at 20,000; open circle, n KL = 2 at 832 cells). Horizontal
lines: separations n KL = 2, 4.3 and 8, at which the asymptotic boundary-calibrated power is 0.64,
0.9 and 0.99 (Methods); the 5% critical values simulated at the designs of Supplementary File S5
range from 0.59 to 3.03 against the asymptotic 2.706, and the power values are asymptotic. (b)
Largest n KL over two-step divisions of the fitted OFF period at each gene’s own cell count, 20,216
fits; maximum 0.58 (Timp1, 224 cells; asymptotic power 0.285; simulated 0.283 at the asymptotic
critical value and 0.222 at the critical value simulated for its design). Values are conditional on
each gene’s fitted two-state distribution (equal split of the fitted OFF period). (c) Cells needed to
detect a two-step OFF period at the median fibroblast shape, N = 8/KL, against the OFF-period
division f , at the capture of the experiment (as sequenced) and after further thinning to 0.3 and to
the droplet-like 0.06 of it [40]; the shaded band is the same gene with every transcript counted, for
an experimental capture efficiency between 0.1 and 0.5. Values condition on the fitted two-state
distribution with capture as binomial thinning only and bound the two-step case only; deeper OFF
cascades are not bounded, and real requirements are larger.
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Discussion
We have shown that the telegraph likelihood can be evaluated with a guaranteed error bound, fast
enough for the exact value to serve as the reference in all fits, tests and intervals (Table 1). Against
that reference, a fixed quadrature rule loses accuracy at large synthesis rates, and the constant
added inside the logarithm flattens the likelihood for cells whose counts are improbable under the
fitted distribution (Fig. 2a). On re-evaluation nearly all point estimates of Larsson et al. [8] change
by less than their uncertainty, whereas likelihood values change for a small minority of genes with
large synthesis rates or such improbable counts (Fig. 3). Interval endpoints move for more genes
than that, and txburst’s halved cutoff makes all published intervals too narrow (Fig. 2b).

In deeply sequenced fibroblasts of the same C57BL/6J × CAST/EiJ cross [32], per-gene
likelihood-ratio tests give a catalog of allelic differences in burst kinetics (Fig. 4 and Table 2).
Where the one-degree tests resolve a clean hit, the difference lies in burst frequency or in both
parameters and never in burst size alone. The tests cannot say whether regulatory DNA changes
burst size as often as burst frequency: the burst-size contrast has less than half the power of the
burst-frequency contrast, and an equal mixture of the two yields a split at least as uneven as this
one in a fraction 0.79 of simulated experiments. Finally, no gene in the data of Larsson et al. has
enough cells to detect a two-step OFF state, and the number needed follows from each gene’s
fitted parameters (Fig. 5).

Which published results should be recomputed depends on whether an analysis uses the likeli-
hood value or only the location of its maximum. Point estimates from txburst and gene rankings
built on them (Fig. 3b), and the differential-expression calls of BPSC [14], which use only the fitted
variance function (Fig. 2c), can be taken as published. Likelihood-ratio tests, AIC-type model
comparisons and goodness-of-fit statistics use the value itself. We recommend recomputing them
with the exact likelihood for genes with ksyn beyond the quadrature onset or with a cell whose
log-likelihood term is set by the added constant.

A developer can choose the number of nodes from the onset relation, Eq. (6), since a fixed N -
node rule is adequate while ksyn ≲ (N/π)2. Chen et al. [48] recommended Gauss–Jacobi quadrature
after synthetic tests at synthesis rates in this range. A tool that fits with such a rule could state
that range and, outside it, decline to fit or add nodes until N ≳ π

√
ksyn. For profile intervals

the full cutoff, a one-line change to txburst’s profile-likelihood routine, should be applied to the
exact-likelihood profile, as in our corrected per-gene tables. The inner optimizer of the scan must
also converge along the (koff , ksyn) ridge, where txburst’s chained scan returns burst-size intervals
narrower than the exact profile (Supplementary File S3).

