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The eight Supplementary Files collect the derivations, benchmarks, analysis plans, tables and
supplementary figures that the main text points to, where they are cited under the same numbers
as “Supplementary File Sn”, “Supplementary Table Sn” and “Supplementary Fig. Sn”. Every
number printed here is produced from the deposited analysis outputs by the code described in
Supplementary File S7, and the Supplementary Files carry their own reference list.



S1 Derivations and related work

The derivations collected here underlie the telegraph likelihood of the main text (§§51.1-S1.3) and
the two-step OFF model (§§51.4-S1.7). The two closing subsections review earlier evaluations
of the telegraph likelihood and earlier work on the separability of the two count distributions in
more detail than the Introduction of the main text. Throughout, rates are in units of the mRNA
degradation rate, a := kon, b := ko, 7 := kgyn, burst frequency is kon and burst size is ksyn/Fos,
and the synthesis rate of the two-step model is written v.

S1.1 Closed forms and parameter conventions

The stationary count distribution of the telegraph model is a Poisson mixture over a Beta-distributed
promoter activity,

P(n) /1 Pois( ) Beta(u; a,b) d (@ Fi(a+n; a+b+ ) (S1)
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with (z), the rising factorial and 1} Kummer’s function (DLMF 13.2.2 [1]). Kummer’s transfor-
mation 1 Fi(a;v; —r) = e "1 Fi(y—a;y;7) (DLMF 13.2.39 [1]) gives the second form
™ (a)n

P(n) = e o @t b 1F1(b; a+b+n; ). (52)

In Eq. (S2) the transformed numerator parameter v—« = b does not depend on n, and for a, b, r > 0
every term of the series 1 F1(b;¢;7) = D k> %%}? with ¢ = a + b+ n is positive. A sum of positive
terms cannot lose digits to cancellation: the rounding error of the partial sum is a small multiple
of the sum itself, whatever the size of the largest term. The alternating series in Eq. (S1) has no
such protection, because its terms grow to a size of order e” before they fall off. The cancellation
then removes from the working precision as many digits as the base-ten logarithm of the ratio of
the largest term to the result (the loss in double precision is quantified in Supplementary File S2,
§ S2.4). Therefore all exact evaluations in this article sum Eq. (S2).

We compared both closed forms with two computations that use no special-function identity.
Desingularized tanh—sinh quadrature of the mixture integral reproduces Eq. (S1) at three random
parameter points to at least 40 digits. At two parameter points the Poisson—Beta distribution
matches the stationary distribution of the truncated chemical master equation to about 10714,
with the master equation solved in double precision as a linear system in a finite-state-projection-
style truncation [2].

In the literature the Poisson—Beta distribution appears under several parameter conventions:
the two Beta shapes in either order, both signs of the Kummer argument, and the sum a+ b carried
as a single symbol (in the closed form the ;F} denominator parameter is a + b 4+ n, not b + n).
Supplementary Table S1 maps each convention used here, and that of the published txburst code,
onto (a, b,r). We confirmed each row numerically, and we took the txburst mapping from its source
code (the map is the identity: kon, koff, ksyn are a, b, r).

Two cautions apply to any re-implementation. First, rates kon, koft, ksyn from a fit reported in
per-hour units must be divided by the degradation rate before they enter these formulas. Second,
forming a+b+n in double precision before calling a high-precision routine perturbs the denominator
parameter at the level of the double-precision rounding unit, which caps the agreement between
independent evaluations near 14 digits. All evaluations used here therefore form the sum a +b+n
at working precision.



Table S1: Parameter conventions and their map to the primary Beta-mixture parameters (a,b,r) =
(Ko, koff, ksyn) /9. The last column names how each row was confirmed: the symbolic Pochhammer—
Euler identity (residual zero); the closed form against desingularized tanh—sinh quadrature of the
mixture integral (at least 40 digits at three random points); the Kummer transformation (at least
40 digits); and the closed form against the stationary distribution of the truncated master equation
(agreement 10~ in a double-precision linear solve). Two cautions: a fit reported in per-hour units
must divide its three rates by the degradation rate before entering these formulas, and forming
a + b+ n in double precision before calling a high-precision routine perturbs the denominator
parameter at the 10716 level and caps the agreement between evaluations near 14 digits, and all
our evaluations therefore sum parameters at working precision.

source its symbols map to (a,b,r) confirmed by
Beta mixture (pri- a, b, r identity quadrature; master
mary) equation
Kummer function 1F;(a;7;2) a=a+n,y=a+b+n, z=—r quadrature
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transformed (all- 1 Fy(8';7v;2") B = b (independent of n), v = Kummer transfor-
positive) form a+b+mn, 2 =+r mation
txburst [3], kon, koff, ksyn passed tothe a = kon, b = koff, r = ksyn code read and
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likelihood script Jacobi weight
orientation checked
Peccoud—Ycart [4] A (OFF—ON), w oa = A6 b = u/d, authors’
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sis), § (degradation) tion 1 F1(3; ’\;r“; %(z—1)) lor coefficients of
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S1.2 The three-term recurrence and its stable direction

The count distribution satisfies a three-term contiguity recurrence, stated for the Poisson—Beta case
by Willmot [5] (§S1.8),

n(n+1)P(n+l) = n(n+a+b+r—1)P(n) — r(n+a—1)P(n-1), n>1. (S3)

Equivalently, if we write P(n) = C, M, with C,, = 6_7%(52571 and M, = 1Fi(b;g+n;r), g :=

a + b, the Kummer factor obeys the contiguity relation in its denominator parameter,

r(a+n) My = (g+n)(g+n+r—1)M, — (g+n)(g+n—1)Mu1. (54)

Equation (S3) can be derived in two ways. The first is integration by parts on the Euler integral:
with I, := fol w11 — u)?" e~ du, integrating the pointwise identity

d

Tu [u‘”’”(l - u)be_”‘} =e (1 —u)’t {(a +n)ut —(a4+b+n+r)ut 4 u‘””“}

u
over the unit interval gives rl,11 = (a+b+n+r —1)I, — (a +n — 1)I,,_1, because the integral
of the left side is a boundary term that vanishes for a +n > 0, b > 0, and substituting I, =
P(m)m! B(a,b)/r™ then yields Eq. (S3). The second is Gauss contiguity of 1 F; (DLMF 13.3.2 [1])
specialized to M (b, g+n,r), which gives Eq. (S4). Thus a full vector P(0),..., P(nmax) costs two
seed evaluations of the series plus O(nmax) arithmetic.



Table S2: Digits retained by the three-term recurrence of the two-state distribution run forward
(upward in n) and backward, in six parameter regimes, at 60-digit working precision against per-n
reference values (per-n series values evaluated in ball arithmetic, precision 400). Forward digits are
—log, of the relative error at n = 10, 50 and 200 (negative values mean the error exceeds the value
itself); the predicted forward loss is the growth of the dominant solution relative to P(n); the last
column is the smallest number of correct digits of the backward run over all n < npax.

(a,b,7) Nmax forward digits (n = 10/50/200) predicted loss (10/50/200) backward (min)
(1.3, 4.7, 5) 900 53.6 / 17.2 / —193.7 8.2 /44.5 / 255.5 60.3
(1.3, 4.7, 50) 900 52.0 / 36.1 / —29.5 10.9 / 26.8 / 92.4 59.3
(1.3, 4.7, 500) 900 43.8 / —6.4 / —102.1 20.1 / 70.3 / 166.0 59.1
(0.05, 0.05, 1.5) 300 58.4 /8.9 / —274.0 3.4 /528 /335.7 59.8
(0.05, 0.05, 2000) 1500 37.0 / —37.8 / —223.1 98.7 / 103.5 / 288.7 59.1
(20, 0.3, 2500) 1200 43.1 / —25.5 / —214.4 20.1 / 88.7 / 277.6 58.9

The second solution. The solution space of Eq. (S3) is two-dimensional, spanned by the wanted
P(n) and by a second (“parasitic”) solution built from the second Kummer function U,

I'a+b+n)

@n) = Cn I(a+n)

U(b; a+b+n; 1), (S5)
where the Gamma ratio maps the contiguity relation of U onto Eq. (S4). We obtained @ by
coefficient matching and confirmed it numerically: the relative residual of Eq. (S3) applied to @ is
about 10~°. Any numerical solution of the recurrence is P(n) +e¢Q(n) for some rounding-induced
¢, and the error at step n relative to the wanted solution is governed by the ratio @Q(n)/P(n). That
ratio increases with n in all the regimes we examined. Run upward from n = 0, the recursion
amplifies a seed error € by [Q(n)/P(n)]/[Q(0)/P(0)], which grows. Run downward from the top,
Nmax+1 and nmax, it multiplies the error by [Q(n)/P(n)]/[Q(Nmax)/P(Nmax)] < 1, which shrinks.
Hence backward recursion from two seeds at the top is stable at all n, and forward recursion from
P(0), P(1) is unstable at nearly all n. Forward recursion is not safe even while n < r, where the
distribution might be expected to be Poisson-like: the Poisson—Beta distribution is flat, roughly
power-law, over [0,~ 7| because the Beta mixture puts mass at small w, while @ rises like the
pure-Poisson bulk 7" /n!. Only the rate at which forward recursion loses digits depends on (a, b, )
(roughly the base-ten logarithm of 7™ /n! against the flat P, worse for large ).

Measurement. We measured both directions at 60-digit working precision against per-n series
values evaluated in ball arithmetic at 400 bits, in six parameter regimes that include two large-
synthesis-rate corners of the parameter range (Supplementary Table S2). Backward recursion
retained at least 58.9 of the 60 digits at all n in each regime, over sweeps of up to 1,500 steps, a loss
of at most about one digit; the worst case is the regime (a, b, ) = (20, 0.3,2500). Forward recursion
at (a,b,r) = (1.3,4.7,500) retained 43.7 digits at n = 10 and no correct digit by n = 200. The
forward loss predicted from @/ P tracked the measured loss to within a few digits over hundreds of
digits of dynamic range, and the predicted backward loss is non-positive at all tabulated n.

Ball radii. Backward recursion stabilizes the midpoints of the balls but not their radii: radius
propagation takes absolute values of the coefficients, and the radii therefore grow like the dominant
solution of the recurrence in the coefficient magnitudes even in the backward direction. We estimate
this growth in cheap floating-point arithmetic and add it to the working precision. Each returned
ball is then tested against the target rad < mid - 27P™¢ and the precision raised up to 4 times; if
the target is still missed, no value is returned (main text, Methods).

Agreement between evaluations. At 20 random parameter points (a, b log-uniform in [0.01, 100],



r € [1,3000], nmax € [200, 1500]) the backward recurrence and direct per-n evaluation of Kummer’s
function, both at 90 digits, agreed to 87.5 digits at worst. At the two large-synthesis-rate corners
they agreed to 77.9-78.2 digits, the accuracy of the 80-digit reference values used there. We sum
the all-positive series of Eq. (S2) directly rather than call Arb’s native 1 F} routine, which returns
NaN in one parameter region, (b,c,r) = (0.05, ¢ 2 1050, 2000), at every precision we tried up to
2,000 bits. A further test at parameter points outside the development set is in Supplementary

File S2 (§ $2.8).

S1.3 Accuracy limit of an N-node Gauss—Jacobi rule

An N-node Gauss—Jacobi rule integrates polynomials of degree at most 2N — 1 exactly against the
Beta weight (degree 99 at N = 50 nodes). The factor of the integrand in Eq. (S1) that is not a
polynomial is the Poisson kernel Pois(n;ru) read as a function of u: it peaks at u, = n/r and has
width v/n/r in u. Jacobi nodes cluster quadratically at the endpoints, uj ~ (k7/2N)?, and the
local node spacing near u, is therefore m,/u,/N. The ratio of the two lengths,

kernel width ~ yn/r N
node spacing at u,  w/n/r /N = w1’

does not depend on n. When this ratio falls below one, the rule has fewer than one node under the
peak of the kernel for all n at once, and under-resolves the whole count vector as soon as

(S6)

r 2 (N/m)?, (S7)

that is, r ~ 253 for the 50-node rule, 162 for 40 nodes and 10.1 for 10. Conversely, a fixed rule
that resolves the kernel needs N > 7+/r nodes, approximately 314 at r = 10, the upper bound on
Esyn in the published txburst code. Equation (S7) predicts the ratio of onsets between node counts,
(N1/N5)?, and the scale, though not the exact value, of the absolute onset, which also depends on
the Beta shape. In Supplementary File S2 (§ S2.3) both predictions are compared with the onsets
measured for the three published rules.

S1.4 The two-step OFF distribution from the master equation

The minimal Markov form of a refractory silent period [6, 7] is the cycle ON Ko, OFF, Frz,

OFF, Kon, ON, with synthesis at rate v while ON. With H the 3 x 3 generator of the promoter
chain (columns summing to zero), P;(k) the joint probability of promoter state i and k transcripts,
and u = (v,0,0) the synthesis vector, the master equation is

dPi(k)
dt

= w;[Py(k—1) — Py(k)] + (k+1)Pi(k+1) — kP(k) + (HP()); .

Multiply by the falling factorial (k),, and sum over k. With M the transcript number and f,, (i) :=
E[(M)m 1{state—i}] the three terms give mu; fi—1(7), —m fin(i) and (H f,);, and stationarity reads

(mI—H) fr, = mv fm—1(1)er. (S8)

Two linear-algebra facts reduce Eq. (S8) to a scalar recursion for f,,(1). The first is Cramer’s
rule: ef (mI — H) ey = det(ml — Hyyy)/ det(ml — H) = (m+ a1)(m + az)/[m(m + by)(m + b)),
where a1 2 are the eigenvalues of —H{l} (H with the ON row and column deleted) and b; 2 are the
nonzero eigenvalues of —H (zero is an eigenvalue because the columns sum to zero). The second is



the column-sum fact 17 (mI — H) = m 17, hence 17 (mI — H) 'e; = 1/m. Applying ef and 17 to
Eq. (S8) gives fi(1) = vfm—1(1) (m + a1)(m + a2)/[(m + b1)(m + b2)] and E[(M)m] = vfm-1(1).
The m — 0 limit of the Cramer fact gives the stationary ON probability mon = ajaz/(bi1b2) = fo(1),
and the product telescopes to

(al)m(aQ)m
El(M =" S9
Because M is a Poisson mixture with bounded mixing variable (M | X ~ Pois(rX;), X; €
[0,1] [8]), its generating function g(z) = E[zM] = E[e**~1X1] is entire and equals its factorial-

moment series, g(z) = >, E[(M),](z—1)"/m! = 3F5]a1, az; by, by; v(2—1)]. Extracting the coeffi-
cient of z¥ (an absolutely convergent double sum, using (z)x+; = (z)i(z+k);) gives the stationary
count distribution

k
P(k) = © &”hmaﬁkzFﬂar+h(m+k;h+k,®+k;—VL (S10)

k! (b1)g (b2)k

which recovers the distribution that Cao, Filatova, Oyarzin and Grima derived for this promoter [9]
and Herbach’s Corollary 5.5 [8]. Exact stationary distributions for multistate promoter models in
generalized-hypergeometric form go back to Zhou and Zhang [10]. A direct comparison with the
truncated master equation, which uses no special-function identity, is reported with the other
accuracy tests of the two-step evaluation in Supplementary File S5 (§ S5.1).

The eigenvalue dictionary. For the refractory cycle the numerator parameters are exactly the
two OFF exit rates, {a1,as} = {kon, k12}, but the b; are the roots of 22 — Ebz + ES with

EY =bi+by = kon+ ki + ko, B3 = biby = konk12 + kot (Kon + k12) , (S11)

and are not rates. Only their symmetric functions are simple, by + by = (a1 + a2) + kog and
bibe = ajas + kog(a1 + az), just as only the sum a + b enters the denominator parameter of the
two-state closed form (§S1.1). The naive guess b = {kon+koft, k12+koe} already gives the wrong
trace, counting kg twice, and its distribution differs from the true one by up to tens of percent
(Supplementary File S5, § S5.1). Complex-conjugate b is generic: the discriminant (E%)? — 4FE%
is negative whenever the three rates are comparable (for example ko, = kio = kog = 1 gives
b = (341iv/3)/2). The probabilities P(k) stay real, and we avoid complex arithmetic by working
throughout in the real symmetric functions E{ = a1 + a2, ES = ajaz, EY, E§ and v, through

(al)k(ag)k = H Ra(i), Ra(x) = ES—}—E%x—i—xz, (bl)k(bQ)k = H Rb(i), Rb(:):) = ES—FE%.%'—F%Q,
i<k i<k

(S12)
with Ry(x) = |by + 2|2 when b is complex. No numerator parameter cancels against a denominator
parameter at positive rates, b; # a;, because the characteristic polynomial of —H evaluated at a;
equals kog times the partner OFF rate, which is positive. The confluent two-state limit (k12 — oo
or kog — 0) lies on the boundary of the positive-rate parameter space and can be reached exactly
only in the eigenvalue parameterization.

Identifiability from stationary counts. Stationary snapshot data determine at most the eigen-
value tuple (a,b,v) of Eq. (S10). Since {a1,a2} = {kon, k12} enters symmetrically, the map from
rates to the distribution is invertible only up to the unordered pair {kon, k12}. In particular, station-
ary counts do not identify which OFF stage is the slow one. Near the two-state boundary, where
the mixing density becomes a Beta density, the model approaches the telegraph model. With N
sequential OFF stages the same construction gives a yFn-type distribution and a recurrence of
order N+1, a generalization not used in this article.



S1.5 Proof, minimality and stability of the order-three recurrence

The generating function g satisfies the o F differential equation in w = v(z—1), ¥y (9 +b1—1) (P +
by — DF = w(¥y + a1)(Fy + a2) F with ¥, = wd/dw. In terms of the operator n = (z — 1) d/dz,
and after division by the common factor (z — 1), this equation reads D(n+b; — 1)(n+be — 1)g =
v(n + a1)(n + az)g with D = d/dz. Collecting the coefficient of 2% in g = 3", P(k)2"* then gives
a four-term recurrence of order three whose coefficients again depend only on the real symmetric
functions:

(K+1)(K+2)(K+3) P(K+3) = (K+1)(K+2)(2K + E? + v+ 1) P(K+2)
— (K+1)[K? + K(E? + 2v) + v(E¢ +1) + E5] P(K+1) (S13)
+v(K*+ E{K + ES) P(K), K >0.

The two-state three-term analog, Eq. (S3), appears in the actuarial literature [5, 11], and we know
of no previous statement of the three-state recurrence.

Proof. Substituting Eq. (S10) into Eq. (S13) and re-indexing s = i 4+ j turns the residual into
s UsRs(K), with v, the o F5 term sequence and R a rational function of s, K and the parameters.
In the two-state case the denominator-contiguity proof works term by term, but here Ry is not
identically zero and a pointwise proof fails. The recurrence is proved instead by a Gosper—Wilf-
Zeilberger telescoping identity: a computer-algebra search finds a polynomial d(s) of degree four
in s, with coefficients rational in K and the parameters, such that

Ry = d(s) —d(s+1)p(s),  p(s) =vst1/vs,  d(0) =0, (S14)

and > vsRs then telescopes to d(0)vg = 0. The polynomial d of Eq. (S14) is included with the
code (Supplementary File S7). As the confluent two-state limit requires, at b; = a; every solution
of the two-state recurrence, Eq. (S3), also satisfies the order-three recurrence.

Minimality. P(k) is transcendental in v, and we therefore tested minimality on the exact formal-
v series over F,[[v]] (100 orders in v, K < 60, generic rational rates in the complex-b regime) at the
two primes 2147483647 and 2147483629. No recurrence of order two exists with coefficient degrees
at most 6 in k£ and at most 2 in v: the null space is empty at both primes. Thus order three is
minimal within these bounds, and at order three the null space is one-dimensional, spanned by the
coefficient vector of Eq. (S13).

Stability. The other two solutions of Eq. (S13) are the coefficient sequences of the two solutions
of the generating-function equation that are singular at z = 1. Their indicial structure gives a
power-law fall-off ~ k~Reb (oscillating when b is complex), against the super-exponential fall-off
v*/k! of P(k). The wanted solution is therefore the minimal one under upward recursion, and
the conclusion of §51.2 holds unchanged: backward recursion from three seeds at the top is stable
at all k, and forward recursion is unstable nearly everywhere. We measured both directions at
60-digit working precision in four regimes, including complex b and v up to 2,000, with knax up to
1,800 (Supplementary Table S3). Backward recursion retained at least 55.1 digits at all k in each
regime, a loss of at most about five digits including the seed error over the longest sweep. Forward
recursion had lost every digit by k& = 50-200 in each regime. To evaluate a full count vector we run
the recurrence backward from three seeds, and we handle the radii of the ball recurrence, which
grow like the dominant solution even backward, as in §51.2.

S1.6 Series bounds for the ,F; evaluation

The two-state tail bound. For Eq. (S2), since b < ¢ := a + b+ n, the ratio of successive series terms
obeys tiy1/ty = (b+k)r/[(c+ k)(k+1)] <r/(k+1). Once k+ 1 > r, the tail beyond term K



Table S3: Digits retained by the order-three recurrence of the two-step-OFF distribution run for-
ward and backward in four regimes (including complex-conjugate by 2 and v = 2000), at 60-digit
working precision. Forward digits at £ = 10, 100 and kyax (negative: error larger than the value);
last column: smallest number of correct digits of the backward run over all k& < kpax. The backward
direction is stable in every regime (all four).

regime kmax forward digits at &k = 10/100/kmax  backward digits (min)
complex b, small v 400 58.1 / —31.2 / —532.4 59.9
complex b, v = 300 900 474 / —24.7 /] —235.8 57.0
demo (Luo et al.-like), v =20 400 57.7 / 22.5 | —296.7 58.0
difficult real b, v = 2000 1800 40.0 / —106.4 / —797.8 55.1

is bounded by the geometric sum tx /(1 —r/(K+1)). We compute this bound 7" entirely in ball
arithmetic and add it to the partial sum as the interval 7" - [0, 1].

The two-step series. A Kummer-type transformation that would make the oF5(—v) series
of Eq. (S10) sign-definite does not exist for generic 2F5. The two-state trick 1 Fi(a;vy;—r) =
e "1 Fi(y—a; ;1) has no o F5 analog, and e” 9 F»(—v) is not hypergeometric (its product coefficients
are not sign-definite). In its place we use two proved properties of the series, the first of which is
spectral dominance. From Eq. (S11),

Ry(z) — Ro(z) = kog (EY +x) > 0 for all z > 0, (S15)

identically in the rates (at run time the implementation tests the two ball inequalities E? > E¢, ES >
E$, which are the trace and determinant relations of the dictionary in inequality form). Hence the
ratio of successive terms of the o F» series at count k obeys |Tj11/T;| = v Rq(k+7)/[Rp(k+7)(j+1)] <
v/(j+1), a bound that is below one and strictly decreasing once j+1 > v. If the series is truncated at
the first omitted term 7y with v/(J+1) < 3, the tail is enclosed by |T;|/(1—v/(J+1))-[-1, 1], again
computed entirely in ball arithmetic. The second property is an a priori bound on the cancellation.
Since Ry < Ry, 3, |Tj] < e”; and the 2F factor at count k equals E[X*e ™ X]/E[X*] > 7"
for the mixing variable X € [0,1]. The alternating sum therefore loses at most 2vlog, e bits to
cancellation. The working precision starts at the target precision plus 2v log, e plus a margin, and
the width of the result is then tested against the target as in §51.2.

Another arrangement of the series, which we examined and rejected, starts from the fact that
the mixing density of Eq. (S10) is itself a positive Beta mixture (Herbach [8], Sec. 5.4). Written
with § = EY — E¢ = kog in the form x5 Fy [b) —amin, ba—amin; 0; 1—2], it has o Fy coefficients
|(b — amin)m|?> > 0 even for complex b, and this form expresses P(k) as a positive series of exact
two-state kernels. However, its outer convergence is only polynomial (~ m_(“min+1)). A rigorous
truncation also has to bound the inner | F; from above, and the estimate that does so is loose by a
factor of order €”. For evaluation this form is therefore strictly worse than the bounded alternating
series.

An independent exact evaluation of the same distribution is Arb’s rigorous ,Fj [12, 13] called
with the complex b;. We require the imaginary part of the resulting complex ball to contain zero
and take its real part as the value. The agreement of the series and this evaluation with each
other and with two further multiprecision implementations, used for comparison only, is reported
in Supplementary File S5 (§ S5.2).



S1.7 The boundary-calibrated likelihood-ratio test

Write P3(6) for the two-step distribution of Eq. (S10) and P»(¢) for the telegraph distribution, and
let
KL(6) = min KL(P5(6) || P(9)) (S16)

be the divergence from a true two-step distribution to the nearest telegraph distribution. Then n KL
is the expected log-likelihood ratio that n independent stationary cells carry in favor of the true two-
step distribution against its best two-state approximation (the Stein—Chernoff regime of a simple
likelihood-ratio test). Translating n KL into the power of the composite test, in which both models
are fitted, needs the null distribution of the likelihood-ratio statistic LR = 2[supy ¢3(6)) —sup, £2(¢)]
when the truth is two-state.