Our approach differs from earlier inference methods in three ways. First, we evaluate the likeli-
hood value with a guaranteed error bound, whereas txburst [8] and BPSC [14] use a fixed quadrature
rule and Kim and Marioni [13] used Gibbs sampling. Direct two-state evaluation without such a
bound is available elsewhere [19, 25, 26]. Second, SCALE [16] estimates the kinetics from moments
after removing technical noise with a spike-in model, whereas our likelihood has no technical-noise
component. Third, for promoters with a two-step OFF state we evaluate the likelihood directly,
whereas Luo et al. [18] used approximate Bayesian computation. They pooled the two fibroblast
alleles of Larsson et al. into one quality-filtered matrix of 413 cells and fitted their generalized model
to it genome-wide. At their own demonstration parameters, that many cells cannot constrain the
second OFF step by any method, since the expected log-likelihood ratio in its favor is below half a
nat (Fig. 5a).

Our analysis has four limitations. First, like the implementations we re-evaluate, the model
has no measurement layer: counts enter as molecules, with no capture efficiency, ambient RNA
or depth variation, so every comparison is like-for-like under the tools’ own model, and absolute
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rates inherit that model’s realism [23, 49, 50]. Uniform capture at a known efficiency only rescales
the synthesis rate (Methods). Modeling cell-specific efficiencies remains future work. Second, cells
are treated as independent draws from one stationary distribution, with no cell-cycle, cell-size or
other extrinsic variation, and the misspecification bias that Grima and Esmenjaud [51] quantified
for such variation persists under exact evaluation. In the allelic tests the two alleles of a cell are
treated as independent as well. Their depth-adjusted within-cell correlation among the clean hits
is small (median partial Spearman −0.042) but significant for a fraction 0.66 of them, and the
label-swap test, exact under exchangeability, removes 14 hits (Supplementary File S4). Third,
rates are known only relative to mRNA degradation. Fourth, the detectability bound for refractory
promoters covers a two-step OFF state, and deeper cascades [37] are not bounded by it. Live-cell
imaging [3, 37] or snapshot samples of at least the size computed here (Fig. 5c) could detect a
second OFF step in individual genes. Our re-evaluation concerns the numerics and statistics of the
telegraph model as implemented in txburst and BPSC at the versions given in Methods. Whether
any biological conclusion of Larsson et al. changes was not tested.

We also applied the per-gene likelihood-ratio tests to published cell-state comparisons in budding
yeast, Arabidopsis and Hydra (Supplementary File S6). In yeast, stress appears to change mainly
burst frequency, whereas in Arabidopsis and Hydra neither size nor frequency dominates. Because
low capture inflates the estimated share of frequency effects in these two droplet data sets, we draw
no cross-kingdom conclusion.

We regard this paper as the first step of a broader program rather than a finished reanalysis:
with the likelihood evaluated exactly, the expected log-likelihood ratio between competing models
gives the number of cells an experiment needs to distinguish them. In particular, the per-gene
separations of Fig. 5b indicate for which genes a second OFF step could be detected with the
fewest additional cells. Higher-order recurrences of the same form, not implemented here, may
extend the evaluation to deeper OFF cascades, and finite-sample power calculations can replace
the asymptotic relation we used. For the catalog, a reciprocal cross would separate strain from
parent-of-origin effects and a second tissue would provide replication. The corrected tables cover
only the data of Larsson et al., and profile intervals from txburst’s routine in other studies need
the same recomputation.

Conclusions
Exact evaluation of the telegraph likelihood is fast enough to be the default in analyses that use
likelihood values, tests or intervals. Indeed, for the published fits of Larsson et al. [8] our reanalysis
confirms the point estimates, finds different likelihood values for a small subset of genes and corrects
all profile intervals. In deeply sequenced fibroblasts of the same cross, 104 of the genes tested differ
between alleles in burst kinetics. The 19 resolved clean differences lie in burst frequency (17) or in
both parameters (2), never in burst size alone. Detecting a two-step OFF state in a typical gene
from snapshot counts requires on the order of 105 cells as sequenced and 104 with every transcript
counted, more than any data set analyzed here contains. The evaluator accompanies the article,
with reference values and corrected per-gene tables, and computes the telegraph likelihood with a
guaranteed error bound for other single-cell count data.
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Methods

Data sets and published estimates

The allele-resolved UMI count tables of Larsson et al. [8] and the published per-gene fits (point
estimates and quality calls, with profile intervals for the fibroblast CAST table) were taken from
the txburst repository (Supplementary File S7).