The telegraph family does not lie in the interior of the two-step family. In the dwell-split
parameterization of Supplementary File S5, a two-step OFF period with split fraction f € (0, %]
reduces to the telegraph model exactly at f = 0 (equivalently k12 — 00). Therefore the null value
lies on the boundary of a single one-sided parameter, the case treated by Self and Liang [14]. Locally
the statistic is the square of a signed root Z that is standard normal under the null, and the extra
parameter can improve the fit in one direction only. With probability one half the unconstrained
optimum falls outside the parameter space, the constrained fit coincides with the two-state fit, and
LR = 0. The null distribution is therefore the equal mixture

LR ~ 5x¢+ 5xi (817)

rather than x? [15], and the level-a critical value is the (1 — 2a) quantile of x?, co = 27_,, smaller
than the two-sided x7 quantile.

Under a two-step alternative at separation n KL the signed root is, to leading order, normal
with unit variance and mean v2n KL (the noncentrality of the likelihood-ratio statistic is 2n KL),
and the test rejects when Z > z7_,. The asymptotic power is then

power(nKL) ~ ®(vV2nKL — z1_,), (S18)

with ® the standard normal distribution function. Inverting it gives the separation needed for a
target power 1 — Berr, n KL = %(zl_a + 21-4,.. )%, and hence the cells-needed rule of the main text,
n = const/KL. Using the two-sided x? critical value in place of Eq. (S17) would understate the
power. The numerical values (power at n KL = 2 and 8, the separation at which power reaches 0.9)
and their Monte-Carlo confirmation with exact likelihoods are in Supplementary File S5 (§ S5.5).
Two steps of this argument are asymptotic: Eq. (S18) itself, and the identification of the composite
test’s noncentrality with the simple-test separation 2n KL. Both were confirmed by simulation only
at the parameter sets reported there.

The contact between the two families is of high order. Writing ¢ = 1/k12 and expanding
the factorial-moment ratio of the two-step law (Eq. (S9)) in ¢, the first-order term is absorbed
by the shift kog — ko + Kkonkos € of a telegraph law, and the second order by kog — kog +
Eonkoft € + konkott(kon + ko) €2 together with v — v(1 + konkog €2), and the two-step law then
agrees with a telegraph law through second order in e. The third-order residual of the ratio,
—konkoft (konkott + 52)/(kon + kot + j) relative to the matched telegraph ratio at moment order j,
grows with 7 and cannot be absorbed by any re-parametrization, because it lies outside the tangent
space of the telegraph family. On log P(n) itself the first- and second-order departures project
onto the three telegraph scores to rounding at every parameter point we examined, and the third
order keeps a nonzero orthogonal component. The regular one-sided parameter of the boundary
test is therefore § = €3, and near the boundary KL(6) grows as €% (as f® on the dwell-split family



of Supplementary File S5, where exact minimization gives local log-log slopes rising to six). Self
and Liang’s mixture holds in § > 0, but € converges at the rate n~1/6 and the composite statistic
therefore approaches the mixture slowly at the cell numbers of these data (Supplementary File S5,
§ S5.5). The per-gene and slice values of KL reported in the main text are computed directly from
the two distributions and do not use this expansion.

S1.8 Related evaluations of the telegraph likelihood

The actuarial recurrence. Willmot and Panjer developed difference-equation methods for mixed-
Poisson claim counts in the actuarial literature [11], and Willmot’s survey states Eq. (S3) for
the Poisson—Beta case, with 1 F} boundary values [5]. We implemented his published formulas
as printed (forward direction, negative-argument Kummer boundary values) and compared them
with our backward recurrence. Over all m < ny.x at 10 random points the two agree to at least
77.9 digits, close to the full working precision of the 80-digit comparison. Run in the published
forward direction, the recurrence needed up to approximately 466 digits of extra working precision
to remain accurate at nmax, as the stability analysis of §51.2 predicts. The actuarial papers state
the recurrence in the forward direction only, with no stability analysis or error control.

No gene-expression tool that we know of uses the three-term recurrence. The published tools
evaluate the count distribution by fixed Gauss—Jacobi quadrature (txburst [3], BPSC [16]), bypass
its evaluation with Monte-Carlo sampling [17, 18], evaluate 1 F} directly in floating point [19] or
in extended precision [20], or compute the stationary distribution numerically from the master
equation [21-23]. The nearest methodological precedent outside gene expression is Pessia and
Tang’s three-term recurrence for the ill-conditioned hypergeometric transition probabilities of the
simple birth-death process [24], a recurrence whose accuracy they tested without error bounds.

FExtended precision. The closest earlier high-precision implementation is the scModels R pack-
age [20], whose density function implements Eq. (S2), in our convention, in MPFR (the version
examined is listed in Supplementary File S7). According to its source code, the series is summed at
MPFR’s default 53-bit mantissa (extended exponent range, no extra digits) and truncated when the
last term’s absolute value drops below 10~%, with no tail bound or error policy. Against 60-digit
references its relative error is 10716-1071! across most of the parameter grid of Supplementary
File S2. At one point, (a,b,r,n) = (10, 0.1, 3000, 2900), it returns a value with relative error
4.6 x 107% and no warning, which is consistent with summing the series without a tail bound at
large r and n.

Floating-point closed forms. Sukys and Grima found their log-space 1 F; implementation “suf-
ficiently numerically stable” [19]. In Supplementary File S2 we compare our re-implementation of
that algorithm with ball-arithmetic references and find it accurate over the whole parameter grid,
an accuracy that rests on the positivity of Eq. (S2). Gorin and Pachter note that closed-form
approaches “presuppose the availability of efficient implementations” of the special functions [25].
For one widely used 1 F) routine (the scipy row of the same benchmark) that assumption fails
through underflow in part of the grid, although the routine is accurate wherever its result is finite.
In Mottes, Zhu and Brenner’s “exact stochastic kinetic models” the exactness is in the forward sim-
ulation: the fit minimizes a divergence between simulated and observed histograms by gradients
through a relaxed sampler, and no likelihood is evaluated [26].

Truncated master equations. The finite state projection method evaluates truncated-master-
equation likelihoods with a computable truncation bound [2] and has been used to fit multistate pro-
moter models to single-molecule FISH data [27]. A recent method of this type evaluates truncated-
master-equation telegraph likelihoods from single-cell RNA sequencing, dropping high-count states
at a stated error tolerance of 10~* [21, 22]. StochasticGene.jl fits promoters with any number
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of states to stationary count histograms by Bayesian sampling [23]. In these methods the stated
tolerance or projection bound controls the state-space truncation and does not bound the error of
the floating-point evaluation of the stationary distribution.

Holonomic methods. The holonomic-systems community uses exact contiguity relations and
Pfaffian systems for ;F; [28, 29]. We found no application of them to this likelihood, and the
reference list of the holonomic gradient method maintained by that community (about 49 entries)
contains no gene-expression application. To our knowledge, the telegraph likelihood had not been
evaluated with controlled error before.

S1.9 Related work on the separability of two-step and two-state count distri-
butions

Several studies have established that stationary snapshots discriminate promoter architectures
poorly. Stinchcombe, Peskin and Tranchina showed for arbitrary dwell-time distributions that
“empirical estimates of the steady-state mRNA probability mass function ... do not allow one to
distinguish between underlying models with exponential and nonexponential dwell times in some
relevant parameter regimes” [30]. Dattani, maximizing an exact multi-cycle likelihood on simulated
snapshots designed after Zoller et al., found that “good fits to the empirical distribution are not
necessarily indicative of the best parameter estimates” [31, 32]. Braichenko, Holehouse and Grima
compared telegraph-like models with a mechanistic model of mammalian transcription and found a
large parameter region where the models are “practically indistinguishable by comparison of their
transcript numbers distributions” while still separable by the shape of their waiting-time distribu-
tions [33]. Miles’s review [34] calls the phenomenon “model mimicry”, and Jiao et al. demonstrated
it for the model pair studied here [35].

Jiao et al. fitted the telegraph model to stochastically simulated refractory distributions at
625 grid points and found a divergence below 0.025 everywhere, with the small-sample Akaike
criterion selecting the wrong model in over 90 % of parameter sets at 100 cells [35]. Cao et al.
mapped the Hellinger distance between the refractory and telegraph distributions over a parameter
plane and found that the refractory model “in general, is not well approximated by the telegraph
model” [9]. That plane spans parameters at which the two distributions separate, whereas the per-
gene calculation of the main text is made at the fitted, bursty shapes of the Larsson et al. data, where
they nearly coincide. Our exact values corroborate this mimicry at the fitted shapes and make it
quantitative per gene. The earlier studies computed the separation of the two distributions at chosen
parameter points, with simulation and fitting noise in the resulting values. The calculation here
evaluates the divergence of Eq. (S16) from the exact distributions at each gene’s fitted parameters
and multiplies it by the gene’s actual cell count. The maxima of the separation over the parameter
slices through two fitted shapes, and its distribution over the genes, are given in Supplementary
File S5, and the error control of the calculation is described in § S5.4 of that file.

Gu et al. [21] gave a comparable per-gene analysis of parameter identifiability within the two-
state model, a question that presupposes the model. Gorin et al. [36] introduced cells-needed
curves for model discrimination through simulation-calibrated Bayes factors on a different model
pair. They also reported that joint measurements of unspliced and spliced transcripts improved
model distinguishability by roughly an order of magnitude, which suggests one way in which the
presence of a second OFF step could become decidable gene by gene. The cells-needed curves of
the main text are computed from the divergence of Eq. (S16), evaluated exactly, and converted to
cell numbers through the asymptotic power relation of §51.7; the error control of Supplementary
File S5 applies to the divergence, while the power of the test at a finite number of cells is known
only through that asymptotic relation.
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S2 Evaluator benchmark

This Supplementary File reports the benchmark behind the accuracy results of the main text: the
parameter grid and reference values, the six evaluation methods scored in Supplementary Table S4,
and the measured onsets of quadrature error with their ratios between node counts. It also reports
two failure modes other than quadrature and what the quadrature error implies for likelihood
values and point estimates. The later subsections cover how the constant that txburst adds inside
the logarithm changes the likelihood surface, the consequences of BPSC’s own quadrature error
for its fits and differential-expression tests, a test of the evaluator at parameter points outside its
development set, the error control of its double-precision mode, and timings. All results concern the
numerical evaluation of the stationary distribution of the telegraph model. The txburst parameters
and BPSC’s («, 3, A1) both map to (a,b,r) of Supplementary File S1 by the identity map (§S1.1
for txburst; both quadrature calls are quoted in Supplementary File S7, §57.3), which excludes
convention differences as a source of any error reported below. The three quadrature rules evaluated
are those of the published tools at fixed versions (Supplementary File S7): the 50-node rule of
txburst’s maximum-likelihood and profile-likelihood scripts, the 40-node rule of its likelihood-ratio
test script, and the 10-node rule of BPSC.

S2.1 Grid, reference and error metric

The benchmark grid has 228 cells: a logarithmic lattice with six values per axis, ko, € [0.03,12.9],
ko € [0.3,999], r € [2,10%] (216 points), plus 12 points taken from the published fits of Larsson et
al. [3]. At each cell we evaluate the count distribution as a vector over n from zero to the model’s
99.9 percent quantile (capped at n = 3,000). As the reference we use the ball-arithmetic evaluator
of the main text at 150-bit precision, unmodified. Its largest relative ball radius over the entire
grid is 1.9 x 10750, a factor of at least 4 x 103 below the smallest deviation scored, and the failures
counted here therefore do not depend on the reference’s own uncertainty.

As the error metric we take the maximum over n of the relative error of P(n) within a cell.
A cell is clean when it has no hard failure and that maximum is at most 107%; a hard failure is a
NaN, a —oo or zero, or a negative value at an n where the reference P(n) > 1073 (on this grid,
everywhere) inside the quantile range. We located the onsets of quadrature error at a fixed shape
(Kon, ko) by scanning r in multiplicative steps of 1.096 (about 10% resolution) for the two txburst
rules and in coarser logarithmic steps for BPSC’s rule. Each onset below is the first scan point over
the stated threshold; where two values are given, the smaller is the last point under it.

S2.2 The six evaluation methods

Supplementary Table S4 compares six methods with the reference. Rows 1 and 2 are the two
Gauss—Jacobi rules of txburst as implemented in its own code, the 50-node rule of the fitting and
profile scripts and the 40-node rule of the test script (Supplementary File S7, §S7.3, compares our
copies with the published scripts). Row 3 is the closed form of Eq. (S1) with the 1 F; factor from
scipy.special.hyplf1 in double precision and a prefactor that we assemble in log space. Row 4a
is a double-precision, fully log-space evaluation of the all-positive series of Eq. (S2) by per-term log-
sum-exp. It is our re-implementation of the algorithm of Sukys and Grima [19], whose Julia code
we could not run in our environment and whose concrete implementation may differ (for example
in asymptotic switches).

Row 4b is the defining alternating series summed naively in double precision. No published tool
evaluates it this way; we include it because a log-sum-exp evaluation of an alternating series would
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have to fall back to it, and the comparison with row 4a shows what the Kummer transformation to
an all-positive series contributes. Its prefactor is assembled in log space and the per-n arithmetic
order is preserved under vectorization, both choices favoring its accuracy. Row 5 is the double-
precision summation of this work (all-positive series, log-space prefactor, linear accumulation with
per-element power-of-ten rescaling), the code also used for the maximizer comparison of §52.5, and
row R is the reference.

The clean-cell counts are 153 of 228 for the 50-node rule, 140 for the 40-node rule, 175 for the
scipy closed form, 94 for the naive series, and 228 for both the log-space series and the double-
precision summation of this work. The two txburst rules reach maximum relative errors of 2.90
and 4.78 at the grid corner (0.03,0.3,10%), and the 50-node rule exceeds 10~ relative error in 75 of
the 228 cells. Rows 4a and 5 evaluate the same all-positive series: per-term log-sum-exp takes 3.4
times as long as linear accumulation with power-of-ten rescaling and accumulates about 8 times
more rounding error (1.5 x 10719 against 1.9 x 107! worst case). The errors reported for rows
1 and 2 are those of the raw density returned by the txburst rules and exclude the effect of the
constant 107! that the published likelihood adds inside the logarithm (§52.6).

S2.3 Onsets at two shapes and their ratios

We measured the onsets against the reference at the two componentwise median shapes of the
published fits, (kon, ko) = (0.426,9.45) (fibroblast) and (0.433,2.12) (mouse embryonic stem cells,
mESC). Supplementary Fig. S1 shows the published fits with the onset lines. At the fibroblast shape
the 50-node rule’s maximum relative error is 1.1 x 1072 at » = 100 and 1.7 x 10~% at r = 300,
just past the predicted onset (50/m)? ~ 253. On the scan it crosses 1079 between r = 364 (error
4.4 x 1077) and 399 at the fibroblast shape, and at r = 364 at the mESC shape. The 40-node rule
crosses between 252 (error 9.3 x 10~7) and 276 (fibroblast) and at 230 (mESC), against a prediction
of 162. BPSC’s 10-node rule leaves its double-precision floor of about 1.1 x 10~ between r = 2
and 10.99 (where its error is 2.0 x 1072 on the grid) and crosses 107¢ at r = 15.9 at both shapes,
against a prediction of 10.1.

Error at the percent level follows at roughly four to six times the 107% onset predicted by
Eq. (S7): r = 1,099 and 1,002 for the 50-node rule (fibroblast and mESC shapes), 760 and 632 for
40 nodes, and 63.4 and 50.4 for 10 nodes. As multiples of the predicted onsets (N/m)? these values
are 3.9—-4.7 for the two txburst rules and 5.0-6.3 for the BPSC rule. The onset also depends on the
Beta shape. At the grid corner with high burst frequency and low kqg, for example, the 50-node
error is already 1.3 x 107° at an r below the median-shape onsets.

Equation (S7) predicts the ratio of onsets between node counts, and the measured ratios fol-
low its N2 scaling within the scan step. Within txburst the per-pair ratios are 276/399 = 0.69
(fibroblast) and 230/364 = 0.63 (mESC) against (40/50)?> = 0.64. Across tools, languages and
quadrature libraries (Python with scipy against R with statmod) they are 15.9/399 = 0.0399 and
15.9/364 = 0.0437 against (10/50)% = 0.040. The measured onsets are 1.4-1.7 times the predicted
(N/m)2; thus Eq. (S7) sets the scale of the onset and is not an equality.

At (kon, koff, ksyn) = (0.43,30,2,000), the 99th-percentile burst-size point of the published fi-
broblast fits, the 40-node rule of the published likelihood-ratio test script carries 16% relative error
in the count distribution (the 50-node rule 4.8%). The likelihood-ratio statistics of that script
contain the rule’s quadrature error wherever r 2 230, in addition to the effect of the added con-
stant of §52.6. We measured only the error of the evaluated distribution at that point and did
not quantify its effect on the size of the test. Chen, Sheng, Xie and Jiao recommend maximum
likelihood with Gauss—Jacobi quadrature as “the preferred choice for fitting experimental data” [37]
on the basis of synthetic tests with synthesis rate k;, € [5,50] that included no accuracy comparison
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with a reference distribution. Their tested range lies below the 50-node onset r ~ 253, whereas
the 99th-percentile burst-size point is at » = 2,000, and at such synthesis rates Eq. (S7) gives the
number of nodes that a Gauss—Jacobi rule requires.

S2.4 Failure modes other than quadrature

Two of the failures in Supplementary Table S4 have causes other than quadrature error. The
double-precision closed form through scipy.special.hyp1fl (row 3) fails because an intermediate
factor leaves the representable range of double precision. The routine itself (at the version listed in
Supplementary File S7) is accurate, with relative error of about 10712 or better wherever its result
is finite. But the Kummer factor F' = 1 F (a+n;a+b+n; —r) carries the e™" suppression inside the
special function (F' = e~ "1 F1(b; a+b+n;r) by the transformation of Supplementary File S1), and F
therefore underflows double precision once log F' < —745 even though P(n) itself is a representable
probability.

The underflow of F' produces —oo log-likelihood entries in 53 of 228 cells (92,313 entries over
n). At the median-shape grid point with » = 10%, the entries at 2,851 of the 3,001 values of n
are —oo. Hence a data set containing any one of those counts has infinite negative log-likelihood
there. Near the underflow edge the failure is gradual: loss of subnormal precision yields finite
but inaccurate values, up to 94% relative error. Because the underflow happens inside the library
routine, assembling the prefactor in log space does not prevent it. Thus row 3 depends entirely on
the range and accuracy of the library’s 1 F} routine, which is the limitation of closed-form evaluation
that Gorin and Pachter point out (Supplementary File S1, §51.8).

The defining alternating series in double precision (row 4b) fails by cancellation. Its terms grow
to magnitudes of order e?” relative to the result before they fall off. With the roughly sixteen
significant digits of double precision the sum is therefore meaningless once the terms pass 106
times the result, which happens already at r = 40, the smallest scan point (relative error 8.9 x 10%).
The series returns negative values or NaN in 132 of 228 cells where the true value is representable.
It fails even at the median fitted point of the fibroblast data: at (kon, koff, ksyn) = (0.426,9.45, 36.7)
its maximum relative error is 1.3 x 10% with 3 NaN entries. The median of this error over cells,
3.0 x 10719, is small only because half the lattice has < 60, and a spot test confined to small r
would not reveal the failure.

S2.5 Likelihood values versus maximizers on synthetic data

The quadrature error is confined to the tail of the fitted parameter region. On all grid cells with
r < 300, a range containing about 90 % of the published fits, the 50-node rule has at most 3.1 x 102
relative error. The lattice has no cell at » = 300; on the finer scan of §52.3 at the fibroblast shape
the error there reaches 1.7 x 1078, The added constant changes the log-likelihood of data generated
in this range by only about 10~ nats per observation. The upper tail of the fits extends well beyond
this range (95th and 99th percentiles of » among the fibroblast fits 871 and 2,382), although the
error there tracks burst size more closely than r alone. For example, the fit at the 99th percentile
of 7, (2.44,592,2382), has a small burst size and relative error 8.7 x 10710,

Per-gene point estimates change little even on synthetic data sets with large likelihood errors.
On ten synthetic data sets of 200 cells drawn from the exact distribution, the data-set negative
log-likelihood at the true parameters is in error by 0.21-0.56 nats at parameters within the range
of the published fits and by 85.4-104.5 nats at the » = 10* bound. (Of the two sets at that bound,
the one with the larger error had 11 of its 200 counts clamped at the sampler cap of 3,000 and is
mildly off-model.) Yet on the four of those sets with the largest likelihood error, the shift between
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the maximizer of the published likelihood and that of the exact likelihood is 0.00-0.23 conditional
half-widths with a single start and 0.01-0.10 after multi-start polishing. We express these shifts in
units of the conditional intervals of the exact likelihood; profile intervals are wider, and in those
units the shifts would be smaller still.

In the two synthetic sets at the » = 10* bound both maximizers, that of the exact likelihood
included, lie at r =~ 2,800-3,800, far from the true value. The model is nearly non-identifiable
along the (kof,r) ridge there, a property of the likelihood geometry and not of the quadrature,
and this near-degeneracy probably limits how far the quadrature error can displace a single-gene
estimate. Near an optimum the quadrature error is nearly the same at neighboring parameter values
and largely cancels in the comparisons an optimizer makes, but across parameter regions it varies
systematically in sign. Hence likelihood values, and the likelihood-ratio statistics, profile intervals
and cross-gene comparisons computed from them, carry that error in full, whereas single-gene point
estimates shift only at the percent level.

S2.6 The added constant inside the logarithm

The published txburst likelihood adds 107!° to the probability of each observed count inside the
logarithm, which caps the negative log-likelihood contribution of one observation at —In 10710 =
23.026 nats. On the 228-cell grid the term is non-negligible in 39 cells, those in which the exact
P < 107 somewhere below the quantile cap. Where the model places almost no mass on the
counts evaluated, the per-observation log-likelihood is in error by up to 76.4 nats: at (kon, koft,7) =
(12.9,0.3,10%) the model mean is about 9,773, and the contributions of all counts n < 3,000 are
capped. For counts drawn from the model itself the contribution is rarely capped; the cap is reached
for off-model outliers such as doublets and dropouts, and in the evaluations far from the optimum
that an optimizer makes during a fit.

One slice along r through the likelihood surface of the synthetic 200-cell set with true parameters
(0.43,5.7,10%) shows the effect of the added constant directly. Along this slice the synthetic set’s
negative log-likelihood rises steeply toward small r, and below r & 2,800 the constant lowers it by
up to 10,625 nats (exact NLL = 12,490 against 1,866 for the published likelihood at r = 1,500).
Each observation on which the model places almost no mass contributes 23.026 nats there instead of
thousands (main text, Fig. 2a). Above r ~ 3,000 on the same slice the published surface is jagged,
with non-monotonic excursions of 10-100 nats between adjacent scan points, which is unfavorable
to line searches. The two slice minima also differ: r = 3,307 for the published likelihood against
3,579 for the exact one, about 0.6 conditional half-widths in burst size. The profile-likelihood and
test scripts of txburst evaluate the same likelihood with the same constant, which therefore affects
profile intervals and likelihood-ratio statistics as well. On the Larsson et al. data the most affected
gene is Ywhae in mESC, all of whose cells have their log-likelihood contribution capped by the
constant at the published estimate (main text and Supplementary File S3).

S2.7 Density error, bias and differential expression in BPSC

With N = 10, Eq. (S7) gives an onset at r ~ 10.1, and most of the lattice lies beyond it. In
50.9% of the lattice (110 of 216 cells) the maximum relative error exceeds 1072, in 43.5% (94 of
216) it exceeds ten percent, and the worst cell reaches 26.0. These fractions are not driven by
the low-probability tail in n: 41.7% of cells have median-over-n error above 10~2 and 40.7% have
mass-weighted error above it. Of the 12 points from the published fits, 7 exceed 1072 and 5 exceed
ten percent, while at the two medians the error is small (r = 36.7: 6.8 x 107%; r = 9.4: 4.2 x107%).
The lattice fraction is thus dominated by its high-r half, and among the published fits the tail from
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the 95th percentile upward is affected while the median gene is not.

Fits of real data with BPSC’s own fitter (estimateBP) reach the affected region, where the
error exceeds 1072. With this fitter we obtained, on 20 genes of the Larsson et al. mESC data,
A1 = 13.5-74.9 for the ordinary genes (mean expression 4-18), values that straddle the percent-error
line at r ~ 50.4-63.4, and \; = 337 (Malatl) and 987 (Abcb10) well past it. The binned fitting
objective of estimateBP is also affected, although the 10-node rule conserves total probability and
only redistributes it across n: at (kon, ko, 7) = (0.426,9.45,300) with BPSC’s own bins the per-bin
relative errors run 1%-34% (for example +34% on the bin (70, 81.7], a high-count bin).