We re-evaluated three combinations of data set and allele: primary fibroblasts on the C57 and on
the CAST allele (224 cells and 10,727 genes in each table) and embryonic stem cells on the CAST
allele (94 cells, 10,927 genes). The CAST-allele embryonic-stem-cell count file in the repository
lists each of its 94 cells twice (188 columns); a later commit corrected only the C57 file, and the
published embryonic-stem-cell fits were produced on the doubled matrix. We examined those fits
as published; all exact evaluations, re-fits, intervals and per-gene separations reported here use each
cell once.

The tests for allelic differences used the count matrices of Johnsson et al. [32] (ArrayExpress
E-MTAB-11054): 682 Smart-seq3 fibroblasts from one female offspring of a C57BL/6J × CAST/EiJ
cross.

Model conventions and closed forms

Rates are expressed in units of the mRNA degradation rate δ, and burst frequency and burst size
denote kon and ksyn/koff as in Larsson et al. [8]. The derivations and the software use a Beta-mixture
shorthand, related to the rates and to the Kummer arguments of Eq. (3) at count n by

(a, b, r) = 1
δ

(
kon, koff , ksyn

)
, α = a + n, γ = a + b + n. (12)

The txburst routines take (a, b, r) in this order and in these units, and the activation, inactivation
and synthesis rates of Peccoud and Ycart [10], divided by δ, map onto (a, b, r) in that order;
Supplementary Table S1 lists the conventions of other implementations.

Kummer’s transformation [33] relates the two forms of Eq. (3),

1F1(α; γ; −r) = e−r
1F1(γ − α; γ; r), γ − α = b, (13)

and yields the second form, summed in all exact evaluations reported here, in which the numerator
parameter b does not depend on n and all terms are positive for a, b, r > 0. The closed form
agrees with high-precision quadrature of the mixture integral to at least 40 digits and with the
stationary solution of the truncated master equation [21] to about 10−14 at two parameter points
(Supplementary File S1).

Series, recurrence and ball-arithmetic evaluation

We call an evaluation exact when it is carried out in ball arithmetic [29] and the returned radius is
less than 10−25 of the value. All reported likelihood values, including those at interval endpoints,
meet this criterion.

For each gene the all-positive series of Eq. (13) is summed in ball arithmetic at the two largest
counts required, nmax and nmax + 1. Because b < γ = a + b + n, consecutive terms tk obey a
geometric bound, which encloses all terms from index K onward once K + 1 > r,

tk+1
tk

= (b + k) r

(γ + k)(k + 1) ≤ r

k + 1 ,
∑

k≥K

tk ≤ tK

1 − q
, q = r

K + 1 < 1. (14)
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The tail bound is added to the partial sum as a ball. The remaining probabilities follow from the
recurrence Eq. (5), run downward in n from these two starting values; the second solution of the
recurrence, built from the second Kummer function, grows relative to P (n) as n increases. Thus, the
probabilities are the minimal solution, which the downward pass computes stably (Supplementary
File S1).

Ball radii grow along the recurrence because radius propagation takes absolute values; the
working precision is set beforehand from a floating-point estimate of that growth, and a ball that
fails the 10−25 criterion is re-evaluated at higher precision up to 4 times, after which no value
is returned. A second, multiprecision implementation runs the same recurrence at two working
precisions and requires agreement at every n.

We also tested the evaluator at 19 parameter points (random points inside txburst’s parameter
bounds, the edges and top of those bounds, and points where a general-purpose 1F1 routine returns
no value) against a 60-digit multiprecision value and an independent high-precision ball evaluation,
with agreement to at least 57 digits (Supplementary File S2). The implementation uses Arb through
python-flint, with mpmath and SymPy (versions in Supplementary File S7).

Floating-point surrogate and precision policy

During optimization and profile scans the all-positive series is summed in double precision, with
the prefactor in log space and per-element rescaling, and each probability carries an a priori error
bound. A probability vector is recomputed in ball arithmetic if that bound exceeds 10−12, the
series does not converge, a log-probability underflows the double-precision range, or any entry is
non-finite.