Fits in the affected region can be biased by a factor of 2-3: at true parameters (A1, A2) = (300, 1),
Ao being BPSC’s count-scale parameter, the published fitter returns A\; &~ 90-170 with Ao ~ 1.1—
2.0, compensating along the ridge of constant mean. The quadrature error is confounded here with
the fitting criterion, since estimateBP’s binned-deviance objective is not maximum likelihood even
with an exact density. We therefore attribute the bias to fitting in the affected region and not to
quadrature alone.

BPSC’s differential-expression P values are nevertheless largely insensitive to the density error,
because its test (BPglm) does not evaluate the density. The fitted parameters enter the test only
through the quasi-likelihood variance shape V(1) = Aap + ¢op? with ¢ = 8/(a(a+ B+ 1)) (file
and lines in Supplementary File S7), A; does not enter the generalized linear model, and the fit of
that model re-estimates the quasi-dispersion, which absorbs most of the residual parameter error.
We probed this mechanism, without attempting a systematic study, in 50 simulated experiments
with 200 control and 200 treated cells each and counts drawn from the exact distribution. They
comprise 20 null and 20 alternative experiments at » = 300 in the affected region, and 5 of each at
r = 8 as an accurate-region control (25 null and 25 alternative in all).

When we replaced BPSC’s fit with a maximum-likelihood fit under the exact likelihood, 0 of
50 calls changed at the 0.05 level: with either fit no null experiment was called significant and
all alternative experiments were. The null P values changed little: in the 20 affected-region null
experiments the median |Alog;, P| is 2.5 x 107% and the maximum 2.8 x 107, and the largest
across all 25 null experiments is 3.8 x 107°. In the 20 affected-region alternative experiments the
P values moved by a median of 3.7 x 107 in log;o. The largest change, 4.76, is between a Welch
t-test P and a quasi-likelihood P, because the published fit did not converge in that experiment, in
which case BPglm falls back to a t-test. Across the other 49 experiments the largest change among
the alternative experiments is 7.7 x 1073, A further 10 experiments with new random draws gave
the same result (0 of 60 calls changed in all). Because the exact-likelihood version changes both
the density evaluation and the estimation procedure, this comparison measures their joint effect
and does not isolate the effect of the quadrature.

We did not test the goodness-of-fit and model-selection outputs of estimateBP (its X2, P value
and Akaike criterion). They use the density directly, and the parameter bias above suggests but
does not show that they are affected. We also did not test BPSC’s Monte-Carlo null procedure, its
zero-inflated five-parameter model, multi-group or batch designs, power and type-I error beyond
these 60 experiments, or non-integer normalized inputs (FPKM or TPM). Such inputs are fitted
with Ao < 1, which raises the effective A\; and may push real fits deeper into the affected region
than integer counts suggest.

S2.8 Further accuracy tests and double-precision error control

We tested the evaluator on 19 parameter points not used during its development (Supplementary
File S7): 12 random points in the benchmark lattice, four on its edges, two at keyn = 104, and a
point in the region where Arb’s native 1 F; returns NaN (Supplementary File S1). We compared the
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evaluator’s output with two independent evaluations, one in multiprecision arithmetic at 60 decimal
digits and one in ball arithmetic at 220 bits, the latter by ball overlap. The minimum agreement is
57.5 digits against a requirement of 40, with the 60-digit precision of the multiprecision evaluation
capping the measurable agreement near 60. All ball overlaps hold, and the largest relative radius
of any ball is 6.3 x 10772,

For the double-precision summation we compute an a priori error bound for each entry and re-
turn no double-precision value under four conditions: a bound above 10~'2, non-convergence of the
series, log P < —700, or any non-finite value. The vector is then recomputed by the multiprecision
implementation at two working precisions, whose results must agree at each n. We tested these
conditions on the 228-cell benchmark grid, where 44,804 entries in 55 cells deviate from the refer-
ence balls by more than 107'2. The number of those cells that meet none of the four conditions,
and therefore escape recomputation, is zero. The a priori bound holds entry by entry (worst ratio
of deviation to bound 0.652), and 96 of 228 cells (42%) are recomputed. Cells accepted in double
precision have maximum deviation 2.15 x 1073, and the worst deviation anywhere is 8.96 x 10712,
The four conditions are empirical safeguards, however, and do not prove that an accepted value is
accurate: in an earlier version of the double-precision code, since corrected, a loglp argument near
—1 at @ < b produced a deviation of 3.1 x 10712 at (Ko, ko) = (0.03,999) that met none of them.

S2.9 Timing

Wall times are single-core medians over the 216 lattice points for a full vector n = 0,...,501—1
(Supplementary Table S4). The ball reference costs 11.7 ms per 501-point vector, 6.4 times the
double-precision summation of this work (1.85 ms) and 8.3 times the published 50-node rule (1.41
ms) in the run reported in the table. In a second run the medians changed by factors of 0.7-1.15
and these two ratios became 5.5 and 5.1, so the ratios should be read as single-digit multiples whose
exact values vary between runs. Thus the exact evaluation is several times slower than the 50-node
rule but remains fast enough to be run once for each gene of a data set (Supplementary File S3).
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Table S4: Six ways of evaluating the telegraph count distribution against the exact reference over
the 228-point parameter grid. The two published Gauss-Jacobi rules leave 1076 relative error
past ksyn ~ 364-399 (50 nodes) and 252-276 (40 nodes) at the median fibroblast shape and reach
relative errors of 2.90 and 4.78 at the grid corner. The double-precision closed form returns —oo
in 53 cells where the probability is representable, and the naive alternating series fails from the
smallest scan point. The all-positive series in double precision (rows 4a and 5) and the ball reference
are clean on all 228 cells. Grid, reference, error metric and onset definition as in Methods. “ms”
is the single-core median wall time over the grid for a 501-count vector; “largest” and “median
error” are the maximum and the median over cells of the per-cell maximum relative error. The
next two columns count cells whose error exceeds 1076 and 1072; the onsets quoted above are the
scan brackets of kgy, at the median fibroblast shape where the error first exceeds 10~°. Timing is
reproducible run to run within a factor below two, so the timing ratios are single-digit multiples,
not constants. Hard failure: not-a-number, —oo or zero, or negative probability at a count where
the exact P(n) > 1073%,

# method; provenance ms largest error median error > 1076 > 10=2 hard failures

1 txburst maximum likelihood, 50- 1.41 2.90 2.0 x 10710 75/228 58/228 0
node Gauss—Jacobi; their code [a]

2 txburst hypothesis test, 40-node 1.14 4.78 1.6 x 10710 88/228 62/228 0
Gauss—Jacobi; their code [b]

3 closed form, general-purpose 1F; 0.20 0.94 (finite) 4.6 x 10713 53/228 50/228 —oco where P is rep-
in float64; their routine, our as- resentable in 53 cells
sembly [c] (92,313 counts)

4a log-space  Kummer-transformed 6.20 1.5 x 10710 7.8 x 10713 0/228 0/228 0

1F1, float64, the method of [19];
our re-implementation [d]

4b naive float64 alternating series; 2.80 5.0 x 10270 3.0 x 10710 63/157 62/157 132 cells not-a-number
nobody’s published code [e] or negative; 71 total loss
5 this work’s double-precision sum- 1.85 1.9 x 10~ 11 52x 10713 0/228 0/228 0

mation (positive series, rescaled
accumulation); our method [f]

R ball arithmetic at 150 bits, the ref- 11.7 0 (radius < 1.9 x 1070) 0
erence; our method [g]

[a] The zero-change vendoring of the maximum-likelihood script of txburst at the fixed version of Supplementary File S7,
confirmed identical to the published script on 20 genes of the repository data (no parameter differs). The table maps the raw
quadrature density; the published likelihood also adds 10~ 19 inside the logarithm, whose effect is additional to the error shown
here. [b] A line-for-line copy of the density function of the hypothesis-testing script of txburst (Supplementary File S7), its
40-node rule. [c] The special-function call is the double-precision 1 F; of scipy (version in Supplementary File S7) on the defining
closed form; the prefactor is assembled in logarithms, so every failure in this row is the routine’s factor underflowing or losing
digits. At the median shape the method is clean over the lower part of the scan and returns —oo above it (Supplementary
File S2). [d] Sukys and Grima call a log-1F1 implementation in Julia that we could not run in this environment; this row
measures the algorithm (a fully log-space evaluation of the Kummer-transformed all-positive series) and not their binary. [e]
Nobody’s published code: the defining alternating series summed in double precision, included to quantify why the Kummer
transformation is essential. [f] All-positive Kummer-transformed series, log-space prefactor, linear accumulation with per-
element rescaling; identical on five comparison cells to the double-precision evaluator used for the error map. [g] The exact
evaluator of the main text, used unmodified.
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S3 Re-evaluation of the published fits

This Supplementary File reports in full the re-evaluation of the published txburst fits of Larsson et
al. [3] in their three combinations of data set and allele (primary mouse fibroblasts with the C57
and with the CAST allele, and mouse embryonic stem cells, mESC, with the CAST allele). The
analysis plan was specified before any statistic reported here had been computed, and §53.1 sum-
marizes it and tabulates the deviations from it. The later subsections report the likelihood values
at the published parameters, the point-estimate shifts, the quality-call changes, an exploratory per-
centile comparison and the genes the published code cannot re-fit, followed by the profile-interval
decomposition, the Monte-Carlo coverage of the published intervals and the corrected per-gene
tables.

All results in this Supplementary File concern the numerics of the telegraph model as imple-
mented in txburst on these three data sets. We did not test whether any biological conclusion of
Larsson et al. changes with the corrected numbers. Throughout, “the quality filter” is the filter built
into the published code and “filter-passing genes” are the 20,201 genes it retains (7,19147,186+5,824
in the three data sets). The CAST-allele mESC count file in the txburst repository lists each of
its 94 cells twice (188 columns). The published mESC fits were produced on that doubled matrix
and are examined as published, whereas all exact evaluations, re-fits, intervals and per-gene entries
reported here use each cell once (main text, Methods). On both sides of every mESC likelihood
comparison the likelihood is evaluated on the 94 unique cells. The published parameter values and
quality calls, which the authors obtained on the 188-column file, enter only as points at which both
likelihoods are evaluated or as calls compared with calls, and they are invariant to the duplication
up to optimizer tolerance. No likelihood value, statistic or interval computed on 188 columns is
used.

S3.1 Pre-specified design

We tested whether replacing the published likelihood (the 50-node quadrature with 107!° added
to each per-cell probability) by the exact likelihood changes the likelihood values, profile intervals,
point estimates or quality calls of the published fits. The re-evaluation covers the 32,376 finite
published fits in the three combinations of data set and allele (224 fibroblast and 94 mESC cells)
and, for re-fitting, the 20,201 filter-passing genes, at the txburst version fixed in Supplementary
File S7. Both likelihoods are evaluated under identical parameter conventions (§51.1). We fixed the
analysis plan on 2026-07-08, before any statistic reported below had been computed on the data.
Two computations had been run on the data before then, neither of which produced such a statistic:
a timing measurement on twenty fibroblast genes whose likelihood values were not used and the
comparison of optimizer versions described in Supplementary File S7 (§57.2). Supplementary
Table S5 lists all later changes to the plan.

The first primary endpoint was the likelihood value at the published estimate. For each fit g
we defined D(g) = NLLpy, — NLLexact, both terms evaluated at the published maximum-likelihood
estimate, and called the fit discrepant when |D| exceeds one nat. Calling a fit discrepant required
in addition that the exact value had been evaluated in ball arithmetic, with relative radius below
1072% and with a radius below a fixed fraction of |D| (§53.2). We made that evaluation for all
discrepant fits, for all fits with |D| between 0.5 and one nat, and for a random one percent of each
data set. We predicted in the plan that discrepant fits would concentrate in the large-synthesis-rate
region or among fits with cells on the added constant, with |D| of order 0.5-13 nats. That region
is ksyn > 500, burst size at or above the ninety-fifth percentile of the data set, or a parameter
at an optimizer bound (main text, Methods). In particular, we expected almost no discrepant
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fits in the accurate region (fits with ks, < 300 and without cells on the constant), and specified
that discrepant fits found there would trigger the stopping rule described below. We counted the
prediction as confirmed if at least 10 discrepant fits existed and at least 80% of them lay in the
large-synthesis-rate region or had cells on the constant.

The second primary endpoint was the set of profile intervals of the one data set for which
intervals were published, fibroblast CAST (7,186 genes). We separated two effects: the likelihood
effect, CI(Lexact,t) against CI(Lpyup,t) at a fixed threshold ¢, and the cutoff effect, CI(L,3.8415)
against CI(L,1.9207) under a fixed likelihood L (main text, Methods). All four intervals of a
parameter are read off one stored profile curve per likelihood, with no re-fit between thresholds.
We called an interval endpoint moved when it changed by more than 10%, and tallied moves above
50% separately. The criterion for the likelihood effect was that at least 5% of the large-synthesis-
rate region’s profiled genes had an endpoint moved by more than 10%. The criterion for the cutoff
effect was that the measured half-width widening of the non-truncated majority agree with the
factor 1.414 of the quadratic regime, apart from the deviations expected for ridge-shaped profiles.
Because the published intervals had been computed under an older scipy version, we also re-ran
the published profile code on 200 randomly chosen genes under the current library (§53.7). Genes
not reproduced within 20% were set aside, and if more than 50% had failed we would have replaced
the published intervals in the comparison by recomputed ones (the interval-reproduction fallback).

In the first of two secondary analyses we re-fitted all filter-passing genes under both likelihoods
with one fixed multi-start scheme and measured the shift between the two estimates in conditional
half-widths of the exact likelihood (§S3.3). We expected shifts below one half-width for the large
majority of genes, and set the threshold for asserting per-gene misestimation at more than one gene
in twenty shifting by more than one half-width after per-gene re-evaluation and ridge separation.
Second, we re-applied the published quality filter to the exact re-fits and counted the changed
calls by direction and stratum. We specified that if the changed calls exceeded 1% of the filter-
passing genes of a data set, each change would be re-evaluated and classified as numerics-driven
(the published-likelihood optimum worse than the exact-likelihood optimum by more than 0.1
nats in exact negative log-likelihood), ridge-ambiguous, or non-identifiable with both interval scans
truncated at the bounds. In addition, as an exploratory analysis without a decision rule, we
compared the burst-size percentiles of the published fits with those of the exact re-fits, with gene-
level bootstrap intervals.

Besides the interval-reproduction fallback we distinguished three possible outcomes and ex-
pected the default one. In the default outcome, point estimates move by less than their intervals,
and the claims then concern likelihood values, tests and intervals, with no per-gene misestimation
asserted. In the reduced outcome, which applied if fewer than 10 discrepant fits were found or the
regional prediction failed, the statement about likelihood values is dropped and the conclusions rest
on the interval results alone. The third outcome, no conclusion about the likelihood evaluation on
these data, applied if in addition no profile endpoint in the large-synthesis-rate region moved. All
outcomes were subject to a stopping rule with three conditions: a disagreement above 1075 nats
at a reported point between the ball value and the double-precision evaluation of Supplementary
File S2 (§52.8), which serves inside the optimizer as a surrogate for the ball value; a ball still failing
the 10~2° criterion after a precision increase; or discrepant fits in the accurate region. When any of
the three occurred, the analysis stopped until the cause was found, and our own code was examined
first. Finally, we excluded in advance any statement on cell-to-cell heterogeneity, technical noise or
dropout, and credited the three-term recurrence to Willmot [5].
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Deviations from the pre-specified plan

The deviation log has eight entries and six clarifications, listed as nine rows in Supplementary
Table S5. Seven of the rows list changes or clarifications that settle points of implementation and
were made before any result had been computed. The first two of these rows describe the choices
on which §S3.7 relies. One entry was made during the analysis before any value was reported,
and one (row 8) after all results, when the mESC analysis was re-run with each cell counted once
(main text, Methods). A tenth row records the entry made after all results during the review of
the manuscript, the profile convention of §S3.9.

The entry made during the analysis (row 7) concerns the one time the stopping rule was trig-
gered. At Lyz2 in fibroblast C57 (220 cells, one outlier cell at n = 156) the ball value of the
log-likelihood differed from the correct surrogate value by 1.22 x 1073 nats. The cause was our
own summation step, which converted each ball to double precision before taking the logarithm,
and in double precision the outlier cell’s probability of 1.5 x 107322 is subnormal, with about two
significant bits. We moved the summation into ball arithmetic, re-evaluated all values accepted
until then (largest correction 2.3 x 10713 nats), and changed the stopping rule: after a surrogate
disagreement the likelihood is first recomputed with the multiprecision implementation, and the
analysis stops only if that value also disagrees with the ball.

Table S5: Deviations from the pre-specified plan of the re-evaluation
(§5S3.1). One row per numbered entry of the archived deviation log, in
the log’s numbering, a row for the log’s six clarifications and a last row
for the entry made during the review of the manuscript. “Stage” places
each entry relative to the endpoints.

No. Date Stage Change Reason Effect on results
1 not dated in  before any Profile scans continued past The plan’s rule None on the
the log endpoint the published stopping that both 200-gene
point, which lies below thresholds are read  reproduction test,
t = 3.8415, and each off one stored curve  which runs the
endpoint left undefined on needs the longer published
its own when its scan. procedure without
interpolation fails (the these changes. The
published code then voids endpoint rule
both). applies identically
under both
likelihoods.
2 not dated before any Inner ksyn bound of the The Published-
(found in a endpoint exact-likelihood profile scans  double-precision likelihood scans
test before set to 10, the surrogate is tested unchanged. Six
the analysis) maximum-likelihood bound, up to keyn = 10? genes reached the
in place of the profile code’s  only and overflows bound (§S3.7),
10*%, with scans approaching far above it. none affecting the
it marked for the criterion.
multiprecision
implementation.
3 not dated in  before any Our copy of the published The plan’s file list None.
the log endpoint profile script omitted it.

(Supplementary File S7)
added to the input files
listed with checksums.
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Table S5: Deviations from the pre-specified plan of the re-evaluation

(continued).
No. Date Stage Change Reason Effect on results
4 not dated in  before any Scan centers fixed: The plan named no  None. Each curve
the log endpoint published-likelihood curves center. profiles around its
centered at the published own optimum, as in
estimate, exact-likelihood the published
curves at the exact re-fit. procedure.

5 not dated in  before any The exploratory Exploratory, None.

the log endpoint likelihood-ratio measurement  without a decision Supplementary
on the 40-node rule of the rule. File S2 (§S2.3)
published test script was not gives that rule’s
carried out. onset instead.

6 not dated in  before any “Cell on the added constant” The plan used the Defines the count

the log endpoint given an operational term without a of 199 such fits
definition: published per-cell  threshold. (§S3.2).
probability at or below 1078,

7 2026-07-08 during the (a) Log-likelihood of the ball ~ The stopping rule All values accepted
analysis: values summed in ball was triggered at until then
likelihood- arithmetic, no longer after Lyz2 (fibroblast re-evaluated,
value and re-fit conversion to double C57) by the largest correction
results existed, precision. (b) After a conversion, which 2.3 x 1073 nats.
no value had surrogate disagreement lost accuracy on Thresholds and
been reported above 107% nats the one subnormal endpoints

likelihood is first recomputed  probability. The unchanged, no later
with the multiprecision surrogate and the stop, no precision
implementation, and the ball evaluation increase.

analysis stops only if that were correct.

value also disagrees.

8 2026-09-09 after all The mESC CAST analysis Duplicated columns The main text and

endpoints re-run on a count file with found in the the Supplementary
each of the 94 cells once (the repository file; the Files print the
repository file lists each repository’s later de-duplicated
twice, 188 columns). The correction covered values. Endpoints,
published fits, made on the the C57 file only. thresholds, random
doubled matrix, examined as draws and rules
published. unchanged (main

text, Methods).

9 not dated in  before any Six points the plan left Interpretation only, None. The plan’s

the log endpoint implicit, among them: with no change of fallback for the

region membership evaluated
among filter-passing genes
with each data set’s
ninety-fifth percentile, each
re-fit under one likelihood
started from the single-start
optimum under the other,
and the random sample
drawn per data set.

procedure.

case that the
profile scans proved
too expensive to
compute was not
needed.
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Table S5: Deviations from the pre-specified plan of the re-evaluation

(continued).
No. Date Stage Change Reason Effect on results
10 2026-09-26 after all The profile at each fixed The The reference of
endpoints, value of the profiled quantity negative-binomial 3,137 rows moved
during the taken over the closure of the law is a member of  to the closure
review of the telegraph family, the the fitted family, minimum, against
manuscript negative-binomial limit at and the plan’s box which 12,512
kot — 00 competing with on kog is a crossing endpoints
the interior optimum over numerical lie above the cutoff
the nuisance parameters; convenience. and are
endpoints attained at that conservative
limit noted, not marked (§S3.9). Endpoint
(§53.9). values unchanged.

All pre-specified criteria were met (§53.2 to §53.8), the published intervals were reproduced
under the current library, and point estimates moved by less than their intervals, which is the default
outcome. The quality-call changes were almost all ridge or bound effects, and the exploratory
percentile comparison showed no bias attributable to the likelihood evaluation. The verbatim plan,
its deviation log and the plan-versus-outcome table are in the archive of Supplementary File S7
(§57.5) as S3_plan_verbatim.txt (SHA-256 122cca4de0cO...), S3_deviations_verbatim.txt
(0feb0e704527...) and S3_plan_vs_outcome_verbatim.txt (905107e82fac...).

Across the re-evaluation we made 76,115 exact evaluations, whose largest relative radius was
4.2 x 10747 against the 10725 criterion, and the largest deviation of the double-precision surrogate
from a ball at a reported point was 1.2x 10~? nats against the 1076 threshold. In addition, each gene
with a reported likelihood discrepancy, quality-call change, shift above one half-width (including
genes outside the filter) or interval-endpoint move was re-evaluated under both likelihoods, with
ball evaluation at both optima and at the published point. These re-evaluations number 2,732 in
all, with overlaps between the four sets removed.

S3.2 Likelihood values at the published parameters

For all 32,376 finite published fits we evaluated the exact negative log-likelihood of the telegraph
model [4] at the published maximum-likelihood estimate itself. The 32,381 rows of the fit files also
hold genes whose published fit is undefined (Pigp in fibroblast C57 and Btg2, Fut8, Ppmel and
Tgfb1 in fibroblast CAST), which are excluded from all counts. With D(g) = NLLpub —NLLexact as
in §53.1, where NLL,;, is the published code’s value at the same point, we call a fit discrepant when
|D| exceeds one nat with a ball radius below 1073 of |D|. At the published parameters we find 205
discrepant fits (88, 86 and 31 in fibroblast C57, fibroblast CAST and mESC CAST; Supplementary
Table S6), of which 199 have at least one cell on the added constant, a “capped” cell, operationally
one whose published per-cell probability is at or below 1078,

The likelihood-value criterion of §S3.1 (at least 10 discrepant fits, at least 80% of them in
the large-synthesis-rate region or with capped cells) is met: 100% of the discrepant fits lie in
that region or have capped cells, or 97.6% under the strictest literal reading. The double-precision
evaluation alone already finds 200 of the discrepant fits; the exceptions are five genes with published
ksyn = 2.5 x 10%-1.4 x 10°, above the range over which that evaluation was tested, for which only
the ball value exists.

In 200 of the 205 discrepant fits the published negative log-likelihood is the lower one (D < 0),
and for the 199 of them with capped cells the mechanism is the added constant and not the
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Table S6: Published fits whose log-likelihood at their own parameters differs from the exact value
by more than one nat, by data set. D = fexact — {published i negative-log-likelihood units, so D < 0
means the published code reports a better fit than the exact likelihood permits; a fit “has cells on
the constant” when at least one cell’s published probability is small enough for the added 100
to control its logarithm. In 200 of the 205 fits D < 0; 194 of them sit at published kg, < 300
with cells on the constant, and the quadrature mechanism accounts for about six fits at large kgyn
(largest +61.6 nats). These are statements about likelihood values at the published parameters,
not about the estimates; mESC cells are counted once.

data set fits with |D| > 1  with cells on constant median |D| (nats) extreme D (nats)
fibroblast, C57 allele 88 85 14.0 —669.5 (Lyz2)
fibroblast, CAST allele 86 83 14.4 —201.8 (Ap2a2)
mESC, CAST allele 31 31 11.4 —4,826.9 ( Ywhae)
total 205 199

quadrature. The 107'% added inside the logarithm replaces the large per-cell penalties that the exact
likelihood assigns to counts the model cannot produce at those parameters. Hence the published
code reports a log-likelihood above the exact value, by up to 4,826.9 nats ( Ywhae, mESC, all 94
cells capped). The next largest are Bub1b (D = —1,081.1, 70 of 91 cells capped) and Lyz2 (—669.5
from a single capped cell, the n = 156 outlier among 220). The median |D| among discrepant fits
is 14.0, 14.4 and 11.4 nats in the three data sets, whose largest discrepancies are those of Lyz2,
Ap2a2 (D = —201.8) and Ywhae respectively.

We had predicted quadrature under-resolution, with discrepant fits setting in near keyn ~ 800
and |D| of 0.5-13 nats, and the pre-specified criterion was met, but most discrepant fits arose by a
different mechanism. The predicted population exists but is small: about six high-ksy, discrepant
fits, none of them with capped cells, are likely attributable to the quadrature. Their | D| lies between
2.4 and 61.6 nats (the largest for Nsf), and five of these fits, including Czcl14, have D > 0. Instead,
94.6% of the discrepant fits at the published parameters (194 of 205) are low-kgy, genes (published
ksyn < 300), all 194 with capped cells (Supplementary Fig. S1), and their largest discrepancies far
exceed the predicted range. For 98.8% of fits the published likelihood value is accurate to better
than 1073 nats (median |D| about 2 x 10~7), consistent with the estimate of Supplementary File S2
(§52.5) that about 90% of the published fits need no correction. Thus the discrepancies at the
published parameters are confined to an identifiable tail of 205 genes, and any likelihood-ratio test
or model comparison that uses the published likelihood values of those genes is affected by the same
amounts. These discrepancies concern the likelihood value at the published estimate, whereas the
estimates themselves move by less than their intervals (§S3.3).

S3.3 Point-estimate shifts and the Krt10 case

We re-fitted all 20,201 filter-passing genes under both likelihoods with an identical multi-start
procedure and a fixed scipy version (Supplementary File S7). In all, 12 genes (0.059%; four, six
and two in the three data sets) move by more than one conditional half-width. The median shifts
are 2.2 x 1077-2.6 x 10~7 half-widths in burst size and 9.7 x 1077-4.6 x 1076 in kopn, that is, median
burst-size shifts of 6 x 1075-7 x 1076 percent. Because conditional intervals are narrower than
profile intervals, this unit can only overstate a shift, and even so 99.94% of filter-passing genes
shift by less than one half-width. Under the design of §53.1 this is the default outcome, and no
published parameter value is called misestimated.

The single extreme case is fibroblast-CAST Krt10 (filter-passing, outside the large-synthesis-
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rate region, 127 cells), which shifts ko, by 2,274.6 half-widths (Supplementary Fig. S2). The
mechanism is a second optimum of the published likelihood at a negative value of the negative
log-likelihood, which is impossible for a probability mass function and arises when the quadrature
returns per-cell “probabilities” above one. The re-fit under the published likelihood converges to
(Kon, koff, ksyn) = (75.98, 1000, 1.0) with published NLL = —36.5, a line-search trial value stored
by the optimizer; direct re-evaluation of the published likelihood at that point gives —35.431, also
negative. The exact NLL at the same point is 68.6, which is 28.8 nats worse than the optimum of
the exact likelihood (NLL = 39.810 at (0.04754, 73.74, 208.86)), and the two estimates of ko, differ
by a factor of about 1,600. The published quality filter would discard this re-fit, and we describe
it only to illustrate the second optimum that the quadrature error creates.

S3.4 Quality-call changes and their decomposition

Re-applying the published quality filter to the exact re-fits changes the call for 5.03%, 4.81% and
6.89% of filter-passing genes in the three data sets (362, 346 and 380 genes, 1,088 in all; for mESC
the denominator is the set the committed rule keeps). The published mESC calls were made with an
earlier version of the filter, without its ksyn > 1 criterion, and differ from the committed rule at 312
genes; the mESC count above applies the committed rule on both sides, whereas the count against
the calls as published is 676 (1,384 changes in all). All three fractions exceed the pre-specified 1%
reporting threshold (§S3.1). We re-evaluated and classified all 1,384 genes of this as-run set, and
Supplementary Table S7 gives their decomposition; the like-for-like mESC set is not decomposed
separately.

Of the changes, 772 (55.8%) are ridge-ambiguous: the signed difference AN, the exact negative
log-likelihood at the published-likelihood optimum minus that at the exact-likelihood optimum,
is at most 0.1 nats. Over all changed calls the median |[AN| is 7.9 x 107! and the ninety-fifth
percentile 7.6 x 10~7. In this class the two optima have, for almost all genes, the same likelihood
to numerical accuracy, which suggests that the call changes because small moves along the flat
(Kof, ksyn) ridge cross the filter’s thresholds. A further 606 (43.8%) are practically non-identifiable
in the profile-likelihood sense [38], with both interval scans truncated at the optimizer bounds,
where the usual chi-square calibration of the interval does not hold [14].

Only 6 genes (0.4% of changes, 0.03% of filter-passing genes), all fibroblast, are numerics-
driven, that is, have AN above 0.1 nats: Serpina3g (AN = 78.23 nats, capped cells), Lrp6 (12.56,
capped), Cd276 (8.94, capped), Rpl13a (0.107), Zc3h6 (0.168) and Prdmi15 (0.106). The three
large differences belong to the genes with capped cells and are therefore produced by the added
constant (§53.2). Altogether 17 changes have |AN| > 0.05 nats, 10 of them with AN < 0, meaning
that the exact-likelihood optimum is the worse one and the change does not reflect an error of the
published likelihood. In the mESC data set the change with the largest |AN|, Bmp2k at 0.613
nats, has AN < 0 and is classed ridge-ambiguous by the signed rule AN < 0.1. As a pre-specified
descriptive statistic we also computed the fraction of the published fits at the upper k.g bound
that move more than 0.1% off the bound under the exact likelihood. That fraction is 78.1%, 77.8%
and 72.3% in the three data sets.

S3.5 Exploratory percentile comparison

In the like-for-like comparison, with both likelihoods re-fitted under the same fixed scipy ver-
sion, the burst-size percentile differences between the two re-fits are consistent with zero at all
percentiles in all three data sets (the gene-level bootstrap intervals include zero). An offset be-
tween the published fits themselves and the exact re-fits remains in the mESC tail (ninety-ninth-
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Table S7: Quality-filter calls that change when the published quality filter is re-applied to the
exact-likelihood re-fit, over the 20,201 genes passing the original filter, and their decomposition
with the thresholds of the analysis plan (Supplementary File S3). A change is numerics-driven
when the exactly evaluated log-likelihood difference between the two optima exceeds the tolerance
of the plan, non-identifiable when the interval scans of both optima truncate at the parameter
bounds, and ridge-ambiguous otherwise. All but six of the 1,384 changes are ridge-ambiguous or
non-identifiable; six genes change for likelihood reasons. The raw fractions are meaningful only
together with this decomposition. The mESC row counts the published calls, which were made
with an earlier version of the filter, against the committed rule on the re-fit; with the committed
rule applied on both sides the mESC count is 380 (6.89% of the genes that rule keeps) and the
pooled count 1,088 (§ S3.4), whose decomposition is not re-derived.

data set changed % of passing genes ridge-ambiguous non-identifiable numerics-driven
fibroblast, C57 allele 362 5.03 275 83 4
fibroblast, CAST allele 346 4.81 270 74 2
mESC, CAST allele 676 11.61 227 449 0
total 1,384 772 606 6

percentile difference +9.71 [43.40, +-33.37]), whereas the fibroblast ninety-ninth-percentile offsets,
—1.81 [-6.12, +1.55] and —1.14 [—2.65, +4.15], include zero. Because the like-for-like comparison
is null, this mESC offset is most likely due to the older optimizer version under which the published
fits were made and not to the likelihood evaluation.

S3.6 Genes the published code cannot re-fit

Under the fixed scipy version the published code cannot re-fit 46 genes (3, 3 and 40 in the three
data sets). When the optimizer reaches large (kon, ko) inside the parameter bounds, the banded
eigenvalue routine that constructs the Gauss—Jacobi nodes overflows and raises an error. The
limitation lies in the published code at that library version and does not affect the exact evaluation.
None of the 46 passes the quality filter. Therefore the filter-passing statistics are unaffected.
Supplementary Table S8 lists these genes, which are excluded from all denominators.

Table S8: The 46 genes the published code cannot re-fit under the fixed library version (§53.6).
None passes the published quality filter.

data set genes

fibroblast, C57 allele Atplic, Chkb, Flil

fibroblast, CAST allele Dul3, Flil, Lipol

mESC, CAST allele Ado, Aoah, Arlls, Atznl, B4galt7, B9d2, Bex2, Ccdc163, Cnnm/, Dmd,
Dnajc6, Dpysl2, Fratl, Gm5779, Hhex, Hps3, Itpripll, Lpcatl, Pgrmcl, Phos-
pho2, PIk3, Polg2, Praf2, Qtrtdl, Rfwd2, Rnf122, Rnf165, Rtkn2, Sigirr,
Tmsb15b1, Tmsb1502, Tsix, Ublcpl, Ypell, Zfp280c, Zfp317, Zfp335, Zfp58,
Zfp617, Zfp948

S3.7 Profile-interval decomposition and its stability

The likelihood effect on the profile intervals is measured on the one Larsson et al. data set with
published profile-likelihood output, the 7,186 fibroblast-CAST genes of the published profile table.
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For each gene and each of the two profiled parameters we recomputed the profile curve with the
published scan procedure (constrained two-parameter re-fits along the parameter grid, cubic or
linear endpoint interpolation as published), once under the published likelihood Ly, and once
under the exact likelihood Leyact, €ach curve centered on its own likelihood’s optimum. Each curve
is stored once and read at both thresholds ¢ € {1.921, 3.841}. The likelihood effect is CI(Lexact,t)
against CI(Lpyup, t) at fixed ¢t. The cutoff effect, CI(L, 3.841) against CI(L,1.921) at fixed L, involves
no re-fit between thresholds and therefore has no re-fitting error once the curve is stored. Because
the decomposition is in principle path-dependent, we give the likelihood effect at both thresholds
and the cutoff effect under both likelihoods below.

Two implementation choices, the first two rows of Supplementary Table S5, enter the profile-
interval decomposition. The published scan stops before ¢ = 3.841 can be read, and we therefore
ran the published step procedure with its stopping criterion evaluated at the higher threshold. In
the exact-likelihood scans we bounded the inner kg, search at 104, the maximum-likelihood bound
(the published scans allow 10'9), because the double-precision surrogate for Leyaet is tested only up
to that bound. Six genes reached it (Akric18, Cyp1b1, Frmdja, Ifit2, Mrpl36, Pabpcl), and none
of them affects whether the pre-specified criterion below is met. To control for the library version
we also re-ran the published profile code on a fixed 200-gene random subsample under the current
scipy. Of these genes, nine (4.5%) were not reproduced within 20% and are excluded as version-
confounded from all later counts (four of the nine would otherwise count as moved). This failure
rate is far below the 50% threshold of the pre-specified interval-reproduction fallback (§S3.1).

At the correct cutoff the exact-likelihood endpoints are those of the corrected tables (§53.9),
whose re-certification over the closure of the family moved 926 endpoints of the three tables inward
and 42,628 outward, and the published-likelihood endpoints are read off the stored scans as planned.
At the correct cutoff t = 3.841, 2,066 of 7,177 non-confounded genes (28.8%) have a burst-frequency
(kon) or burst-size endpoint moved by more than 10% between the two likelihoods (1,142 genes for
Kon, 1,574 for burst size), and 309 genes move an endpoint by more than 50%. In the large-synthesis-
rate region (§53.1; the ninety-fifth-percentile burst size is 18.4 in this data set), 413 of 1,030 profiled
genes, 40.1%, have a moved endpoint (176 a k., endpoint, 314 a burst-size endpoint). The share
thus meets the pre-specified criterion of at least 5%. It also does so under the two alternative
treatments of the version-confounded genes, which give 40.3% (413/1,025) when those genes are
excluded from the denominator and 40.5% (417/1,030) when their moved genes are counted.

However, only 413 of the 2,066 genes with a moved endpoint at the correct cutoff lie in the large-
synthesis-rate region. Thus most moved endpoints belong to genes whose fitted parameters are in
the range where the quadrature is accurate. The added constant acting on cells with improbable
counts (§53.2) may account for many of these moves, but we did not classify them by mechanism.
On the stored scans alone, with both likelihoods read off the same scan, 1,253 genes move an
endpoint at ¢ = 3.841 and 1,033 at the published threshold ¢t = 1.921 (k,, 677, burst size 477), and
the decomposition is therefore stable against the threshold.

The cutoff effect measured on the stored profile curves matches the chi-square prediction. The
median half-width widening from ¢ = 1.921 to ¢t = 3.841 under Lexact is 1.4388 (interquartile range
[1.4138, 1.4691], n = 6,482 kopn curves) and 1.4510 ([1.4336, 1.4997], n = 5,874 burst-size curves);
under Ly, it is 1.4369 (n = 6,204) and 1.4521 (n = 5,780). The prediction in the quadratic regime
is 1/3.8415/1.9207 = 1.414. The medians are 1.6%—2.7% above it with positive skew, as expected for
ridge-shaped profiles, and the interquartile ranges bracket or nearly bracket the prediction. Hence
the pre-specified criterion for the cutoff effect (§53.1) is met. A user cannot recover the corrected
intervals by rescaling the published ones with a single factor, because the chi-square widening must
be applied to the exact-likelihood curve and for approximately one gene in six that curve itself
differs from the published one.
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Table S9: Monte-Carlo coverage of nominal 95 % profile-likelihood intervals of burst frequency (kop )
and burst size (Ksyn/kog) computed by the published interval code, 400 synthetic telegraph data
sets of 200 cells at two parameter sets, (1.0,10.0,100.0) and (0.4, 5.0, 200.0), inside the region where
the 50-node rule is accurate. “Corrected cutoff” is the identical code called with the significance
argument that makes its cutoff formula return 3.8415 instead of 1.9207. Data sets for which the code
returned an interval endpoint as not-a-number are excluded from the denominator and counted in
their own column; that happens when the profile scan reaches the parameter bounds before crossing
the cutoff. P is an exact two-sided binomial test against 95 %. Coverage in the large-synthesis-rate
region and for bound-hitting fits is not measured here; the burst-size shortfall under the corrected
cutoff comes from the 200-cell ridge and from the scan’s inner optimizer (Supplementary Table S10,

§ $3.8).

set target cutoff covered/n  coverage [Wilson 95 %| no interval P vs. nominal

A burst frequency published  160/197 0.812 [0.752, 0.861] 3

A burst frequency corrected ~ 189/200 0.945 [0.904, 0.969] 0

A burst size published ~ 154/199 0.774 [0.711, 0.827] 1

A burst size corrected  178/199 0.895 [0.844, 0.930] 1

B burst frequency published — 135/161 0.839 [0.774, 0.887] 39

B burst frequency corrected ~ 188/200 0.940 [0.898, 0.965] 0

B burst size published  156/200 0.780 [0.718, 0.832] 0

B burst size corrected  181/200 0.905 [0.856, 0.938] 0

pooled burst frequency published  295/358 0.824 [0.781, 0.860] 42 4.6 x 10718
pooled burst frequency corrected  377/400 0.943 [0.915, 0.961] 0 0.49
pooled  burst size published ~ 310/399 0.777 [0.734, 0.815] 1 1.1 x 10732
pooled  burst size corrected  359/399 0.900 [0.866, 0.926] 1 4.2 x107°

S3.8 Monte-Carlo coverage per parameter set

To measure coverage, we ran our copy of the published profile-likelihood code (Supplementary
File S7, §§S7.2 and S7.3) on 400 synthetic telegraph data sets of 200 cells at two parameter
sets where the 50-node rule is accurate, (kon, ko, ksyn) = (1.0,10.0,100.0) (burst size 10) and
(0.4,5.0,200.0) (burst size 40), 200 replicates each with fixed random draws. The maximum-
likelihood start is taken from the published estimator as in the published procedure, and all 400
fits pass the quality filter. Each fit is profiled twice with the same code, at the default level
(nominal 95% intervals, cutoff 1.9207) and at a = 0.005574596680784416, the value at which the
published cutoff formula gives 3.8415, and the two conditions therefore differ only in the cutoff
constant. Supplementary Table S9 gives the pooled and per-set coverages with Wilson intervals,
and Supplementary Fig. S3 plots them.

Pooled over both parameter sets, the burst-frequency coverage of the published nominal 95%
intervals is 0.824 at 200 cells. This coverage is below the nominal 95% (P = 4.6 x 1078, exact
two-sided binomial test) but indistinguishable from 0.8342, the coverage predicted for nominal 95%
intervals under the halved cutoff (P = 0.62), and correcting only the cutoff restores it to nominal
(0.943, P = 0.49). The median ko, interval-width ratio, published to corrected, is 0.711 against
the Wald prediction /1.9207/3.8415 = 0.707, which suggests that the halving accounts for the
shortfall.

The halved cutoff does not account for the whole coverage shortfall of the burst-size intervals.
Published burst-size coverage of the nominal 95% intervals, 0.777, is below the halved-cutoff predic-
tion as well (P = 3.0 x 1073 against 0.8342), and corrected-cutoff coverage is 0.900 [0.866, 0.926],
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still below the nominal 95% (P = 4.2 x 107°). That residual shortfall is a finite-sample effect of
the (Kosr, ksyn) ridge at 200 cells together with the scan’s chained inner optimizer, which under-
converges along the ridge (below), and comes from neither the cutoff nor the quadrature. The true
parameters lie in the accurate region by construction. In 8.3% of the fits the estimate moved along
the ridge to fitted ke¢yn > 500, where the 50-node quadrature degrades, but the same fits enter
both conditions, and these ridge moves therefore cannot produce a coverage difference between the
conditions. Thus the halved cutoff removes roughly 11-17 points of coverage at 200 cells. The
simulations test the interval construction only where the quadrature is accurate. At large kgy, and
at bound-hitting genes, where the quadrature and the added constant also change the profile curve,
coverage is likely to be worse, and for that regime we rely on the real-data decomposition of §53.7
instead.

Under the halved cutoff the published script also stops its scan early, often with fewer than the
4 points that cubic interpolation needs. Our copy then returns undefined (NaN) k,,, endpoints for
42 of 400 data sets (10.5%, with 3 and 39 in the two parameter sets and none in the corrected
condition). Intervals with an undefined endpoint are excluded from the coverage denominators
and counted separately in the table. The script as published instead raises an exception at such an
early stop under current numpy releases, which our copy avoids by a one-line change (Supplementary
File S7, §57.2).

We repeated the study at 94 and 682 cells at the same two parameter points (400 data sets
per point and cell number; Supplementary Table S10), adding parametric-bootstrap percentile and
basic intervals and a bootstrap-calibrated profile cutoff (200 refits per data set). At 94 cells the
corrected-cutoff intervals, as computed by txburst’s scan, cover burst frequency in a fraction 0.938
and burst size in 0.909 of cases; the percentile bootstrap covers burst size in 0.936. At 682 cells
the scan’s burst-frequency interval is undefined for 153 and 398 of 400 data sets at the two points,
because the profile crosses the cutoff within two or three of its five-percent steps and the cubic
interpolation needs four; its burst-size coverage is 0.880, against 0.958 for the percentile bootstrap.
On 199 of the same data sets an exact profile at the same cutoff, computed without the scan, covers
the true burst size in 16 cases where the scan’s interval misses it and misses it in 1 case where the
scan covers it. The remaining burst-size shortfall of the corrected arm at 682 cells therefore comes
from the scan’s chained inner optimizer, which under-converges along the (kog, ksyn) ridge; only at
94 cells is there a finite-sample shortfall of the profile itself. The undefined intervals are excluded
from the coverage denominators and counted separately in the table, which also gives every coverage
with undefined intervals counted as misses.

S3.9 The corrected per-gene tables

Corrected per-gene tables for the three combinations of data set and allele are deposited with the
code (Supplementary File S7), one table per data set in two formats. The CSV file is for spreadsheet
use, and the JSONL file has the same rows plus the per-endpoint numerical detail and a description
of how each value was produced. Each row is one filter-passing gene, and together the three tables
cover all 20,201 of them. The filter is the one applied to the original fits, held fixed to keep the gene
set identical to that of the published tables (the quality-call changes of §S3.4 are a measurement
and are not applied).

The columns give, in order, the gene symbol as in the source count matrix, the number of cells
used, the exact-likelihood maximum-likelihood estimates of kon, ko and Kgyn in units of the mRNA
degradation rate, and the burst size keyn/kog and burst frequency ko, at that estimate. Next come
the nominal 95% profile-likelihood intervals for burst size and for burst frequency, computed under
the exact likelihood with the other two parameters re-optimized at each fixed value of the profiled
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quantity. These intervals are read at 2Alog L = 3.841 in place of the published 1.921, which also
removes the cutoff error, and a column naming the interval method follows them. The last columns
hold the quality marks (defined in the next paragraph; empty means none) and, in the fibroblast-
CAST table only, the intervals published with the original code for comparison. The published
point estimate and its quality call, and the exact D(g) at the published estimate, are included in
each row of the JSONL file.

A row is unmarked when it carries none of the five marks defined in this paragraph (bound,
scan-truncated, non-identifiable ridge, disconnected confidence set and endpoint nuisance-bound);
the note nb-limit endpoint of the next paragraph is not a mark. Most rows, 14,067 (69.6%), carry
no mark, and the marked rows are left as computed (Supplementary Table S11). The mark bound
(384 genes) denotes an estimate within 0.1% of an edge of the original code’s parameter bounds.
The mark scan-truncated (6,030 genes) denotes a profile side that did not cross the threshold within
the scan range, in which case the endpoint is reported at the last scanned value and the true interval
extends at least that far. The mark non-identifiable ridge (2,593 genes) denotes both endpoints of
the same parameter truncated, with the likelihood flat along the (kof, ksyn) ridge and the parameter
not identified at the nominal level. Finally, disconnected confidence set (12 genes, 0.06%) denotes a
profile-likelihood confidence set that is disconnected at scan resolution, in which case the reported
interval is the connected component containing the estimate and the remaining components are
listed in the JSONL row. The mark endpoint nuisance-bound (698 genes, 707 endpoints) denotes a
reported crossing endpoint at which the optimum over the two nuisance parameters, taken inside
the optimizer box, sits at an edge of that box. For bound and ridge rows the Wilks calibration
behind the nominal 95% does not apply, so those intervals describe the likelihood surface and are
not calibrated confidence sets.

The profile at each fixed value of the profiled quantity is taken over the closure of the telegraph
family (a deviation from the analysis plan, Supplementary Table S5): the negative-binomial law
reached as kog — oo at fixed burst size competes with the interior optimum over the two nuisance
parameters, and the lower negative log-likelihood is the profile value. A box on k.g is a numerical
convenience, and the limit law is a member of the family the data are fitted to. Rows with a
reported crossing endpoint attained at that limit carry the note nb-limit endpoint (16,615 genes,
31,750 endpoints, 530 of the genes also marked endpoint nuisance-bound). The note records that
the data do not bound k.g from above at that endpoint; it describes the model there, leaves the
interval valid and is not counted as a mark.