Published implementations evaluated, benchmark grid and error metrics

We evaluated txburst [8] at commit 6b6525f and BPSC [14] at commit 5a512e5. The maximum-
likelihood routine of txburst (txburstML.py) evaluates Eq. (2) with a 50-node Gauss–Jacobi rule
and adds 10−10 to each probability inside the logarithm. Its profile-likelihood routine uses the same
rule and constant and places interval endpoints where the profile statistic 2(ℓmax −ℓ) crosses cutoff
= chi2.ppf(1-alph, 1)/2, half the χ2

1 quantile [35]. Its hypothesis-test module uses 40 nodes and
the same constant. The general-purpose routine of Table 1 is hyp1f1 of SciPy 1.17.1 applied to the
first form of Eq. (3) with a log-space prefactor. Each routine was copied without algorithmic change
and reproduces the original output on the repository’s example data (Supplementary File S7).

The benchmark grid has 228 points: a 6 × 6 × 6 logarithmic grid over kon ∈ [0.03, 12.9], koff ∈
[0.3, 999] and ksyn ∈ [2, 104] (216 points), plus 12 points drawn from the published fits. The error
of a routine at a grid point is the maximum over n of the relative error of P (n) against the exact
value, whose radius is far smaller than any error reported (Table 1). The onset of an N -node rule
is the first ksyn, on a geometric scan at fixed (kon, koff), at which that error exceeds 10−6. Under
the current SciPy, txburst cannot re-fit 46 genes, all failing the original quality filter, because its
node construction overflows at their large published (kon, koff); they are excluded from the counts
reported here (Supplementary File S3).

Re-evaluation design

The four quantities compared in the re-evaluation and their thresholds were specified before the
data were analyzed (Supplementary File S3). The first is the difference between the published and
the exact negative log-likelihood at the published parameters, called large when it exceeds one nat
in magnitude. The second is the shift of the re-fitted burst frequency and burst size in conditional
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half-widths of the exact likelihood, called large when it exceeds one. Conditional intervals (other
parameters held fixed) are narrower than profile intervals. Hence, shifts in this unit can only be
overstated. The third is a change of the published quality call on the exact re-fit, split into ridge-
ambiguous (two optima within a tenth of a nat), range-truncated (both interval scans reaching the
parameter bounds) and likelihood-driven cases.

The fourth quantity is the position of the profile-interval endpoints: the profile curve is computed
under each likelihood L and read at both thresholds t,

CI(L, t) =
{
θ : 2 [ℓmax(L) − ℓprof(θ; L)] ≤ t

}
,

L ∈ {Lpub, Lexact}, t ∈ {1.9207, 3.8415},
(15)

where ℓprof is the profile log-likelihood under L and ℓmax(L) its maximum; fixing t isolates the
likelihood effect and fixing L the cutoff effect, and an endpoint is called moved when it changes by
more than 10%.

Re-fits used txburst’s optimizer settings and the same multi-start scheme under both likeli-
hoods, and the exact-likelihood profile scans stopped at ksyn = 104, the top of the surrogate’s
tested range. We also re-ran the txburst profile routine on 200 genes under the current SciPy and
excluded the nine whose published endpoints were not reproduced. The large-synthesis-rate region
used in the Results is ksyn ≥ 500, burst size at or above the ninety-fifth percentile of the published
fits in the gene’s data set, or any parameter at an optimizer bound. Genes whose surrogate and
exact log-likelihoods differed by more than 10−6 nats were also evaluated with the multiprecision
implementation. The one amendment to the plan (Supplementary File S3) moved the summa-
tion of per-cell log-probabilities, which had lost precision on one subnormal probability, into ball
arithmetic, and all reported values postdate that change.

Coverage and estimator simulations

Profile-interval coverage was measured on 400 synthetic 200-cell data sets, 200 at each of two param-
eter points where the quadrature is accurate, (kon, koff , ksyn) = (1.0, 10.0, 100.0) and (0.4, 5.0, 200.0).
The txburst routine fitted and profiled each set at its default α and at the α for which its formula
gives the χ2

1 quantile, with undefined endpoints excluded and counted (Supplementary File S3).
Estimator shifts in conditional half-widths were obtained by re-fitting, under both likelihoods, the
four of the ten synthetic 200-cell sets whose published and exact log-likelihoods differed by more
than a fifth of a nat (Supplementary File S2).