Because the profile statistic is not monotone for ridge genes, we located each interval endpoint
by outward bisection from the estimate instead of interpolation, which can return a crossing on
the far branch. Every crossing endpoint of the tables as first deposited was then re-certified from
bracketing-scan and estimate-scaled nuisance starts, with the profile taken over the closure of the
family as stated above, and re-located by outward bisection where the certified drop fell short of
the cutoff. Of 68,657 endpoints, 25,103 kept their value, 42,628 moved outward, 926 moved inward
and 396 reached the scan limit, with 5,582 moved by more than 10% and 830 by more than 50%
(4,317 rows). The inward moves, by up to a factor of 16.2 for the lower burst-frequency endpoint
of Timm17b on the CAST allele, show that the chained scan had placed those endpoints at the
wrong location and not only certified them with the wrong likelihood drop: at the deposited value
the profile lies above the cutoff, and the interval had been reported wider than the data allow.
After the repair every endpoint not at the scan limit satisfied |2A¢ — 3.8415| < 0.02 against the
interior scan minimum of its row. For 3,137 rows the negative-binomial maximum lies more than
0.02 nat below that minimum, and the row’s reference is the closure minimum instead; against it
12,512 crossing endpoints (4,519 by more than 0.1 nat) lie above the cutoff, and these intervals,
3,076 of them on unmarked rows, are therefore conservative at the nominal level. Each reported
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endpoint has its negative log-likelihood evaluated in ball arithmetic (49,054 endpoints) or, at the
negative-binomial limit, in closed form at 50 digits (31,750 endpoints), and no endpoint needed the
multiprecision implementation. The ball radii are at most 1.5 x 10734 nats for the table endpoints
and at most 8.8 x 1073% nats for the likelihood differences of the mESC data set evaluated on the
de-duplicated cells, both negligible against the one-nat criterion of §S3.2.
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Table S10: Coverage of the true burst frequency and burst size at 94 and 682 cells, 400 synthetic data
sets at each of the two parameter sets of Supplementary Table S9, by interval method: txburst’s
profile scan at the corrected cutoff, parametric-bootstrap percentile and basic intervals and the
profile at a bootstrap-calibrated cutoff (200 refits per data set). Coverage is given with the data
sets whose interval is undefined excluded from the denominator and, in parentheses, with them
counted as misses; the last column counts them. The scan’s burst-frequency interval is undefined
for most data sets at 682 cells because the profile crosses the cutoff within two or three of its five-
percent steps and the cubic interpolation needs four. The burst-size shortfall of the corrected-cutoff
scan at 682 cells comes from the scan’s inner optimizer, which under-converges along the (kof, ksyn)
ridge (§ S3.8).

cells

set

target

method

coverage (undefined as misses)

undefined

94

burst frequency

profile, corrected cutoff

0.942 (0.938)

o

A
94 A Dburst frequency  bootstrap percentile 0.962 (0.958) 0
94 A burst frequency bootstrap basic 0.920 (0.915) 0
94 A burst frequency profile, bootstrap-calibrated cutoff 0.950 (0.945) 0
94 A burst size profile, corrected cutoff 0.929 (0.918) 3
94 A burst size bootstrap percentile 0.950 (0.945) 0
94 A burst size bootstrap basic 0.867 (0.863) 0
94 A burst size profile, bootstrap-calibrated cutoff 0.937 (0.925) 3
94 B burst frequency profile, corrected cutoff 0.935 (0.930) 2
94 B burst frequency  bootstrap percentile 0.938 (0.938) 0
94 B burst frequency  bootstrap basic 0.895 (0.895) 0
94 B burst frequency profile, bootstrap-calibrated cutoff 0.935 (0.930) 2
94 B burst size profile, corrected cutoff 0.890 (0.890) 0
94 B burst size bootstrap percentile 0.923 (0.923) 0
94 B burst size bootstrap basic 0.903 (0.903) 0
94 B burst size profile, bootstrap-calibrated cutoff 0.895 (0.895) 0
682 A burst frequency profile, corrected cutoff 0.968 (0.598) 153
682 A burst frequency bootstrap percentile 0.943 (0.943) 0
682 A burst frequency bootstrap basic 0.880 (0.880) 0
682 A burst frequency profile, bootstrap-calibrated cutoff 0.972 (0.613) 148
682 A burst size profile, corrected cutoff 0.845 (0.845) 0
682 A burst size bootstrap percentile 0.955 (0.955) 0
682 A burst size bootstrap basic 0.865 (0.865) 0
682 A burst size profile, bootstrap-calibrated cutoff 0.875 (0.875) 0
682 B burst frequency  profile, corrected cutoff 1.000 (0.005) 398
682 B burst frequency bootstrap percentile 0.953 (0.953) 0
682 B burst frequency  bootstrap basic 0.938 (0.938) 0
682 B burst frequency  profile, bootstrap-calibrated cutoff 1.000 (0.033) 387
682 B burst size profile, corrected cutoff 0.915 (0.915) 0
682 B burst size bootstrap percentile 0.960 (0.960) 0
682 B burst size bootstrap basic 0.950 (0.950) 0
682 B burst size profile, bootstrap-calibrated cutoff 0.943 (0.943) 0
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Table S11: Most rows of the corrected per-gene tables, 14,067 of 20,201 (69.6%), carry no quality
mark. Rows per data set carrying each mark of §53.9; a row is unmarked when it carries none of the
five marks, and the nb-limit note (a reported crossing endpoint attained at the negative-binomial
limit ko — oo, where the data do not bound kqg from above) is listed but not counted as a mark.
A row can carry several marks.

mark fibroblast C57 fibroblast CAST mESC CAST all
rows 7,191 7,186 5,824 20,201
unmarked 5,736 5,722 2,609 14,067
bound 58 56 270 384
scan-truncated 1,405 1,424 3,201 6,030
non-identifiable ridge 609 590 1,394 2,593
disconnected confidence set 10 2 0 12
endpoint nuisance-bound 129 159 410 698
nb-limit endpoint (note, not a mark) 6,026 5,999 4,590 16,615
nb-limit and endpoint nuisance-bound 113 139 278 530
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S4 The allele-resolved analysis

This Supplementary File documents the allele-resolved analysis of the main text. It summarizes the
analysis plan specified before any test statistic had been computed and the deviations from it, and
reports the pilot on the Larsson et al. matrices and the resulting amendment, which changed only the
data set. The later subsections cover the test statistics and calibration criteria with their outcomes,
the strata of the significant genes and the class counts under five stratifications, the genome-wide
allelic balance, the exclusion of chromosome X and the per-gene results (Supplementary Data S4).

We analyzed the allele-resolved fibroblast data of Johnsson et al. [39], ArrayExpress accession
E-MTAB-11054, which comprise 682 Smart-seq3 primary fibroblasts from one female F1 animal of
a C57BL/6J x CAST/EiJ cross. Each allelic difference reported here is a contrast of stationary
telegraph-model parameters between the two alleles of one gene, in one cell type of one animal,
and burst size and burst frequency are quantities of that model. Such a difference is either a strain
(cis) effect or a parent-of-origin effect, and the two cannot be distinguished in a cross of a single
direction. Residual mapping bias cannot be excluded for any individual gene, and we assign no
mechanism to any gene named here.

S4.1 Pre-specified design

For each gene we ask whether the two alleles, each fitted with the exact likelihood, differ in the
parameters of the stationary telegraph model. The alleles share the same cells and hence the same
trans environment, and a difference may lie in burst size (ksyn/kos), in burst frequency (kon) or in
both. We wrote the first plan for the allele-resolved matrices of Larsson et al. [3] (224 fibroblasts,
and the 94 embryonic stem cells present in both allele files), after confirming that the two allele
files contain the same cells and each comparison is therefore paired within a cell (§54.2).

We fixed the plan on 2026-07-09, before any likelihood-ratio statistic, P value or class had been
computed on real data. Only count-level quantities had been computed by then, namely the pairing
comparison, the per-cell chromosome-X allele fractions, the raw allelic fractions of the candidate
imprinted genes, and the expression filters with the resulting family sizes. The raw allelic fractions
of the imprinted genes carry some information on the direction later tested in the positive controls.
However, we took the control list itself from the literature, with the expression filter as the only
selection applied to it. We also fixed the order of work: null calibration and power first, since they
need only shared-parameter fits and simulations, then the imprinted controls, and the autosomal
discovery family last.

The pilot on the Larsson et al. matrices did not meet the calibration criteria (§54.2), and on the
same day we amended the plan by changing only the data set (to the Johnsson et al. fibroblasts).
Under the amendment we mapped the Ensembl identifiers of the new matrices to gene symbols by
a fixed rule that does not use the counts, dropping genes with no symbol or an ambiguous one, and
re-applied the expression filter at the original thresholds (§54.3). The discovery family is 198 genes
drawn from the 13,123 expressed autosomal genes by the sampling scheme of the first plan (at
random within strata of total molecule count), with seed and draw order written down before any
fitting. In the amendment we also retained the rule excluding chromosome X from the discovery
family (§54.7) and noted that the new data lack a second cell type and a reciprocal cross (§54.2).

The primary test is the joint likelihood-ratio statistic of §54.3, which contrasts a six-parameter
model with both alleles free against a three-parameter model with all parameters shared. We
calibrated it for each gene by parametric bootstrap at the constrained estimate of that gene’s
own null and controlled the false discovery rate at 5% within each family [40]. Three criteria
had to hold before the discovery family was unblinded: (a) at least four fifths of the expressed
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imprinted controls, here 16 of 20, significant in the expected direction; (b) null P values uniform by
a Kolmogorov—Smirnov test, with the fraction at or below 0.05 inside [0.02,0.08]; and (¢) median
power of at least 0.5 for a 2-fold burst-size ratio at observed expression. If a criterion failed, the
analysis of that cell type ended there, with no provision for re-testing the criterion after changes
to the procedure.

We treat the burst-size and burst-frequency statistics, each of which constrains one quantity
across the alleles, as secondary. They are calibrated in the same way as the joint statistic and
define the classification families (§54.3), with effect directions read at the free-model estimate. For
each fit we noted which parameters lay at their bounds, and a gene whose free fits put ko, at
the upper bound on both alleles is labeled uninformative for frequency and kept. The plan also
designated three gene sets as descriptive only: a second panel of imprinted genes whose imprinting
is tissue-restricted, the ten most highly expressed autosomal genes as a stress set for the boundary
handling, and the chromosome-X genes.

We handled the known confounds of an allelic contrast as follows. Mapping bias toward the
reference genome is small genome-wide and per chromosome at the count level, and the residual bias
of individual genes is discussed in §54.6. Allele-specific capture roughly halves the counts per allele,
and the resulting loss of power enters criterion (c¢) directly, because the power in that criterion is
computed at the observed per-allele expression. We took the expected direction of each imprinted
control from the literature and set criterion (a) on the whole panel, because a strain effect could
mimic the direction of any single control. Transient monoallelic expression in single cells is expected
when the two alleles burst independently and is therefore consistent with the model. Cross-allele
dependence from extrinsic noise lies outside the model, as do cell-cycle effects shared by the two
alleles, and both limit the interpretation of the P values (§54.6). The caveat marks (§S4.4) label
a result and are not grounds for excluding it.

Deviations from the pre-specified plan

The deviation logs of the two plans hold fifteen entries (Supplementary Table S12). Twelve precede
all endpoints, one is a scheduling note written afterwards with no effect on any number, one, entered
after the significant set was known, gives the stratification adopted in the main text, and the last,
entered during the review of the manuscript, records the repair of the equal-burst-size fit (§54.3).
Of the eight entries in the first log, five shrink the computation to a feasible size or substitute a
numerically bounded implementation, one settles a detail the plan left open, one is an observational
note and one brings the replicate code into line with the plan; none of them changes a threshold, a
statistic, the calibration principle, the control lists or a decision rule. The two plans and their logs
are in the archive of Supplementary File S7 (§57.5): the first plan S4_plan_verbatim.txt (SHA-
256 1acbb5e246579...) with its deviation log S4_deviations_verbatim.txt (5f£91dd6£f71d...),
and the amendment S4_amendment_verbatim.txt (5db18c3966ac...) with the deviation log of
the amended plan S4_deviations_v2_verbatim.txt (310ebcc4b203...).
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Table S12: Deviations from the pre-specified plan of the allele-resolved
analysis, one row per entry of the two deviation logs, in log order: the
first eight entries are from the log of the first plan, the remaining seven
from the log of the amended plan. Date: the date the entry carries.
Stage: when the change was made relative to the endpoints, where an
endpoint is any of the three calibration criteria or any real-data statistic
of the discovery family. Effect on results: where the change enters the

numbers of the main text or of this Supplementary File.

No. Date Stage Change Reason Effect on results
1 2026-07-09 before any Optimizer and at the measured cost replicate statistics
endpoint bootstrap-replicate fits use a per call, the planned carry an evaluation
double-precision backward evaluation mode error many orders
recurrence seeded by two made the bootstrap’s of magnitude below
all-positive series sums. Final = more than a million  the bootstrap’s
observed-data likelihoods are  re-fits infeasible Monte-Carlo
recomputed in the evaluator’s resolution; criterion
double-precision mode, with (b) was evaluated
doubtful cases passed to the with this
multiprecision implementation; substitution in
reported statistics in ball place
arithmetic, as planned
2 2026-07-09 before any Multi-start scheme replaced by computing budget any effect on the
endpoint fixed mean-scaled, seeded null calibration is
random and chained starts, measured by
with the best few polished, criterion (b)
identical for observed data and
every replicate; statistics
clipped at zero; convergence
tolerance loosened but kept far
below the resolution the
statistics need
3 2026-07-09 before any Pilot discovery family reduced computing budget fixes the family size
endpoint by about one third, to 198 later used in the
genes per cell type, with the main text; the
same seed and stratified stress set never
scheme and the gene lists enters the discovery
written before fitting; the ten family
most highly expressed
autosomal genes added as a
descriptive stress set
4 2026-07-09 before any Calibration set reduced to a computing budget; the tail fraction of
endpoint seeded subset of genes across  the add-one P value criterion (b) is

expression quintiles, each
simulated under the null
repeatedly, with a two-stage
inner bootstrap; power
computed on a seeded subset
of genes for the burst-size
(criterion) and burst-frequency
(descriptive) alternatives

is super-uniform at

any replicate number,

and the bootstrap is
still tested at the
fitted null on the
reduced set

estimated from the
reduced number of
null data sets, with
the corresponding
binomial sampling
error
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Table S12 (continued)

No. Date Stage Change Reason Effect on results
5 2026-07-09 before any Third bootstrap stage dropped; computing budget Benjamini—
endpoint replicates capped at the second Hochberg remains
stage, with a resulting floor on decidable except
the bootstrap P values for a single isolated
floor-P gene in a
family, which
would be reported
if it occurred
6 2026-07-09 before any Imprinted-control family a detail left open in none on criterion
endpoint defined as the primary-panel the plan (a)
genes only; the second panel
descriptive, with raw P values
7 2026-07-09 observational In the pilot fibroblasts, the no action needed; no none; the per-gene
note reciprocal-cross strata assigned endpoint involved assignment defined
to cells by a leave-one-gene-out in the plan is used
vote of the imprinted panel
differ slightly in cell count
from an earlier count-level
tally (tie handling at the panel
thresholds)
8 2026-07-09 before any Replicate fits made to follow the plan specified calibration results
endpoint; exactly the observed-data fit identical optimizer, computed before

9 2026-07-09

10  2026-07-09

11 2026-07-09

found during
calibration by
an
independent
boundary-null
re-run

before any
endpoint

before any
endpoint

before any
fitting

chain (pooled null fit, chained
starts, constrained fits). The
earlier replicate code started
fits at the generating
parameters, which made the
burst-size null conservative on
ridge genes

Second imprinted panel
corrected by the expression
filter (Phlda2 out, Gprl in;
still four genes)

Imprinted controls computed
before calibration and power
had finished; all three criteria
judged together afterwards

Seed streams and the draw
order for the discovery,
calibration and power samples
fixed and written down before
fitting

bounds and starts for

observed and
simulated data

the amended plan’s
text mislisted two

genes; the filter is the

membership rule
scheduling;
calibration is the
longest computation

the correction
discarded and
recomputed; no
observed-data
statistic affected;
boundary-null
uniformity
confirmed on fresh
seeds

none (descriptive
panel)

none; no autosomal
real-data statistic
existed before all
three criteria were
met with the
statistics as then
implemented (the
burst-size criterion
is not met by the
repaired statistic;
last entry of this
table)

implementation detail none
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Table S12 (continued)

No. Date Stage

Change

Reason

Effect on results

12 2026-07-10 during the
computation,
before any
criterion was
evaluated

13 2026-07-10 written after
the endpoints
(scheduling
note)

14 2026-07-10 after the
primary
endpoint
(significant set
known)

after all
endpoints,
during the
review of the
manuscript

15 2026-09-24

Inner recurrence loop compiled
and the log-gamma table

cached, with the floating-point
operation sequence unchanged

Discovery family computed
with more parallel workers on
a second computer

The four pre-specified caveat
marks together with a
total-count balance band
adopted as the primary
stratification of the results
(clean, marked but plausible,
artifact; §54.4), after
independent spot re-fits had
shown that the largest raw
effects were artifacts of read
mapping or of a missing allele
The equal-burst-size fit
re-implemented in fiber
coordinates that map a box
onto the feasible set of the
shared burst size and the two
ksyn values; the burst-size
statistic, its bootstrap P
values, the burst-size legs of
the calibration criteria and the
class counts recomputed

the fits of high-count
genes ran far slower
than budgeted

computing time

the plan used marks
as labels only, and
over the whole
significant set the
marks alone did not
separate the artifacts

(§94.4)

the implementation
used until then
stopped at its
starting point for 135
of 198 genes, because
a penalty outside the
ksyn bounds zeroed
the finite-difference
gradient on the first
step (§54.3)

none; the fits
already completed
were retained, and
the two code paths
give identical
results on them
none; random seeds
are keyed by gene
label and
independent of the
worker count
nothing removed:
all 198 genes and
the family count of
104 are reported,
and the class
counts under the
stratification
variants are given
in Supplementary
Table S13

the burst-size
family and the
class counts of the
main text (31 of
104 hits change
class); the joint and
burst-frequency
statistics are
byte-identical

S4.2 The pilot and the change of data set

We ran the pilot on the allele-resolved matrices of Larsson et al. [3] for fibroblasts and for mouse
embryonic stem cells. The pilot did not meet the calibration criteria in either cell type, and we
stopped it without computing any statistic on its discovery family. In the stem cells 5 of the 12
imprinted positive controls were recovered. In fibroblasts the null P values of the burst-size statistic
failed the uniformity test (Kolmogorov—Smirnov P = 0.0043), with too few mid-range P values,
that is, in the conservative direction. The median power for a 2-fold burst-size effect at observed
expression was 0.30 in the stem cells and 0.38 in fibroblasts, below the required one half.

The Johnsson et al. fibroblasts analyzed instead have 3.85 times the per-cell, per-allele depth
of the pilot fibroblasts. They have the paired same-cell design of the pilot data, with identical cell
columns and identical missing-entry masks across the two allele files, and the power reached on
them is reported in §54.3. The change of data set removed the second cell type and the reciprocal
cross from the original design. The second cell type has no counterpart in the new data, so the
cross-cell-type replication was dropped. Thus all results concern fibroblasts alone. In addition, the
new data come from one animal of one cross direction, without the reciprocal cross of the first plan,
and a strain (cis) effect therefore cannot be distinguished from a parent-of-origin effect.
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S4.3 Filters, statistics, calibration criteria and their outcomes

A gene enters testing when it has at least 25 cells with allele-informative entries and at least 50
summed molecules over both alleles, and chromosome X is excluded (§54.7). The discovery family
is the stratified random sample of 198 autosomal genes from the expressed pool described in §54.1.
For each gene we fit the two alleles’ counts on the non-missing paired cells under four telegraph
models: both alleles free (six parameters), all parameters shared (three), equal burst size kgyn/kos
with the rest free (five), and equal burst frequency kon with the rest free (five). The primary statistic
is the joint likelihood-ratio contrast of the free model against the shared model. The burst-size and
burst-frequency statistics contrast the free model against the two five-parameter models and define
the two classification families.

In place of chi-square asymptotics, we calibrate each statistic per gene by parametric bootstrap
at the constrained maximum-likelihood estimate of its own null, with the add-one P value. The
bootstrap remains valid for fits at a parameter bound or on a likelihood ridge, where the chi-square
approximation does not hold. Replicates are drawn in two stages, the second of which is run only
for genes with a small P value after the first. All three families are Benjamini—-Hochberg corrected
at false discovery rate 5% within family [40]. A gene significant in the joint statistic is called
size-resolved when only the burst-size statistic is also significant, frequency-resolved when only the
burst-frequency statistic is, resolved on both when both are, and unresolved when neither is. The
bootstrap draws the two alleles independently and the cells independently from the constrained
fit, and it therefore checks the numerics and the tests under that model class; shared cell state is
addressed by the within-cell label-swap test of §54.9. The equal-burst-size fit is optimized in fiber
coordinates that map a box onto the feasible set of the shared burst size and the two kgy, values
(the last entry of Supplementary Table S12): the implementation used before the review stopped
at its starting point for 135 of 198 genes because a penalty outside the kg bounds zeroed the
finite-difference gradient on the first step. Every burst-size statistic, its bootstrap P value, the
burst-size legs of the calibration criteria and the class counts were recomputed with the repaired
fit (31 of the 104 hits change class). The joint and burst-frequency statistics, their fits and their
bootstrap draws are identical under both implementations.

We computed the discovery-family statistics only after the three calibration criteria had been
met on this data set with the statistics as then implemented. All 20 of the 20 imprinted positive-
control genes of the primary panel were significant in the expected direction (the criterion was at
least 16 of 20). On 500 simulated-null data sets the P values of all three statistics were uniform by
the Kolmogorov—Smirnov test (P = 0.33, 0.39 and 0.28 for the joint, burst-frequency and burst-
size statistics), and the fraction of null P values at or below 0.05 lay between 0.048 and 0.054
(required band [0.02,0.08]). The median power over 30 genes for a 2-fold burst-frequency effect
at observed expression was 0.74, against a criterion of 0.5; for the matching burst-size effect it is
0.36 with the repaired statistic (0.87 with the defective one, whose null quantiles were too large).
The burst-size test is therefore the less powerful of the two and does not meet the criterion. The
null P values of the repaired burst-size statistic on the same 500 simulated sets are uniform, with
a fraction 0.050 at or below 0.05, and 4 of the 198 genes are significant in the repaired burst-size
family (33 with the defective statistic). The observed-data likelihoods entering the three statistics
were evaluated in ball arithmetic, with zero failed evaluations among the 198 genes of the family.
At identical parameters the double-precision values used during the search agree with the ball-
evaluated statistics to 1.3 x 1077 nats (1.7 x 10710 for the evaluator’s guarded route); 13 nested
statistics were negative by up to 0.98 because the free per-allele fits stopped at least 0.55 nats short
of their optimum, and were set to zero (all with P = 1).
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S4.4 Stratification of the significant genes and artifact diagnosis

By the joint statistic, 104 of 198 genes are significant at false discovery rate 5%. This is a family-
level count, and the conclusions of the main text rest on the clean stratum, whose defining rule we
state here in full. Its inputs are the four pre-specified caveat marks (boundary fit, low expression,
possible mapping dropout at an allelic mean-expression ratio above 50, and ridge) together with
the band [0.3,0.7] on the total-count C57 fraction. A hit is clean when it carries none of the
four marks and its balance lies inside the band. It is an artifact when it carries the mapping-
dropout mark, or when it lies outside the band with a boundary mark, a low-expression mark or
|logy burst-size effect| > 2. The remaining hits form the marked but plausible stratum of Table 2
of the main text.

We defined the stratification rule after the significant set was known, once spot re-fits had shown
that the largest raw effects in the family were artifacts of read mapping or of the near-absence of
one allele (the last entry of Supplementary Table S12), and applied it uniformly to all 104 hits. An
earlier version of its artifact clause used the maximum |log, | effect over both parameters in place
of the burst-size effect. The clean count is 77 under either version. All 198 genes and all 104 hits
are reported with their stratum (Supplementary Data S4), and, as specified in advance, marked
genes are not presented individually as primary results.

The strata are 77 clean, 15 marked but plausible and 12 artifact (main text, Table 2). Among
the 77 clean hits the one-degree tests resolve 19, 17 as frequency-resolved, 2 on both axes and
none as size-resolved, and 58 clean hits are unresolved. Typical clean allelic effects are modest:
the median classified effect is |log, | = 1.07, an unsigned allelic ratio of about twofold (2.1) in the
classified model quantity, with per-class medians 1.07 (frequency-resolved) and 1.73 (both). The 58
clean unresolved hits have small or mixed effects (median max |log, | = 0.53), consistent with the
limited power of the one-degree tests for smaller effects at this sequencing depth (the median powers
given in §54.3 are for a twofold effect). Because these genes carry no mark, their unresolved status
is more likely due to small effects than to a fitting artifact. Across all 104 hits, 55 are unresolved, of
which 58 are clean and 33 lie below |logy | = 1 (effect sizes by stratum in Supplementary Fig. S4).

Count-imbalance artifacts. The genes with the largest raw effects in the family (|logy | up to
16.4) are pseudogenes and predicted genes in which one allele is almost absent from the data,
and the maximum-likelihood fit represents that absence as extreme kinetics. For one of these
genes, Gm26563, neither of the two marks intended to detect such artifacts (mapping dropout and
boundary) is set. This gene has 6 of its 149 molecules on CAST, an allelic mean ratio of 23.9,
below the dropout threshold of 50 in that ratio, and a fitted log, burst-size ratio of +14.9, a value
that lies on a flat, degenerate ridge. An independent spot re-fit moved the CAST-allele fit by 0.08
in logyg kon and 0.30 in log; ko and placed kgy, exactly at its lower bound, at a likelihood within
1.4 x 1072 nats of the reported fit, while the burst-size ratio moved by about one log, unit between
the two equally good optima. Hence whether the boundary mark is set for such a gene depends
on where along that ridge the optimizer stops: the reported fit lay 0.048 (in logq ksyn) above the
lower bound, and the mark was not set.

The low-expression mark of Gm26563 is set and by itself keeps the gene out of the clean stratum,
independently of the two artifact-diagnostic marks that failed here. However, the gene lies outside
the total-count balance band, as does any gene with one nearly absent allele, and this observation
led us to add the band to the stratification post hoc. Rps6-psi, the second case, has 36 of its 10,897
molecules on C57, an allelic mean ratio of 301, above the dropout threshold, and its C57 fit places
ko at the upper bound and ko, at 107216, Its nominal frequency label most likely reflects allelic
mapping dropout expressed as a boundary-k,, fit. Therefore we do not use the six resolved labels
of the artifact stratum when comparing burst-size and burst-frequency modulation.
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Table S13: Class counts of the significant genes under four stratification variants with the repaired
burst-size statistic (frequency-resolved f, size-resolved s, both b, unresolved u; the counts with the
statistic as first implemented in parentheses). Under every variant the frequency-resolved count
exceeds the size-resolved count; the stratification changes the size of the quoted effects, which the
marked strata inflate (Supplementary Fig. S4). The a priori exclusion by pseudogene or predicted-
gene name was not recomputed with the repaired statistic. What the split can say about the
mixture of mechanisms is quantified in § S4.10.

stratification n f s b U
V1: all significant genes, no stratification 104 23 (16) 1(23) 3 (10) 77 (55)
V2: genes with a fit mark removed 86 19 (12) 0(19) 3 (10) 64 (45)
V3: count-balance outliers removed 83 18(12) 0(20) 2(8) 63 (43)
V4: clean stratum (primary; both removed) 77 17 (11) 0(19) 2 (8) 58 (39)

The compensating ridge. Zranb3 has the largest effect in the clean stratum, with a log, burst-
size ratio of —5.9 against a compensating +5.5 in logy kon (both C57 relative to CAST), balanced
counts (C5H7 fraction 0.495) and no marks. Neither one-degree test survives the Benjamini—-Hochberg
correction within its family, and under the pre-specified classification rule the gene is therefore
unresolved. Because the burst-size and burst-frequency estimates trade off against each other
along the (kop, burst size) ridge, either one quoted alone may overstate the allelic difference.

S4.5 Class counts under alternative stratifications

We repeated the split under the stratification variants of Supplementary Table S13 with the repaired
burst-size statistic. With no stratification the 104-gene family splits into 23 frequency-resolved, 1
size-resolved, 3 both and 77 unresolved; the pre-specified marks alone give 19 / 0 / 3 / 64 (of
86 hits), the balance band alone 18 / 0 / 2 / 63 (of 83), and the clean set 17 / 0 / 2 / 58.
Under every recomputed variant the frequency-resolved count exceeds the size-resolved count; the
a priori exclusion by pseudogene name was not recomputed with the repaired statistic. Excluding
the marked fits changes the quoted effect magnitudes, which the artifact strata inflate. The table
concerns the choice of stratification only; the planted simulation of §54.10 quantifies what the split
can say about the mixture of mechanisms.

S4.6 Allelic balance reference and mapping bias

The total-count C57 fractions of the 77 clean hits lie inside [0.3,0.7] by definition and fall at genome-
wide percentiles 0.079-0.921, none in the extreme two-percent tails. The reference distribution is
the per-gene total-count C57 fraction over the 13,168 autosomal genes with at least 50 molecules
(median 0.4993, with 13.4% outside the band). Over the whole data set we measure a C57 fraction
of allele-informative molecules of 0.508 (autosomes only 0.495), and global reference bias is therefore
small compared with the effects reported. The per-gene spread of this fraction mixes true cis effects,
imprinting and residual mapping bias, which these data cannot separate gene by gene (§54.2).
Hence residual mapping bias, including reference bias against the non-reference allele at variant
positions, may affect any individual call; we did not attempt a per-gene correction, and genes
marked possible mapping dropout are not reported as primary results. Cross-allele dependence
from extrinsic noise, which neither the independent-alleles likelihood nor its parametric bootstrap
accounts for, is small but present: the genome-wide median cross-allele Spearman correlation is
+0.012 over 10,890 autosomal genes. Among the 77 clean hits the partial Spearman correlation
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of the two alleles’ counts given sequencing depth has median —0.042 and is significant at the 0.05
level for a fraction 0.66 of them under a within-decile permutation null, with both signs; adjusting
also for the first expression principal component and plate leaves the median at —0.050. The label-
swap test of §54.9, exact under within-cell exchangeability, checks the bootstrap’s independence
assumption, and the 14 hits it removes are reported with that qualification.

S4.7 The X chromosome

We had planned to extend the analysis to X-linked genes that escape X inactivation, with burst
kinetics conditioned on each cell’s inactive X. This extension was dropped before any fitting, because
all 682 cells are C57-X-monoallelic (median per-cell chromosome-X C57 fraction 0.975) and Xist-
negative: the population has no X-inactivation mosaic, and there is no inactive-X state to condition
on. For the same reason chromosome X was excluded from the discovery family by rule: X-linked
allelic imbalance in these cells is a whole-chromosome state, not gene-level regulation, and with no
CAST-X-active cells the two cannot be separated here. The only allele-resolved fibroblast data set
available to us with an X-inactivation mosaic is the 224-cell set of Larsson et al. [3] re-evaluated in
Supplementary File S3.

S4.8 Per-gene results (Supplementary Data S4)

Supplementary Data S4 is a flat table with one row per gene of the discovery family (198 rows),
deposited with the code (Supplementary File S7). Its columns are the gene symbol, the number
of paired cells used, and the per-allele maximum-likelihood estimates of kon, kof, ksyn, burst size
and burst frequency, followed by the three likelihood-ratio statistics with their bootstrap P values,
replicate counts and Benjamini—-Hochberg adjusted P values. The remaining columns give the class,
the four caveat marks, the total-count C57 fraction and the stratum. Supplementary Table S14
lists the 77 clean genes with their class and effect.

S4.9 Within-cell label swap, mapping-ratio sensitivity and goodness of fit

The bootstrap of §54.3 simulates the two alleles of a cell independently. As a check that makes
no distributional assumption about shared cell state, we permuted the allele labels within each
cell (2,000 swaps per gene) and recomputed the joint statistic, a test that is exact when the two
alleles of a cell are exchangeable under the null. The joint statistic was reproduced for all 104 hits.
With Benjamini-Hochberg control at 5% applied to the label-swap P values, 90 of the 104 hits
remain significant and 14 lose significance (12 of them clean; Supplementary Table S15); 4 hits
have a label-swap P above 0.05 (3 clean). The two calibrations disagree on a fraction 0.13 of the
hits, below the fraction at which we had undertaken to recalibrate with a paired generative model,
and the Spearman correlation of their log P values is 0.77. Reported both ways, the clean split
is 17 frequency-resolved, 0 size-resolved, 2 both and 58 unresolved with the bootstrap calibration;
removing the 3 clean genes whose label-swap P exceeds 0.05 gives 16 / 1 / 57 (of 74), and removing
the 12 clean genes that lose significance gives 15 / 1 / 49 (of 65). Dcaf10, one of the two genes
resolved on both axes, is in both removed sets.

An allele-specific capture or mapping efficiency ratio p = Sc/fa enters the likelihood as binomial
thinning of one allele and multiplies the inferred burst-size ratio by p exactly; a burst-size call whose
effect is smaller than |log, p| therefore cannot be separated from mapping bias. For the 2 clean genes
significant in the repaired burst-size family (Dcaf10 and Slc89a1/) we recomputed the burst-size
statistic with one allele thinned by 10% and by 25% in either direction, against the null distribution
regenerated at p = 1 with the seed of the main analysis and taken as invariant in p: zero of the
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Table S14: The 77 clean significant genes of the allele-resolved analysis (no artifact mark; total-
count C57 fraction inside [0.3,0.7]), grouped by the call the one-degree tests return with the repaired
burst-size statistic (17 frequency-resolved, 2 resolved on both axes, 0 size-resolved, 58 unresolved).
Effects are log, ratios (C57 over CAST allele) of the fitted burst size ksyn/kog and burst frequency
kon; the last column is the C57 share of allele-informative molecules. Each entry contrasts telegraph-
model parameters between the alleles of one single-direction cross; strain and parent-of-origin effects
are not distinguished and no mechanism is assigned.

gene call log, size logy freq. C57 frac. gene call log, size log, freq. C57 frac.
Ampd3 frequency —0.06 —1.00 0.33 Ent unresolved +1.34 —0.34 0.63
Ankra2 frequency +0.71 —1.27 0.38 Ephzx1 unresolved +0.18 —0.35 0.48
Clgalt1 frequency +0.98 —1.43 0.38 Ghde unresolved +0.12 +0.34 0.58
Cenb frequency +0.03 —0.45 0.44 Glrz2 unresolved +0.17 —0.55 0.44
Dhz40 frequency —1.01 +1.00 0.62 Gm16033 unresolved +0.74 —0.19 0.60
Emb frequency —-0.71 +1.87 0.66 Gnb1l unresolved +0.47 —1.03 0.38
Erlin2 frequency —2.08 +1.07 0.48 Hnrnpull unresolved —1.48 +0.22 0.41
Geminb frequency —0.14 +0.64 0.59 Ibtk unresolved +0.05 +0.29 0.56
Gmpr2 frequency 4+0.59 —0.73 0.44 Jam2 unresolved —0.79 —0.03 0.38
Lekr1 frequency —2.33 +3.09 0.66 Kife5b unresolved —0.53 —0.20 0.37
Lrre4e frequency —0.33 +1.34 0.67 Lrrc8d unresolved —0.60 +0.11 0.45
Mgmt frequency +0.39 —0.76 0.43 Manibl unresolved +1.07 —0.79 0.46
Nlel frequency +0.27 —0.79 0.42 Nbri unresolved +0.79 —0.42 0.54
Rezxol frequency +1.95 —1.70 0.44 Ndufc2 unresolved +0.31 +0.01 0.55
Slc41a3 frequency +1.02 —2.03 0.33 Ndufvl unresolved +0.03 +0.11 0.52
Thsd1 frequency —0.74 +1.07 0.56 Nobl unresolved —0.06 +0.23 0.53
Thynl frequency —0.39 +0.87 0.61 Numb unresolved +0.05 —0.28 0.45
Decaf10 both +1.84 —1.38 0.47 Pcbpy, unresolved +0.06 —0.28 0.45
Slc39a1} both —1.61 +1.19 0.53 Phlpp1 unresolved —1.13 +1.37 0.58
8110056 K07Rik unresolved —0.96 +1.73 0.65 Pigs unresolved —0.59 +0.10 0.45
Adamtss unresolved +0.00 +0.25 0.55 Pqlc3 unresolved —0.07 +0.39 0.53
Afgl1l unresolved —0.79 +1.46 0.65 Psmcl unresolved —0.20 —0.04 0.47
Aggfl unresolved —0.81 +1.17 0.59 Rbfa unresolved +0.58 +0.30 0.59
Alad unresolved +0.25 —0.40 0.44 Rps6kcl unresolved —0.00 +0.46 0.58
Aqr unresolved —0.33 +0.56 0.53 Runz1t!l  unresolved +0.52 +0.26 0.61
Arl2bp unresolved —0.53 +0.12 0.50 Scarf2 unresolved —0.25 —0.64 0.35
Atp13a83 unresolved —0.33 —-0.11 0.47 Sdhaf3 unresolved +0.23 —0.92 0.38
Bbz unresolved —0.00 +0.35 0.56 Sem1 unresolved +0.09 +0.15 0.54
Bedindd unresolved +0.21 +0.47 0.60 Sgcb unresolved —0.23 —0.38 0.44
Castor2 unresolved +1.30 —0.36 0.63 Smim1/ unresolved +0.44 +0.02 0.56
Cbry unresolved +0.22 +0.19 0.56 Syt12 unresolved —0.92 —0.10 0.31
Cedcl115 unresolved —0.55 +0.96 0.58 Thal unresolved —0.89 +1.37 0.60
Chdj unresolved —0.33 —0.03 0.48 Tmsb10 unresolved —0.13 —0.14 0.45
Commd7 unresolved +1.21 —0.44 0.54 Tst unresolved —0.34 +0.49 0.55
Cotl1 unresolved —0.04 +0.24 0.54 Usp7 unresolved +0.04 —0.37 0.46
Crisl1 unresolved +0.32 —0.73 0.42 Wdyhvl unresolved +2.17 —0.47 0.65
Cyp20al unresolved —1.16 +0.82 0.53 Xrn2 unresolved +0.69 —0.20 0.47
Dpp8 unresolved +0.11 —0.36 0.45 Zranb3 unresolved —5.90 +5.51 0.50
Dtnbp1 unresolved +0.09 +0.46 0.57
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Table S15: The 14 joint-test hits that lose Benjamini—-Hochberg significance at 5% when the boot-
strap P value is replaced by the within-cell label-swap P value (2,000 swaps per gene; § S4.9), with
the joint statistic, both P values, the stratum and the call under the repaired burst-size statistic.
The remaining 90 hits keep their significance under both calibrations.

gene T3 bootstrap P label-swap P  stratum call

Ephz1 134 0.0064 0.0235 clean unresolved
Pcdhga8 8.6 0.0164 0.0270 marked, plausible unresolved

Usp7 10.8 0.0141 0.0300 clean unresolved
Bcedindd  14.0 0.0027 0.0300 clean unresolved

Rexol 19.4 9.1 x 10~* 0.0310 clean frequency-resolved
Ari2bp 9.1 0.0241 0.0340 clean unresolved

Zranb3 10.2 0.0191 0.0350 clean unresolved

Agr 12.4 0.0064 0.0415 clean unresolved
Manibl 16.4 4.5 x 1074 0.0430 clean unresolved

Tst 9.3 0.0236 0.0450 clean unresolved
Dcaft0 182  45x 1074 0.0650 clean both

Lrre8d 10.9 0.0127 0.0775 clean unresolved

Myg1 17.6 0.0014 0.0835 marked, plausible unresolved

Erlin2 12.2 0.0068 0.1364 clean frequency-resolved

two calls survive at either ratio, and both genes are reported as within mapping-ratio uncertainty.
The two calls are marginal at p = 1 (Dcaf10 sits at the family cut), and the losses at 10% amount
to one or two exceedances on a 2,198-draw null; the result holds at Monte-Carlo resolution only.

Goodness of fit of the telegraph model to each allele of the 77 clean genes was assessed by
parametric bootstrap (200 replicates per gene and allele, scored at the observed-data estimate,
which makes the marks conservative) on six statistics; Pearson’s chi-square marks 10 of the 77
genes at a false-discovery level of 0.10, and the other five statistics mark none.

S4.10 Planted-mixture simulation of the full procedure

To learn what the split of the clean calls can say about the mixture of mechanisms, we ran the
whole procedure, from the per-gene fits through the three bootstrap families, the artifact marks,
the balance band, the class rule and the strata, on synthetic experiments of 198 genes with planted
allelic differences. Each experiment plants differences in 104 genes, with effect sizes resampled
from the observed clean effects (capped at their ninety-fifth percentile, with a floor), under four
compositions: all frequency, all size, an equal mixture, and a mixture in which a quarter of the
differences are in kog alone (which changes burst size and burst frequency together) and the rest
in both parameters. Each composition was run for 15 experiments with 199 first-stage replicates
per statistic, without the unconditional second stage, and floor genes were refined where a family’s
count depended on them. Supplementary Table S16 gives, for each composition, the planted truth
against the returned call. A planted burst-frequency difference is returned as a frequency-resolved
clean call in a fraction 0.142 of cases and a planted burst-size difference as a size-resolved clean call
in 0.034 (0.24 of the frequency recall). An equal mixture yields on average 0.33 size-resolved and
6.67 frequency-resolved clean calls per experiment (Table 2 of the main text), and the observed split,
0 size-resolved against 17 frequency-resolved (Wilson 95% interval on the size share 0.00 to 0.18),
is at least as uneven as the split of a fraction 0.79 of the equal-mixture experiments (Wilson 95%
interval 0.52 to 0.92). A kg-only difference is returned as unresolved in 98 and as not significant
in 283 of 390 planted cases and as size-resolved in zero. The balance band, a cut on the sum of the
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Table S16: Planted truth against returned call in the planted-mixture simulation of the full pro-
cedure (§ S4.10): counts of gene-experiments over 15 experiments per composition. Calls are the
clean-stratum calls (size-resolved, frequency-resolved, both, unresolved), ‘n.s’ is not significant on
the joint test, and ‘marked’ is significant but removed from the clean stratum by an artifact mark
or the balance band. A planted size difference is returned as a clean size-resolved call in a fraction
0.034 of cases and a planted frequency difference as a frequency-resolved call in 0.142; a kyg-only
difference, which changes burst size and burst frequency together, is returned as size-resolved in
zero of 390 cases.

composition planted size frequency both unresolved n.s. marked
all frequency no difference 1 1 0 15 1390 3
frequency 0 222 3 577 599 159
all size no difference 0 0 0 14 1392 4
size 53 0 0 723 554 230
equal mixture no difference 0 0 0 16 1389 5
frequency 0 99 0 297 307 7
size 5 1 0 379 270 125
kog only (a quarter), both (the rest) no difference 0 0 1 16 1392 1
both 18 71 17 464 280 320
ko only 0 2 0 98 283 7

two log, ratios, also removes large same-sign changes, most often for mixed effects. The split of the
clean calls is therefore an outcome of the procedure’s unequal recall of the two kinds of difference
and does not measure their prevalence.
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S5 Accuracy and separability of the two-step OFF model

The two-step (refractory, three-state) promoter model of the main text, whose stationary distri-
bution and likelihood-ratio test are derived in Supplementary File S1 (§§ S1.4-S1.7), is the cycle
ON — OFFy — OFF; — ON with rates kof, k12, kon and synthesis rate v, all in units of the
mRNA degradation rate. This Supplementary File reports the accuracy of the three-state likeli-
hood evaluation (Supplementary Table S17), the two reference parameter sets, the computation of
the separation n KL with the Monte-Carlo calibration of the boundary likelihood-ratio test, and the
separation on slices through two fitted shapes (Supplementary Fig. S5). It then gives the separation
for each gene of the Larsson et al. data and the number of cells needed at each capture efficiency
and OFF division (Supplementary Fig. S6), and compares the cost of exact evaluation with that
of simulation-based inference. All bounds given here cover a two-step OFF period only, with no
measurement noise beyond binomial thinning where stated.

S5.1 Eigenvalue dictionary and the master-equation comparison

The stationary distribution (Supplementary File S1, Eq. (S10)) is parameterized by the eigenvalues
a12 = {kon, k12} of the generator with the ON state deleted and the nonzero eigenvalues by o of the
full generator, whose symmetric functions are by +bs = koy + k12 + ko and bi1be = konk12+ ko (kon +
k12). At five random rate points (log-uniform rates, v in a moderate range) we compared the closed
form with the stationary solution of the truncated master equation, obtained directly by sparse
banded elimination at 70 digits with two truncation levels agreeing to at least 47 digits. Over the
count range examined the closed form agrees with this solution to 45.2 digits at worst. The naive
dictionary b = {kon+kof, k12+kost}, which counts k.g twice, deviates from the master-equation
distribution at the same points by a maximum relative error of 0.09-0.57.

S5.2  Accuracy of the two-step evaluation

Supplementary Table S17 collects the accuracy tests, all against a target of at least 40 digits,
beginning with the master-equation comparison just described. We measured the agreement of
four independent evaluations at 20 points: the ball series with its proved tail and cancellation
bounds, Arb’s rigorous ,F; at complex parameters, a multiprecision real series, and an adaptive
multiprecision 9 F5. Of the points, 12 are random and eight are chosen to be difficult (v up to 2,000
with k& up to 1,500 for real and for complex b, small rates at large v, nearly degenerate b; — ay,
nearly double b, exactly double b, widely spread a). The worst pairwise agreement is 60.2 digits,
the balls of the series and of ,F; overlap at all points, the multiprecision values lie inside the balls,
and the largest relative ball radius is 2 x 10799,

In the confluent limit the three-state distribution reduces to the telegraph distribution, and with
eigenvalue input by = a; exactly, the three-state evaluation reproduces the two-state evaluation of
the main text to 57.8 digits with overlapping balls. The three evaluations of the full count vector
(backward ball recurrence, per-k series, two-precision multiprecision) agree to 54.4 digits at worst,
with |3, P(k) — 1] of order 9 x 10754, The table’s remaining rows concern the proof, minimality
and stability scan of the recurrence, given in Supplementary File S1 (§ S1.5), and the demonstration
fits of §S5.3.

S5.3 The two reference parameter sets

The demonstration parameter set is the minimal Markov embedding of Example 1 of Luo et al. [41],
matched in mean dwells and synthesis rate: kon, = 2/5, k12 = 2/7, kog = 1/4, v = 20, evaluated
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Table S17: Accuracy checks of the two-step-OFF evaluator (all passed; digit targets at least 40).
“Digits” is the number of agreeing significant digits between independent evaluations; relative ball
radii are bounds returned by the ball arithmetic. An independent re-derivation of the eigenvalue
dictionary and of the master-equation solver, with the ball-arithmetic evaluations repeated at fresh

points and two precisions, reproduced every row (Supplementary File S5).

check

content

result

master-equation comparison

agreement of four evaluations

recurrence proof and minimality

confluent limit
vector evaluations

Eq. (8) of the main text against the
stationary distribution of the truncated
master equation, 5 points

four independent evaluations, 20 points
(v to 2000, k to 1500, doubled b)
telescoping identity proving the order-
3 recurrence; minimality modulo two
primes

b1 = a1 against the two-state evaluator
backward recurrence in balls, per-k se-

worst 45.2 digits; the naive
parameter dictionary is off by
0.09-0.57

worst pair 60.2 digits; rela-
tive radii < 2 x 107%°
residual identically zero; no
order-2 recurrence with de-
grees < 6in k, <2in v

57.8 digits, balls overlap
worst 54.4 digits; | >, P(k)—

ries, two-precision multiprecision
4 regimes to k = 1800

1] =9.4x10°

backward stable at all k& (min
55.1 digits); forward not
Supplementary File S5

stability
demonstration fits simple rejection sampling versus direct
maximum likelihood on the two refer-
ence parameter sets

at 200 cells, with a complex-conjugate b pair. Their example uses Gamma-distributed dwells and
1,000 cells, whereas ours has a hypo-exponential OFF period and an exponential ON period, and
with the means matched we treat it as representative of theirs. On a data set of 200 cells drawn
from this parameter set, the exact log-likelihood is —585.601817533880382 ... nats with error at
most 5.1 x 10~%* nats, obtained in 0.004-0.005 s. The cost is per histogram and not per cell. A
histogram of 20,000 cells takes 0.012 s. At these parameters and this cell number the refractory
structure is not identifiable from stationary counts. The divergence from the three-state truth to
the nearest two-state distribution is KL = 4.8 x 10~ nats. The separation is therefore n KL ~ 0.1
at n = 200 and ~ 0.5 at the n = 1,000 of Luo et al’s own example, and at these values even the
optimal likelihood-ratio test has little power to detect the structure.

The three-state maximum-likelihood fit to the demonstration data set converges to the two-
state boundary (k12 =~ 21, OFF3 effectively instantaneous) with Aloglik = 0 and AAIC = +2
in favor of two states. Because the null lies on a boundary (Supplementary File S1, § S1.7) we
give the Akaike difference in place of a chi-square P value. A simple rejection-sampling fit to the
same data (approximate Bayesian computation over the four rates, the demonstration fit listed in
Supplementary Table S17) yields a pseudo-posterior but no model-comparison statistic, and hence
no sign that the structure is unidentifiable at this sample size. The exact likelihood gives both
a model-comparison statistic (the Akaike difference above) and the expected log-likelihood ratio
n KL of the previous paragraph.

The identifiable reference parameter set is kon = 4/5, k12 = 3/5, kog = 3/10, v = 100 at 20,000
cells, with KL = 2.40 x 1073 and n KL ~ 48. Direct maximum likelihood recovers the structure:
Aloglik = +33.2 against the best two-state fit, AAIC = —64.4, with kg estimated to within 5.5%,
v to 0.2%, and the slower and the faster of the two OFF rates to 11% and 33%. The likelihood is
flattest in the plane of the two OFF rates, and because they enter the distribution symmetrically
(Supplementary File S1, § S1.4), only the unordered pair is determined. A gene with these four
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rates reaches n KL = 2 at n = 832 cells (asymptotic power 0.64, measured 0.61 there for the simple
likelihood-ratio test, §55.5) and power 0.9 near n = 1,800.

S5.4 Computation and accuracy of the separation

For a three-state truth 6 the separation per cell is KL(6) = mingy KL(P3(0)||P2(¢)) (Supplementary
File S1, Eq. (S16)). We carry out the inner minimization over ¢ = (a, b, r) by a simplex search in log-
parameters, initialized at a few warm starts along each parameter sweep (§55.6, §55.7). Its objective
is evaluated on double-precision log-probability vectors built from the backward recurrences (order
three for the three-state distribution, three-term for the telegraph distribution) and seeded by
single-point evaluations in ball arithmetic. We compared these double-precision vectors with two-
precision multiprecision vectors for the three-state distribution (at least 13.1 digits) and with balls
for the two-state distribution (at least 12.8 digits).

Each of the 1,360 KL values reported on the slices (§55.6) was re-evaluated at the double-
precision argmin with ball-evaluated probability vectors for both distributions and a ball KL sum,;
the largest resulting ball radius is 6.9 x 10736, Optimizer error enters the re-evaluated KL only
at second order, by the envelope theorem. For the genome-wide per-gene calculation we used the
double-precision summation, with the ball re-evaluations described in §S5.7.