The BPSC comparison, a limited probe, used 50 two-group experiments of 200 cells per group,
25 without and 25 with a simulated difference, 20 of each at ksyn = 300 beyond the onset of BPSC’s
rule and the rest at ksyn = 8. Each was analyzed with BPSC’s fit and with an exact-likelihood
fit, and 10 more were simulated and analyzed with an independent implementation. Power at the
gene with the largest separation was estimated from 2,000 data sets simulated at the Timp1 fit
(1,996 completed; Supplementary File S5), each fitted by two- and three-state maximum likelihood
and tested at the boundary-calibrated critical value and at the critical value simulated at its own
design.

Allele-resolved tests, calibration and class rule

The test family comprises 198 autosomal genes sampled at random, within strata of total UMI
count, from those with at least 25 cells carrying non-missing allelic entries and 50 UMIs over both
alleles. The X chromosome was excluded because all cells in these data express only the C57 X
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(Supplementary File S4). Each allele was fitted separately by multi-start maximization of the exact
telegraph likelihood within fixed parameter bounds.

Writing ℓC and ℓA for the C57 and CAST allelic log-likelihoods, the joint statistic is

T3 = 2
[

max
θ,θ′

{
ℓC(θ) + ℓA(θ′)

}
− max

θ

{
ℓC(θ) + ℓA(θ)

}]
, (16)

and the one-degree statistics constrain one derived quantity q across alleles,

Tq = 2
[

max
θ,θ′

{
ℓC(θ) + ℓA(θ′)

}
− max

q(θ)=q(θ′)

{
ℓC(θ) + ℓA(θ′)

}]
,

q ∈ {ksyn/koff , kon},
(17)

namely q = ksyn/koff for Tbs and q = kon for Tbf .
For nearly silent alleles the fitted kon lies at the lower parameter bound, where the χ2

3 and
χ2

1 references do not apply [44]. Therefore, P values were obtained by parametric bootstrap at
the constrained fit of each null, re-fitting each simulated data set (Supplementary File S4). The
bootstrap draws the two alleles independently, with cells drawn independently from the constrained
fit, and it checks the numerics and the tests under the fitted model class only. A within-cell label-
swap permutation of T3 (2,000 swaps per gene), exact when the two alleles of a cell are exchangeable,
is reported beside it as the check that makes no assumption about shared cell state (Supplementary
File S4). The constrained fit of Tbs is optimized in coordinates that keep the shared burst size and
each allele’s ksyn inside their bounds by construction. An earlier implementation with a penalty
outside the bounds stopped at its starting point for most genes and was replaced, with the bootstrap
rerun, before the results reported here (Supplementary File S4). A T3-significant gene is called size-
resolved if only Tbs is also significant, frequency-resolved if only Tbf is, resolved on both if both are,
and unresolved otherwise.

The allelic analysis plan, specified before the data were analyzed (Supplementary File S4),
defined four artifact marks: boundary fit, low expression, possible mapping dropout (allelic mean-
expression ratio exceeding 50) and likelihood ridge. A further criterion, total-count balance with
C57 fraction inside [0.3, 0.7], was adopted after unblinding, when re-fits showed that the largest
apparent effects came from read mapping or a missing allele, and is reported as a deviation (Sup-
plementary File S4). A significant gene is clean if it has none of the four marks and balance inside
the band. It is a likely artifact if it has the dropout mark, or balance outside the band together
with a boundary mark, a low-expression mark or an absolute log2 burst-size effect exceeding 2.
The remaining significant genes form the “marked, plausible” stratum of Table 2.

The allelic analysis plan also set three calibration criteria. First, at least 16 of 20 imprinted
positive-control genes were recovered in the expected direction. Second, null P values of all three
statistics were uniform by a Kolmogorov–Smirnov test on 500 simulated null data sets, with the
fraction at or below 0.05 inside the band [0.02, 0.08] (observed 0.048–0.054). Third, median power
over 30 genes for a 2-fold effect at observed expression was to be at least 0.5. An earlier pilot of
the identical plan on the allelic matrices of Larsson et al. did not meet these three criteria, after
which only the data set was changed (Supplementary File S4).