The KL sum is truncated at an adaptive kmax with ball-evaluated residual mass 1 — 5 P3 below
10712, and at each re-evaluation we also computed the drift KL (kpax+pad) — KL(kmay) (largest
|drift| on the slices 4 x 107!2). The omitted tail is bounded rigorously: both laws are Poisson
mixtures, so ps(k+1)/p3(k) < v/(k+1), and the local Poisson rate of the telegraph law is non-
decreasing, so log(ps/q) grows at most linearly beyond the cutoff with the slope read there. The
remainder is enclosed two-sidedly in ball arithmetic and is at most 1.6 x 1076 of KL at the cutoff
used for the reported values on the median-shape point, at most 3.3 x 10713 at five other points
spanning the printed cell numbers, and at most 7.4 x 1077 at twice the cutoff. The result is
independent of the working precision (agreement to at least 27.2 digits between 30 and 60 working
digits), and six interior starts of the minimizer land in one basin at every point (relative spread
at most 4.5 x 107?). The negative-binomial limit is the minimizer only at the ninetieth-percentile
point, where the reported value exceeds the infimum by 0.78% and the cells needed at the infimum
are 3.2 x 10* against the reported 3.1 x 10%; no other printed cell number changes in two significant
figures. The inner minimizer is a heuristic simplex search. Restarted repeatedly at six parameter
points (the two reference parameter sets of §55.3 and two points on each slice panel), it returns
the same argmin to within 107% (relative) at the four points with an interior minimum. A second
minimizer using a separate three-state evaluation reproduces twenty per-gene KL values of §55.7
to within 1.3%.

On the 90th-percentile panel of §55.6, and on 710 rows of a stratified sample of 2,001 genes
evaluated before the genome-wide calculation, the inner argmin over ¢ lies on the boundary of the
telegraph family, its negative-binomial (Poisson—-Gamma) closure b — oo. There the reported value
is a tight upper bound on the infimum. Minimizing separately on the negative-binomial boundary
itself, we found the reported KL above the true infimum by at most 1.3% near every contour and
by at most 2.7% across the boundary rows of that sample, reaching 54% only where KL < 1079,
two orders of magnitude below the lowest contour. Where this error occurs, it inflates the reported
separation. Thus the cell numbers derived from the separation remain lower bounds.
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Table S18: Null distribution of the composite two-step-OFF likelihood-ratio statistic at nine two-
state designs (three fitted shapes at 94, 224 and 682 cells; 500 replicates each, exact likelihoods,
both models re-fitted in every replicate). Rejection at the asymptotic critical values 2.706 (5%)
and 5.412 (1%) with Wilson 95 % intervals, the mass at zero, and the simulated 5% and 1%
critical values, against the mixture %X(Q) + %X% (mass at zero one half, critical values 2.706 and
5.412). Replicates whose loose fit had a statistic above one were refitted at tight tolerances and the
corrected rates are printed. The power labels of the main text are asymptotic; Timp1 is quoted at
its own simulated critical value (§ S5.7).

design cells rejection at 5% [Wilson] at 1% mass at zero  co5  coo
Timp1 fit 94 0.022 [0.012, 0.039] 0.000 0.296 2.19 3.21
Timp1 fit 224 0.066 [0.047, 0.091] 0.002 0.364 3.03 4.51
Timpl1 fit 682 0.042 [0.028, 0.063] 0.008 0.464 2.57 5.11
median fibroblast shape 94 0.000 [0.000, 0.008] 0.000 0.336 0.59 0.78
median fibroblast shape 224 0.000 [0.000, 0.008] 0.000 0.370 0.85 1.31
median fibroblast shape 682 0.000 [0.000, 0.008] 0.000 0.436 1.18 1.64
ninetieth-percentile shape 94 0.000 [0.000, 0.008] 0.000 0.282 0.84 1.38
ninetieth-percentile shape 224 0.000 [0.000, 0.008] 0.000 0.278 1.09 1.80
ninetieth-percentile shape 682 0.012 [0.006, 0.026] 0.000 0.280 1.84 2.72

S5.5 Monte-Carlo calibration of the boundary test

Under the boundary null of Supplementary File S1 (Eq. (S17)) the critical value of the composite
likelihood-ratio statistic at level 0.05 is 2.706, below the two-sided x3 quantile. Equation (S18)
then gives asymptotic power 0.64 at n KL = 2 and 0.99 at n KL, = 8, and power 0.9 at n KL ~ 4.3.
We confirmed the simple likelihood-ratio form of Eq. (S18) (Neyman—Pearson test of the three-
state truth against its nearest two-state distribution) by Monte Carlo with exact likelihoods at
four parameter points and two target separations (n KL = 2 and n KL = 8), 2,000 replicates each.
The parameter points are the median shape of §S5.6 at two OFF divisions (the Erlang split and an
unequal one), the 90th-percentile shape at the Erlang split, and the identifiable reference parameter
set. Measured power is 0.61-0.64 at the cell numbers where n KL = 2 and at least 0.988 where
n KL = 8, within Monte-Carlo error of Eq. (S18) in all eight runs.

Under the composite test, in which both models are re-fitted in each replicate, the boundary
mixture is approached slowly. At nine two-state designs (the Timpl! fit, the median fibroblast
shape and the ninetieth-percentile shape, each at 94, 224 and 682 cells; 500 replicates each, exact
likelihoods, the two-state and three-state fits from the same starts as the per-gene calculation) the
rejection rate at the asymptotic critical value 2.706 lies between 0.000 and 0.066, the mass at zero
between 0.28 and 0.46, and the simulated 0.05 critical value between 0.59 and 3.03 (Supplementary
Table S18). The median and ninetieth-percentile shapes at every cell number reject far less often
than the mixture predicts; on the ninetieth-percentile shape up to 41% of the two-state null fits
end near the shared parameter box, where the two-state law sits on the (kog, ) ridge and the
third rate is barely identified. The power labels of the main text are therefore asymptotic, and for
Timp1 we quote the power at its own simulated critical value 3.03 (bootstrap 95% interval 2.61—
3.35 over resamples of the null statistics; §55.7). The earlier null run at the identifiable parameter
set (n = 832, 200 replicates) is consistent with the mixture: P(LR > 2.706) = 0.060 £ 0.017. We
measured the composite test’s power under the alternative by Monte Carlo at one parameter set
only, the per-gene maximum of §55.7, and elsewhere its power is taken from Eq. (S18).
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S5.6 Slice panels through two fitted shapes

The slice plane through a fitted two-state distribution (ag,bo,79) has two axes, each a ratio of
mean OFF dwell times. The abscissa f € (0, %] is the OFF-dwell split, the mean of OFF5y over
the total mean OFF dwell: f — 0 is the telegraph limit and f = % is the symmetric Erlang split,
which has the narrowest OFF-time distribution and is the most detectable division. The ordinate
5 € [%,4} is the total OFF dwell relative to the fitted one, with the ON dwell and the synthesis
rate held at the fitted values (s = 1 preserves the fitted mean OFF dwell exactly). We computed
two panels on a 20 x 17 grid, with each point re-evaluated in ball arithmetic (Supplementary
Fig. S5). The first passes through the componentwise median of the exact fibroblast (C57) re-fits,
(Ko, koff, ksyn) = (0.421,11.0,39.5) in units of the degradation rate, which differs slightly from the
median of the published fits used for the onset scans of Supplementary File S2. The second passes
through the 90th-percentile shape of the same re-fits, (1.23,206,534).

At n = 200 cells, the scale of the Larsson et al. data, neither panel reaches the n KL = 2
contour anywhere. The slice maxima, 6.8 x 107 nats (median shape) and 2.55 x 10~ nats (90th
percentile), both at the Erlang split, fall short of that contour by factors of 147 and 39. Even at
n = 20,000 the median panel does not reach n KL = 2 (maximum 1.36). On the 90th-percentile
panel the n KL, = 2 region covers 15.3% of the slice after the boundary-infimum correction of §S5.4,
and n KL = 8 is not reached (maximum 5.06). Therefore, reaching the n KL = 8 target with the
90th-percentile shape would take more than 20,000 cells, about 3.1 x 10* at its best split.

S5.7 The genome-wide per-gene calculation

The per-gene calculation covers all 20,217 exact two-state re-fits that pass the quality filter in the
three combinations of data set and allele (a net 16 more than under the published fits, since genes
outside the published filter-passing set were re-fitted as well; median cell count 206, maximum
224). For each gene we sought the smallest two-step OFF split with n KL > 8 by evaluating the
separation along the dwell-preserving family f € (0, %] through the gene’s fit at its own cell count,
and obtained the separation for 20,216 of the 20,217 genes. For all evaluated genes the separation
lies below n KL = 8 and below n KL = 2 even at f = % Hence none of them has a minimal
detectable split. The median n KL(f :%) is 0.0069, three orders of magnitude under the n KL = 8
threshold and small enough that the boundary-calibrated power is close to the false-positive rate.
The maximum is 0.581 (T%mp1, fibroblast CAST, n = 224), for which the asymptotic power for a
two-step OFF period is 0.285.

The genes whose double-precision truncation residual exceeded the 107'2 threshold (residuals
1.0 x 10712 to 2.7 x 10719) received no value from the double-precision summation and were re-
evaluated in ball arithmetic. For these genes a relaxed truncation served only to locate the argmin,
and the reported value is the ball re-evaluation at that argmin, under the same residual and drift
criteria as for the randomly sampled genes below. This re-evaluation gave a value for all but one of
them, Sel1l3 (mESC), which failed the drift criterion. For six genes it gave only an upper bound,
because their true KL is at or below the double-precision noise floor (all at n KL < 2.1 x 1072,
orders of magnitude below the detection thresholds). To bound the double-precision error of the
per-gene values, we re-evaluated 60 randomly chosen genes with ball vectors. The relative deviation
of the double-precision KL on that sample is at most 1.3 x 107* (median 2.3 x 107%), and on a
further 60 mESC genes (duplicate-corrected counts, Supplementary File S3) it is at most 7.0 x 1074
(median 1.0 x 1078).

A finite-n composite Monte Carlo at the Timpl parameters and cell number, with full two- and
three-state maximum likelihood in each replicate, gives 564 rejections at the 2.706 critical value in
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1,996 completed replicates (of 2,000 started). The estimated power at the asymptotic critical value
is 0.283, with Wilson interval [0.263,0.303], which contains the asymptotic two-step power 0.285;
at the critical value simulated for this design under the null (3.03, §55.5) the same replicates give
0.222 [0.205, 0.241], and 0.185 to 0.302 over the bootstrap interval of that critical value. Over the
95% likelihood region of the two-state fit (2ANLL < 3.841; 219 certified parameter vectors on 60
ray directions and directed searches for the extremes) KL ranges from 2.0 x 1073 to 3.1 x 1073,
n KL from 0.45 to 0.70, the cells needed for n KL = 8 from 2,586 to 3,935 (3,085 at the plug-in fit),
and the asymptotic power from 0.24 to 0.33; the equal split f = % is the most detectable division
at every point. For any level-0.05 test the power is at most a + /n KL/2 = 0.59 at the plug-in fit
(Pinsker’s inequality), 0.52 to 0.64 over the region. Deeper OFF cascades with 5-7 rate-limiting
steps [7] have a narrower OFF-time distribution than the two-stage Erlang case used here and may
therefore be easier to detect; the present numbers, which cover two OFF stages only, do not bound
the cells required to detect them.

S5.8 Cell numbers by capture efficiency and OFF division

From the separation computed on the slices of §55.6, the number of cells an experiment needs
follows as N = 8 /KL for the detection power 0.99 reached at n KL = 8 (§55.5; power 0.9 already
at N ~ 4.3/KL). The fitted synthesis rate is a rate of captured molecules, vg; = Sov, so f =1 on
the slices is the capture of the experiment and smaller g is further thinning of the observed law.
The best case on the whole median-shape slice, the Erlang split, then needs N ~ 1.2 x 10° cells as
sequenced, 1.8 x 106 after thinning to 0.3 of the experiment’s capture and 3.9 x 10® after thinning
to 0.06. The same gene with every transcript counted needs N(1/5p): no primary estimate of 5y
exists for these libraries (Larsson et al. state that inferred burst size scales linearly with sensitivity
and used no spike-ins [3]), and over the bracket By € [0.1,0.5] the requirement is 1.0 x 10* to
4.3 x 10* cells (2.4 x 10* at By = 0.3); a droplet experiment at the absolute mean efficiency 0.06
measured by Klein et al. [42], as adopted by Tang et al. [43], needs 3.2 x 10° to 3.2 x 107 cells
over the same bracket (6.0 x 10° at By = 0.3). Supplementary Fig. S6 extends the as-sequenced
and thinned numbers over the whole median-shape slice. Binomial thinning at a fixed efficiency
acts on a mixed-Poisson distribution exactly as v — Bv, and the exact likelihood therefore applies
unchanged to the thinned counts.

Because all components of technical noise other than fixed-efficiency capture are omitted (per-
cell efficiency variation, ambient RNA, errors in molecule counting, cell-size covariates), real require-
ments are likely larger and the cell numbers just given are lower bounds. In addition, the calculation
assumes stationary snapshot counts, and the relation between n KL and power is asymptotic, sup-
ported by the Monte Carlo of §55.5 but without exact finite-n bounds. Finally, the per-gene results
condition on each fitted two-state distribution without propagating its uncertainty, and those dis-
tributions were fitted to counts uncorrected for capture, whereas capture-modified likelihoods give
systematically different burst parameters [43].

S5.9 Simulation cost

Luo et al. [41] infer the generalized telegraph model by sequential Monte-Carlo approximate Bayesian
computation with 10,000 first-generation simulations, five generations and 1,000 particles. They
report approximately 75 s per gene on their hardware, the time of roughly 2 x 104 of the exact eval-
uations of §55.3. We did not run their code, and with our own stochastic simulator this run-time
ratio would be larger: their lower bound of at least 1.4 x 10* simulations per inference times our
measured 0.10 s per simulated data set gives at least 1,400 s per inference, the time of 10°-10° exact
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evaluations. However, their simulator and summary statistics are likely much faster to evaluate
than our reference simulator, and the main text therefore quotes their reported time in place of
this estimate.
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S6 A cross-kingdom map of burst modulation

The allele-resolved analysis of the main text compares the two alleles of one gene within one cell
type by per-gene likelihood-ratio tests. Here we apply the same per-gene comparison to one pair
of conditions or cell states in each of three species from three kingdoms, with the calls decided by
the rule of §56.2.

S6.1 Question, species and data

For each of the three species we ask whether the change in expression between its two conditions
is carried by burst frequency or by burst size, and we treat the answer (frequency-dominant, size-
dominant or mixed) as a phylogenetic character of the species. We then ask whether the three
characters determine the ancestral state at the eukaryote root. The pairs of conditions were chosen
in advance, and the per-gene calls on them give the character matrix (§§56.2 and S6.3); where a
second pair was specified for a species, that pair is used only as a concordance check. In yeast the
stress contrast appears to be carried by burst frequency, whereas the plant and cnidarian contrasts
are mixed.

The yeast data are read counts, analyzed under the approximation that reads are proportional
to molecules, whereas the plant and cnidarian data are molecule counts at low capture efficiency.
In that regime the per-gene test detects frequency shifts more readily than size shifts, so that
the plant and cnidarian frequency shares (frequency calls as a fraction of the frequency and size
calls) are upper bounds (§56.3). The reconstruction of §56.5 leaves the ancestral state at the
eukaryote root unresolved. We have not evaluated the decision rule of the analysis plan; with two
non-metazoan species in the matrix the rule’s outcome would be that the map cannot support a
cross-kingdom conclusion, and we draw none (§56.7). Independently of the species data, we also
show that promoters with up to four states can change mean expression through burst size at nearly
constant burst frequency (§56.6).

Three species enter the character matrix: budding yeast (Saccharomyces cerevisiae, read counts,
GEO series GSE102475), Arabidopsis thaliana (droplet molecule counts, GSE121619) and the
cnidarian Hydra (Drop-seq molecule counts, GSE121617). Two further species were planned but
do not enter the matrix. The counts of the bacterial data set (microSPLiT, GSE151940) include
fractional multi-mapper values as deposited and have yet to be re-quantified from the raw reads.
The malaria parasite (Plasmodium berghei, Smart-seq2 read counts) is excluded as ceiling-limited
under the pre-specified rules, because most of its genes fit at the upper bound on burst size and
too few remain to classify (§56.4). We wrote the analysis plan before any species data were fitted;
§56.7 summarizes its decision rule and tabulates the deviations from it.

S6.2 Per-gene calls and genes without a call

We assign each gene one of five calls (frequency, size, mixed, not modulated, ambiguous), decided
from its exact per-gene likelihoods under the two conditions. A gene receives no call when any of
six exclusions applies: low expression, a fitted mode at one of the parameter bounds set in the plan
(bound-limited), an expression contrast below the floor of £ = 1.5, saturation, failure of the per-gene
separability screen, or model ambiguity. A gene is model-ambiguous when the separation between
its frequency and size descriptions does not exceed, by the pre-specified margin, the separation that
unresolved promoter structure could produce. Model ambiguity is distinct from the ambiguous
call, which a gene clear of all six exclusions receives when none of the frequency, size and mixed
descriptions is favored by the required factor. Genes whose exact evaluation did not finish within
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the per-gene time limit of 600 s also receive no call and are counted separately as evaluation-limited.
These are the most highly expressed genes, which are therefore under-represented among the calls:
in the Arabidopsis data set 461 of 37,336 genes (1.23%) are evaluation-limited.

We later re-ran the 461 evaluation-limited Arabidopsis genes with a two-state evaluation built
for large counts. This re-run called 3 of them, all frequency, and ended with 8 still unfinished. The
other 450 reached the same 600 s limit again, because they need a three-state evaluation for large
counts that we have not built. Therefore the most highly expressed genes are still under-represented
among the calls. In addition, because genes within a species share regulons and chemistry, their
calls may be correlated. In the plant and Hydra counts, genes meeting one of the six exclusions
receive no call; an earlier version of the calling code had labeled them ambiguous (Supplementary
Table S20, row 7).

S6.3 The character matrix and its calibration caveats

Supplementary Table S19 gives the character matrix. For each species, Fytq is the frequency share
among single-axis calls (frequency or size), standardized over pooled activity quintiles, and z is the
mixed share among genes called frequency, size or mixed. A species is frequency-dominant when
Fiq > % and z < %, size-dominant when Fgq < % and x < %, and mixed otherwise. By this rule
the yeast contrast is frequency-dominant and the plant and cnidarian contrasts are mixed, and all
three characters are stable under the pre-specified £0.05 perturbation of the thresholds.

Table S19: Character matrix of the cross-kingdom analysis: three species, one pair of conditions
or cell states each, chosen in advance (the bacterial data set awaits re-quantification of its counts;
the malaria data set is excluded as ceiling-limited because most of its genes fit at the upper bound
on burst size, §56.4). Columns: per-gene counts of frequency, size, mixed, not-modulated and
ambiguous calls; Fgq, the frequency share among single-axis calls standardized over pooled activity
quintiles; x, the mixed share among genes called frequency, size or mixed; the character by the
rule of §56.3. In words, the yeast stress contrast appears to be carried by burst frequency, and the
plant and cnidarian contrasts are mixed. The plant and Hydra frequency shares are upper bounds
(calibration sensitivity 0.200 to injected frequency shifts against 0.000 to injected size shifts at the
contrast floor), and the Hydra share is computed without the bound-limited genes, among which
a counterfactual call would have favored frequency over size by 53 to 12. The yeast calibration is
asymmetric in the same direction (sensitivity 0.115 to size shifts against 0.280 to frequency shifts at
a twofold contrast), and the yeast share therefore also over-counts frequency. The three characters
leave the eukaryote root unresolved (§56.5), and no conclusion across kingdoms is drawn from them

(§56.7).

species (platform) F/S/M/NM/AMB Fitq x character

S. cerevisiae (reads) 216/53/27/268/167  0.8080 0.0912 frequency-dominant
A. thaliana (droplet molecule 559/785/578/239/668 0.3874 0.3007 mixed

counts)

Hydra (Drop-seq molecule counts) 98/124/27/35/62 0.4027 0.1084 mixed

The frequency shares of the plant and Hydra data sets are upper bounds, because at low
capture efficiency the per-gene test detects frequency shifts more readily than size shifts of the
same magnitude. Both data sets lie in the low-capture regime of our synthetic calibration, with
a molecule-capture efficiency near 0.06. In that regime, at the smallest expression contrast at
which a call is made (k = 1.5), an injected frequency shift was detected in 40 of 200 simulated
genes (sensitivity 0.200), whereas an injected size shift of the same ratio was detected in 0 of 200
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(sensitivity 0.000).

A further caveat applies to the Hydra share, which is computed only on the genes not excluded as
bound-limited (§56.2). A counterfactual call on the excluded genes would have favored frequency
over size by approximately 53 to 12 (48 against 11 above the contrast floor). A second Hydra
cell-state pair (endodermal) agrees with the first in giving a mixed character, but only narrowly.
Its share F' = 0.3375 lies 0.0042 above the size-dominant threshold of %, and six frequency-to-
size changes among its 1,354 single-axis calls would move it below that threshold. The +0.05
perturbation of the thresholds moves the second pair to size-dominant, whereas the primary pair is
stable under all perturbations. Thus the character of the second pair is sensitive to small changes
in the data.

In the yeast read-count regime of the synthetic calibration the per-gene test is likewise more
sensitive to frequency shifts than to size shifts. At a twofold contrast an injected size shift was
detected in 23 of 200 genes (sensitivity 0.115) and an injected frequency shift in 56 of 200 (sen-
sitivity 0.280), a size-to-frequency sensitivity ratio of 0.41. Hence the yeast frequency share also
over-counts frequency relative to size. We fitted the yeast data set on read counts under the approx-
imation that reads are proportional to molecules, an approximation supported by the concordance
of molecule- and RPKM-based burst parameters reported by Larsson et al. [3]. PCR amplification
adds dispersion that the model omits and remains a possible confound for all yeast and malaria
estimates.

S6.4 The malaria read-count data set

In the malaria data set (P. berghei, Smart-seq2 read counts) only one gene remains after all the
per-gene exclusions of §56.2, fewer than the pre-specified minimum for a character-matrix entry,
and the data set is therefore classed as ceiling-limited. Of the 363 genes passing the low-expression
filter, 305 (a fraction of 0.8402) were excluded as bound-limited at the upper bound on burst size,
the largest such exclusion in the analysis. The exclusion most likely reflects the count scale of the
platform: Smart-seq2 read counts run 10 to 100 times above molecule scale, whereas the upper
bound on burst size was set from molecule-scale fits. Of the 305 excluded genes, 229 have their
fitted burst size at the bound itself, and the excluded fraction rises monotonically with sequencing
depth.

The bound-limited exclusion removed the 84% of filter-passing malaria genes with the highest
counts, and only low-count genes remained eligible for a call. In the synthetic calibration, fits at
a bound occurred only at the lower bound on burst size and only in the low-capture regime of the
bacterial, plant and Hydra data sets. However, we did not foresee read-scale counts reaching the
upper bound, and for a future read-count data set the upper bound on burst size should be scaled
to read counts when the analysis is planned.

S6.5 Reconstruction to the root

We reconstructed the three-species character to the most recent common ancestor of eukaryotes
under an equal-rates Markov model of character evolution. The reconstruction does not resolve
the root: the posterior is uniform (% per state) against a call threshold of 0.80. We also ran
the pre-specified sensitivity analyses. Fitch parsimony places the mixed character at the root.
Dropping the yeast data set gives a mixed root call, whereas dropping either of the other two
species leaves the root unresolved. Collapsing the character to two states (frequency against size)
gives a frequency-dominant root call at posterior 0.9995. Unit branch lengths, a stationary root
prior, and an added FEscherichia coli leaf on the bacterial branch with its character fixed in advance

95



from the literature as frequency-dominant all leave the root unresolved. Two planned analyses were
not run: the symmetric-rates variant, because the pre-specified grid covers a single rate parameter
only, and the variant adding the mouse data set, because no species-level mouse character was
fixed in advance. Because bacterial and eukaryotic transcription machineries are not homologous,
a character shared across the two domains could reflect only convergence under physical constraint,
and character homology in the strict sense applies within the eukaryote subtree alone.

S6.6 Burst-size modulation at constant burst frequency

Separately from the species data, we asked whether a promoter with at most four states, with
every transition rate inside the physiological ranges fixed in the plan, can raise its mean expression
by a factor of 1.5 through an increase in mean burst size of at least that factor while its burst
frequency stays constant to within a prescribed factor. We found concrete rate assignments that
do so at the tightest frequency constraint examined, a factor of 21/20 (a frequency drift of at most
5%), both with the synthesis rate free and with it held fixed. In each of them the burst frequency,
evaluated in rational arithmetic, is exactly the same before and after the change in expression.
In particular, such assignments exist for the two-state telegraph promoter and for the three-state
refractory topology of the main text.

To find such rate assignments we used the exact factorization of mean expression into burst
frequency, mean burst size and the fraction of time spent OFF. This factorization holds in ex-
act rational arithmetic at 10,000 random parameter draws on each of the 298 distinct promoter
topologies with up to four states. In a lattice search with 16 points per rate axis over the same
rate ranges we found pairs of lattice points realizing such a size-carried change within the 5% drift
allowance on each topology examined: 4.3 x 10° pairs on a two-state telegraph promoter, 7.8 x 107
on a three-state refractory promoter and 1.7 x 10'° on a four-state refractory cycle. The largest
achievable changes in mean expression lie at the edges of the rate ranges.