Two-step OFF model and detection power

For the two-step model ON koff−−→ OFF2
k12−−→ OFF1

kon−−→ ON (synthesis rate ν while ON) the
parameters of Eq. (8) are the OFF exit rates and the roots of a quadratic,

a1,2 = {k12, kon}, b1 + b2 = kon + k12 + koff , b1b2 = konk12 + koff(kon + k12), (18)
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where b1,2 may be complex conjugates and only their real symmetric functions Ea
1,2, Eb

1,2 of Eq. (9)
are formed. Equation (9) is proved by a telescoping identity, is of minimal order for its coefficient
degrees, and is stable when run downward (Supplementary File S1). The alternating 2F2 series
is summed in ball arithmetic with a geometric tail bound from (x+b1)(x+b2) − (x+a1)(x+a2) =
koff(Ea

1 + x) ≥ 0 and extra working precision to absorb cancellation, and agrees with Arb’s built-in
pFq (Supplementary File S5).

We minimized KL(θ) of Eq. (10) over the two-state family by a simplex search using double-
precision probability vectors, truncating the sum over n at bounded remaining mass, with a rigorous
bound on the omitted tail (Supplementary File S5).

The two-state family is the k12 → ∞ boundary of the three-state family. The first two orders
of the departure in 1/k12 are absorbed by shifts of koff and ν and the first identifiable order is the
third (Supplementary File S1). With δ = k−3

12 ≥ 0 as the one-sided parameter the likelihood-ratio
null is asymptotically the Self and Liang mixture 1

2χ2
0 + 1

2χ2
1 [44], with critical value c = 2.706 at

α = 0.05. We checked this null by simulating the composite test, with both models re-fitted in
every replicate, at nine two-state designs (three fitted shapes at 94, 224 and 682 cells, 500 replicates
each; Supplementary File S5). The asymptotic power at separation n KL is

power ≃ Φ
(√

2 n KL −
√

c
)
,

√
c = Φ−1(1 − α), (19)

where Φ is the standard normal distribution function, giving 0.64 at n KL = 2, 0.9 at n KL = 4.3
and 0.99 at n KL = 8. For any level-α test the power is at most α +

√
n KL/2 (Pinsker’s inequality

applied to the n-cell product distributions). Exact-likelihood simulations at four parameter sets
(2,000 replicates each) gave power 0.61 to 0.64 at n KL = 2 and at least 0.988 at n KL = 8. Binomial
capture at fixed efficiency β leaves the switching rates unchanged and rescales the synthesis rate
to βν; the fitted ν of Fig. 5 already contains the experiment’s efficiency β0, and β there is capture
relative to the experiment. The cells needed are then

∑
k≥m

(
k

m

)
βm(1 − β)k−m P (k; ν) = P (m; βν), N(β) ≃ 8

KL(θ; βν) , (20)

for power near 0.99 (4.3 replaces 8 for power 0.9).
The demonstration parameter set of Fig. 5a (a Markov embedding of Luo et al.’s first exam-

ple [18], matched in mean dwell times and synthesis rate) has kon = 2/5, k12 = 2/7, koff = 1/4,
ν = 20 and the identifiable set kon = 4/5, k12 = 3/5, koff = 3/10, ν = 100. The median
and ninetieth-percentile fibroblast parameter sets (componentwise, over the exact C57 re-fits) are
(kon, koff , ksyn) = (0.421, 11.0, 39.5) and (1.23, 206, 534). The calculations assume stationary, inde-
pendent, identically distributed cells, one active state with a two-step OFF period only, and no
measurement layer beyond fixed-efficiency thinning. For Timp1 we propagated the fit’s uncer-
tainty by taking the range of KL over the 95% likelihood region of the two-state fit (Supplementary
File S5), and elsewhere the values are at the point estimates.

Analysis plans and statistical reporting

Both analysis plans appear with their deviations in Supplementary Files S3 and S4. All reported
values were recomputed, and the significant sets and classifications reproduced, with a second,
separately written set of scripts. Tests other than likelihood-ratio tests are two-sided, false-discovery
control is Benjamini–Hochberg [36] at 0.05 within each of the three allelic statistics, intervals are
profile-likelihood intervals at the cutoff reported with them, and intervals on simulated proportions
are Wilson intervals. Seeds and versions are in Supplementary File S7.
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published cell-state comparisons in budding yeast, Arabidopsis and Hydra. Supplementary File S7:
software and reproduction. The evaluator and its self-test, dependency versions, repository files
and commits of the implementations evaluated, reference values, random seeds and the archive file
manifest. Supplementary File S8: Supplementary Figs. S1–S6 with legends.
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202; 5 figures; 2 tables; 51 references.
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