The nearest published theorem, by Zoller et al. [44], constrains a different object: reproducing
an observed invariance of the promoter switching correlation time requires regulatory architectures
with at least four internal states and non-equilibrium dynamics that break detailed balance. Their
result is a necessary condition on promoter architecture for reproducing that observable, whereas
ours shows that promoters with up to four states can realize a particular mode of modulation, a
change in mean expression carried by burst size at bounded drift in burst frequency. Neither result
implies the other, and their minimum of four states coincides with the largest number of states
considered here.

S6.7 Pre-specified decision rule, deviations and scope

Before any species data were fitted, we fixed in a written plan the species and the pair of conditions
or cell states for each, the per-gene call rule of §56.2 with its contrast floor k = 1.5, and the
character thresholds of §56.3 with a +0.05 perturbation of them as a sensitivity analysis only. We
also specified a positive control on mouse data, built on TATA-box and enhancer-interaction gene
lists whose membership we fixed in a later amendment (Supplementary Table S20, row 10), and
a go/no-go criterion on the per-species counts of separable genes. For the root we specified the
equal-rates reconstruction of §36.5 with a call at posterior at least 0.80. Finally, we fixed an ordered
decision rule that selects one conclusion from the per-species results, as follows.

The branches of the rule are examined in a fixed order, and the first branch whose condition
holds gives the conclusion. First, if the go/no-go criterion fails, the analysis stops with only the
per-species counts of separable genes, the detection ceilings and the fitted parameters, which are
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reported whatever the outcome of the rule. Second, the analysis stops likewise if the mouse positive
control fails with adequate power, whereas if the control is under-powered the evaluation continues
and any later conclusion is stated as provisional. Third, it stops if fewer than three non-metazoan
species have character-matrix entries after ceiling-limited data sets are excluded, because the map
then cannot support a cross-kingdom conclusion.

If none of the three stops applies, four conclusions remain and are tested in order. The first, that
the differences between species reflect the activity levels of their genes, is reached when the spread
of the raw frequency share across species is at least % and the spread of the activity-standardized
share is below % The second, that frequency modulation is universal among the sampled species,
requires all species to be frequency-dominant. The third, that the modulation axis differs between
lineages, requires at least one size-dominant species, a concordant call at the second condition pair
of each size-dominant species that has one, and at least one size-dominant species free of the caveat
that a capture-efficiency change between its conditions could mimic size modulation. Otherwise
the rule selects the fourth conclusion, that the axis is set at the level of conditions or regulons, with
no phylogenetic signal.

We have not evaluated the decision rule, because two of its inputs, the mouse positive control
and the go/no-go criterion, have not been computed. The outcome of the rule on the present
matrix nevertheless follows directly unless one of the two earlier stops applies first: the third stop
requires at least three non-metazoan species with character-matrix entries, whereas only yeast and
Arabidopsis qualify (Hydra is a metazoan), and the rule would therefore end at that stop.

The results of this analysis are the per-species characters of Supplementary Table S19, subject
to the calibration caveats of §56.3, and the demonstration in §56.6 of burst-size modulation at
constant burst frequency. With three species we reach no conclusion across kingdoms and leave
the root unresolved. Each call is a comparison of fitted burst parameters between two conditions
in public data and does not by itself identify a regulatory mechanism. Four further pre-specified
items remain to be done: a test that would apply only to a data set containing model-ambiguous
genes, a second mathematical question that we have deferred, the re-quantification of the bacterial
counts (§56.1), and a three-state evaluation for large counts (§56.2).

Deviations from the pre-specified plan

The deviation log has twelve entries, all at stages that precede the decision rule, and three of
them carry a date in their title; entries six to eight are merged into one row here. Supplementary
Table S20 summarizes each entry from its title, with the species names in place of the plan’s
data-set codes. The decision-rule section of the plan and the titles of the logged deviations are
in the archive of Supplementary File S7 (§57.5) as S6_decision_rule_verbatim.txt (SHA-256
adfeae7bfeeb...) and S6_deviation_titles_verbatim.txt (1b690fdf96bO0...), together with
the full plan and the full deviation texts.
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Table S20: Deviations from the pre-specified plan of the cross-kingdom analysis, one row per entry of the
deviation log (entries six to eight merged), numbered in log order with the log identifier in parentheses.
Date: the date in the entry title, if any. Stage: when the change was made relative to the decision rule.
Change and Reason: from the entry title. Effect on results: where the change enters the numbers of this
Supplementary File.

No. Date Stage Change Reason Effect on results
1 not dated in  data (CA-D-1) Counts of the yeast the public deposit yeast enters the
the title preparation, data set (GSE102475) holds normalized matrix with
before the re-quantified from the raw values only re-quantified read
decision rule  reads deposited at the counts (§S6.3)
Furopean Nucleotide Archive
2 not dated in  data loading, = (CA-D-2) Loader for the the deposit carries led to entry 3
the title before the bacterial microSPLiT matrix  fractional
decision rule (GSE151940) repaired, the multi-mapper counts
deposited matrix having no
header or index, and the
integer-count guard extended
3 not dated in  matrix (CA-D-3) The bacterial data  consequence of entry one fewer
the title assembly, set removed from the primary 2 non-metazoan
before the character matrix pending species in the
decision rule re-quantification of its counts matrix, which
bears on the third
stop of the rule
(§§56.1, S6.7)
4 not dated in  per-gene (CA-D-4) Per-gene disposition genes with large the class is counted
the title evaluation, “evaluation-limited” defined counts exceed the per species (§56.2)
before the for genes whose exact schedule
decision rule evaluation needs more series
terms than the fixed schedule
of term limits allows; counted
as a separate exclusion class
5 not dated in  per-gene (CA-D-5) Per-gene time limit  as entry 4 §S6.2 states the
the title evaluation, of 600 s, after which a gene is limit, the under-
before the classed evaluation-limited; the representation of
decision rule correlation of this exclusion highly expressed
with expression to be reported; genes and the later
an evaluation for large counts re-run of the
deferred; partial per-gene evaluation-limited
results saved on interruption genes
6 not dated in  data loading, (CA-D-6 to CA-D-8) The the deposit is an R fixes which cells

the titles

before the
decision rule

Arabidopsis data set, deposited
as an R data object, read
through R into matrix and
table files for the loader;
condition labels mapped
(whole_root_Control_2 to
control,
whole_root_Heatshock to heat
shock) by a stated evidence
rule

object, and the plan
had not specified
which cells belong to
each of the two
conditions

form the
pre-specified pair;
thresholds
untouched

o8

continued on the next page



Table S20 (continued)

No. Date Stage Change Reason Effect on results
7 not dated in  data-set (CA-D-9) Handling of the the defect was found the plant and
the title disposition, Hydra data set decided: the while this data set Hydra rows of
before the defect in the calling code was processed Supplementary

8 2026-07-23

9 2026-07-23

10  2026-07-23

decision rule

data loading,
before the
decision rule

data-set
disposition,
before the
decision rule

before the
positive
control, which
has not been
computed

(§56.2) logged and its
correction scheduled; the data
set, held back while the defect
was uncorrected, re-admitted
conditionally

(CA-D-10) The malaria
annotation file read as Latin-1
text

(CA-D-11) The malaria data
set classed as ceiling-limited
and kept out of the primary
matrix by the pre-specified
rules, its second condition pair
thereby moot; a re-run with
re-scaled bounds noted as
future work and not run

(CA-D-12) The gene lists of
the mouse positive control
fixed by an amendment to the
plan’s operative definitions

the file contains bytes

that are not valid
UTF-8

read-scale counts
reach the upper

bound on burst size

the identity of the
lists had been left
open

Table S19 are the
corrected counts
(Hydra:
98/124/27/35/62;
Fytqa = 0.4027)

none

§56.4 reports the
data set
descriptively

none yet; the
control has not
been computed

(§56.7)
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S7 Software, versions and reproducibility

This Supplementary File documents the article’s software and its deposited archive, beginning with
the evaluator of the telegraph likelihood and the fixed software versions under which all numbers
in the article were produced. It also gives the source lines of the published implementations we
examined, compares our copies of their code with the originals, describes the contents of the archive
(Supplementary Table S22), and states how the analysis plans were archived. The evaluator is
distributed as [TODO: package name], and the archive is available at [TODO: archive DOI].

S7.1 The evaluator

The evaluator is a single Python file with pip-installable dependencies only (numpy, mpmath,
sympy, and python-flint, which provides Arb [12]). It evaluates the telegraph count distribution
and log-likelihood of Supplementary File S1 in three modes. The ball-arithmetic mode sums the all-
positive series in Arb ball arithmetic with the geometric tail bound of Supplementary File S1 (§51.6)
and obtains vectors of probabilities from the backward ball recurrence with two starting values. If
a returned ball is wider than the requested precision, the mode raises the working precision and
repeats the evaluation, up to 4 times. If the ball is still wider than requested, the mode returns no
value, and otherwise the radius of the returned ball is a rigorous bound on the log-likelihood error.
The self-checking multiprecision mode runs the backward recurrence at two working precisions and
accepts the result only if the two values agree to the requested number of digits at each n. The
double-precision mode computes the per-entry a priori error bound and tests the four conditions
of Supplementary File S2 (§52.8), and by default recomputes a vector that meets one of them in
the multiprecision mode.

A self-test computes P(n) = A+ Be " with exact rational A, B (from sympy) for integer (a,b)
and rational r in five cases and requires each computed ball to contain the exact value. It reports
success only if containment also fails when the dominant coefficient is perturbed by a relative
change of 1073°. Thus the self-test detects errors of that size. A file of reference values contains
25 parameter points with P(n) to 50 digits (relative ball radius below 1075° per value, generator
seed 271,828) for regression tests. The 19 further test points of Supplementary File S2 (§52.8) were
drawn with a different generator seed, 31415926. The evaluator’s JSON outputs are deterministic
(sorted keys, no timestamps). The program does not access the network. Example command-line
usage:

python3 telegraph_evaluate.py loglik --a 0.4 --b 9.5 --r 300 \
--counts 0,3,7,2,9 -—-mode certified
python3 telegraph_evaluate.py --selftest

The -mode value in the first command selects the ball-arithmetic mode described above.

A second module evaluates the count distribution and log-likelihood of the two-step (three-state)
model, with the accuracy reported in Supplementary File S5 (§55.2). It offers three evaluations (the
ball series with the spectral-dominance tail bound, Arb’s rigorous , Fy, two-precision multiprecision)
and the backward order-three ball recurrence for vectors of probabilities. The polynomial d in the
telescoping proof of the order-three recurrence (Supplementary File S1, Eq. (S14)) is deposited
with the module.

S7.2 Dependencies and fixed versions

All numbers in the main text and in the Supplementary Files were produced under Python 3.12.3,
numpy 2.4.1, scipy 1.17.1, pandas 3.0.3, mpmath 1.3.0, python-flint 0.8.0 (Arb) and sympy 1.14.0,
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with single-threaded linear algebra. We examined the published implementations at fixed versions:
txburst at commit 6b6525f of its public repository (the maximum-likelihood, profile and test scripts
txburstML. py, txburstPL.py, txburstTEST.py), BPSC at commit 5a512e5 (R/pBP.R, R/pBPi.R,
R/BPfam.R), and scModels at version 1.0.5.

Two version differences affect the comparisons in Supplementary File S3. First, the published
txburst fit files appear to have been produced with an earlier scipy release than ours. When we
re-ran the published maximum-likelihood script on a fixed 200-gene sample under our scipy release,
the optimizer stopped at a different point from the published fit for 28 of the genes (median |ANLL)|
0.17 nats), which suggests a change in the optimizer between releases. Therefore we compare point
estimates only between re-fits made under one version and exclude from the profile comparison
the genes whose published intervals are not reproduced under our version (§S3.7). Second, the
published profile script names a numpy exception alias that numpy 2 removed. Under numpy 2 the
early-stopped scans of Supplementary File S3 (§S53.8) raise an exception instead of returning NaN.
We restored the alias with one added line and left the rest of the script unchanged.

S7.3 Published implementations examined

The txburst maximum-likelihood script evaluates the count distribution and the log-likelihood in
two lines of txburstML.py at commit 6b6525f, quoted verbatim:

41 X,w = j_roots(50,alpha = bet - 1, beta = alpha - 1)
49 return(-np.sum(np.log( dBP(vals,kon,koff,ksyn) + 1e-10) ) )

Line 41 is the fixed-node Gauss—Jacobi discretization of the mixture integral, mathematically cor-
rect up to truncation of the rule at that node count, with no adaptivity and no error estimate.
Line 49 adds the constant inside the logarithm (a routine guard against log0). The profile script
txburstPL.py uses the same rule (line 28) and the same constant (lines 35 and 40), and sets the
interval cutoff at line 59 (identically at line 130):

cutoff = chi2.ppf(l-alph, 1)/2

and interpolates the endpoints where the statistic 2(NLL(f) — NLLyy;,) crosses cutoff. The
likelihood-ratio test script txburstTEST.py builds the same kind of rule with 40 nodes at line
27 and adds the same constant at lines 39 and 48. BPSC at commit 5a512e5 uses the same
construction in R/pBP.R, quoted verbatim:

26 w = gauss.quad(10,’jacobi’, alpha=bet-1, beta=alp-1)

with the same rule in the interval version R/pBPi.R (line 30), which is the version called by its
fitting routine. To confirm the node count from the function’s output, we compared the published
pBP with a scipy implementation of the same rule, and the two functions match to 1.2 x 10713
at r = 1,000. The quasi-likelihood variance function used by BPSC’s differential-expression test
(Supplementary File S2, §52.7) is defined at lines 49-52 of R/BPfam.R.

Our copies of the published code used in Supplementary Files S2 and S3 give the same output
as the unmodified scripts. We copied the txburst maximum-likelihood code without algorithmic
change and compared it with the unmodified script on 20 genes of the repository data, on which
the two returned the same fitted parameters. Our 40-node density function is a line-for-line copy
of the nested function in the test script (lines 18-30), with its imports unchanged. We copied the
profile functions exactly from txburstPL.py and compared them with the original (the numpy alias
restored in both) on 12 genes of the repository’s mESC count file, 4 of which pass the published
quality filter. The 8 profile intervals returned by the copy are identical to the original’s, including
the NaN entries. Supplementary Table S21 lists the files with their commits and checksum prefixes.
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Table S21: Published source files examined, with the repository commit, the checksum prefix of
the file as examined, and the lines quoted or cited in this article.

file commit  checksum prefix lines

txburstML.py 6b6525f 82260daa...5257 41 (rule), 49 (added constant), 105 (count
rounding)

txburstPL.py 6b6525f 507ceb7a...409d 28 (rule), 35, 40 (constant), 59, 130 (cutoff)

txburstTEST.py 6b6525f 565belab...57ed 18-30 (density), 27 (rule), 39, 48 (constant)

R/pPBP.R bab12e5  (repository) 26 (rule)
R/pBPi.R 5ab12e5  (repository) 30 (rule)
R/BPfam.R 5ab12e5  (repository) 49-52 (variance shape)

S7.4 File map of the deposited archive

Supplementary Table S22 gives, for the principal results of the main text and of the Supplementary
Files, the archive file from which each is computed, with names relative to the archive root. The
archive contains the code and the reference values, the corrected per-gene tables of Supplementary
File S3 (CSV and JSONL), the per-gene results of the allele-resolved analysis (Supplementary Data
S4), the per-gene separability results of Supplementary File S5, and the benchmark and double-
precision error-control results of Supplementary File S2. It also contains the analysis plans of
Supplementary Files S3, S4 and S6, with the S4 amendment, the deviation logs and the S3 plan-
versus-outcome table (archive/analysis_plans/, §57.5). The archive also holds a script that
loads the per-gene tables and a file manifest.

The raw sequencing data are not part of the archive and are available from the original reposito-
ries. The Larsson et al. data are at ArrayExpress under accessions E-MTAB-6362, E-MTAB-6385
and E-MTAB-7098, and the processed allelic count tables and fit files are in the txburst repository
at the commit above. The Johnsson et al. matrices are at ArrayExpress under E-MTAB-11054, and
the data for the three species of Supplementary File S6 are GEO series GSE102475, GSE121619
and GSE121617.

S7.5 The analysis plans and their archive

The analysis plans summarized in Supplementary Files S3, S4 and S6 were committed to the
project’s version-control repository, without an external registry or independent timestamp, so the
order of plan and analysis could be checked only against the repository’s commit history. Each
plan lists the computations already made on the data when it was written, and each later change
is a dated or numbered entry in its deviation log, tabulated in the corresponding Supplementary
File. The verbatim texts named in Supplementary Files S3, S4 and S6, transliterated to ASCII
with local directory paths shortened, are in the archive (archive/analysis_plans/, with the
SHA-256 manifest MANIFEST.sha256). We archived the full plan and the full deviation log of
Supplementary File S6 there as unmodified copies of the original files, S6_plan_verbatim.txt
(SHA-256 02915657eee5...) and S6_deviations_verbatim.txt (£1d6b38497f2...).
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Table S22: File map of the deposited archive: where each claim is reproduced. Paths are relative to
the archive root; the raw re-evaluation outputs under phase2/driver/out/ and out_dedup_mesc/
are read-only.

claim

file

exact evaluator; held-out agreement to 57 digits (re-
quired > 40)

25 reference values, P(n) to 50 digits
double-precision error model; 228-cell validation,
zero uncaught

(N/m)? quadrature onset; the added-constant mech-
anism

published-method benchmark against the exact ref-
erence

likelihood values at the published parameters
(Fig. 3a)

interval endpoint moves; cutoff widening (Fig. 3c)
point-estimate negative control (Fig. 3b)

quality-call changes and their decomposition (Sup-
plementary Table S7)

coverage Monte Carlo for the interval cutoff
(Fig. 2b)

BPSC density errors; differential-expression probe
(Fig. 2¢)

two-step-OFF evaluator; maximum-likelihood and
rejection-sampling demonstration

per-gene separability calculation and its cell-
number maps (Fig. 5b, c¢); independent re-
derivation

verbatim analysis plans and deviation logs summa-
rized in Supplementary Files S3, S4 and S6 (SHA-
256 manifest) and an independent re-reading of the
raw re-evaluation results

allele-resolved analysis: per-gene results, primary
result, independent recomputation

application across species (Supplementary File S6):
character matrix, root reconstruction, accompany-
ing theorem

evaluator/telegraph_evaluate.py;
evaluator/GATE_EVALUATOR. json
evaluator/REFERENCE_VALUES. json
evaluator/FLOAT_POLICY_VALIDATION. json

pilot/gate/GATE_REPORT.md
benchmark/BENCHMARK_RESULTS. json

phase2/driver/out/pl_nll.json, pl_nll.jsonl (fibrob-
lasts);

phase2/driver/out_dedup_mesc/ (mESC, each cell once)
phase2/driver/out/p2_ci.json, p2_ci.jsonl
phase2/driver/out/p3_shifts.json, p3_shifts.jsonl
(fibroblasts);

out_dedup_mesc/ (mESC)
phase2/driver/out/p4_flags.json, recheck.jsonl (fi-
broblasts);

out_dedup_mesc/ (mESC)
checklist/pl_ci_mc_summary.json;
checklist/PL_CI_VERIFY.md

bpsc/BPSC_AUDIT. json;

bpsc/de_probe. json

multistate/multistate_core.py;
multistate/abc_mle_demo. json
atlas/atlas_pilot.json;
atlas/out/pergene_genomewide. json (fibroblasts);
atlas/out_dedup_mesc/ (mESC);
atlas/VERIFY_ADVERSARIAL.md
archive/analysis_plans/MANIFEST.sha256;
phase2/PHASE2_PREREG.md;
phase2/BLIND_READJUDICATION.md

cis_v2/discovery/RESULTS_autosomal_V2.jsonl,;
cis_v2/discovery/CIS_V2_RESULT.md;
cis_v2/VERIFY_ADVERSARIAL.md
controlaxis/RESULT.md;
controlaxis/el_assembly/el_out/;
controlaxis/e2_x0/E2_RECEIPT.md

63



S8 Supplementary figures

Supplementary Fig. S1 shows the published estimates of burst size and synthesis rate, with the
onset lines kgyn ~ (N/m)? overlaid, and marks the fits in which some cell’s published probability
reduces to the added constant (Supplementary Files S2, § S2.3, and S3, § S3.2). Supplementary
Fig. S2 shows the negative log-likelihood profiles of Krt10 under the published and the exact
evaluation (Supplementary File S3, § S3.3), and Supplementary Fig. S3 the Monte-Carlo coverage
per parameter set (Supplementary File S3, § S3.8). Supplementary Fig. S4 shows the allelic effect
sizes by stratum and the class counts under four stratification variants (Supplementary File S4,
§§ S4.4-54.5). Supplementary Fig. S5 shows the separation n KL on slices through two fitted shapes
(Supplementary File S5, § S5.6), and Supplementary Fig. S6 the number of cells needed at each
capture efficiency and OFF division (Supplementary File S5, § S5.8).
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Figure S1: The published fits fall mostly where the 50-node rule is accurate, and nearly all fits
whose log-likelihood error exceeds one nat lie at small kg, where the added constant dominates
some cells’ published probabilities, rather than beyond the quadrature onsets. Published estimates
of burst size kgyn/ko and of kg (in units of the degradation rate) for the 32,376 fits of Larsson et
al. [3] in the three combinations of data set and allele (mESC cells counted once). Dotted horizontal
lines mark the onsets (N/7)? of the 10-, 40- and 50-node rules. Blue points: fits with at least one
cell whose published probability reduces to the added 1070 at the published parameters. Open
circles: the 205 fits whose published log-likelihood differs from the exact value by more than one
nat (Fig. 3a of the main text); most lie at the lower bound on kgy, of the published code, where
the published distribution puts almost no mass on the observed nonzero counts.
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Figure S2: For Krt10 (fibroblasts, CAST allele, 127 cells) the published evaluation has a second
optimum at negative log-likelihood below zero, which no probability distribution can produce, and
the exact negative log-likelihood at that point is 68.6 nats, 28.8 nats above the exact optimum.
One-dimensional profiles of the negative log-likelihood over ko, (a) and kg (b) within the pa-
rameter bounds of the published code, the other two parameters optimized at each grid value by
deterministic multi-start local search, under the published evaluation (orange) and the exact eval-
uation (blue). Open circles: the optimum of each curve (published, —36.5 nats); filled square: the
exact value at the optimum of the published evaluation. At that optimum kg, is larger than the
exact estimate by a factor of about 1,600 and the 50-node rule returns probabilities above one for
most cells. Krt10 is the single extreme case among the re-fitted genes, and the published quality
filter would discard this re-fit; we show it only to illustrate the second optimum that the quadrature
error creates (Supplementary File S3).
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Figure S3: The coverage shortfall under the published cutoff and the coverage restored by the
corrected cutoff differ little between the two parameter sets, where the quadrature is accurate.
Monte-Carlo coverage of nominal 95 % profile-likelihood intervals for burst frequency and burst
size at parameter set A (kon, koft, ksyn) = (1.0,10.0,100.0) and set B (0.4, 5.0,200.0), each with half
of the 400 simulated 200-cell data sets, and pooled (Fig. 2b of the main text); bars are Wilson 95
% intervals. Dashed line: nominal 95 %; dotted line: 0.834, the coverage predicted for nominal
95 % intervals under the halved chi-square cutoff. Pooled values: published cutoff 0.824 (burst
frequency) and 0.777 (burst size), corrected cutoff 0.943 and 0.900; the burst-size shortfall under
the corrected cutoff comes from the likelihood ridge at 200 cells and from the inner optimizer of
the profile scan (§ S3.8); data sets for which the published code returned no interval are excluded
from the denominators (Supplementary Table S9).

67



B frequency-resolved @ size-resolved 4 both

8 —_
call triangles: beyon% the frame

> 7 m frequency-resolved "
£73 ¢ both all significant @@ a n =104
3 % unresolved
S a6 - .
o o e size-resolved
g c
oo o
w5 5 - minus fit marks 9@ a n =86
TS

[e]
£5 41

Y
b=
g 2 " minus count-balance
s _ ] 3 . — n=283
© o 3 outliers ad =

<
v+
= Y=
[T = .
G B :
S© o ° clean (primary) 99 | n=77
o 1 T 1
= 5 .

0 T T T T T T
clean marked, marked, 0 10 20 30
plausible likely artifact

genes returned with the call

Figure S4: Under the repaired burst-size statistic the frequency-resolved count exceeds the size-
resolved count under every recomputed stratification, and the large allelic effects concentrate in the
marked strata. (a) Unsigned allelic log, ratio of the classified quantity (burst size for size-resolved
genes, burst frequency for frequency-resolved genes, the larger of the two otherwise) for the 104
significant genes, by stratum (clean, 77; marked but plausible, 15; artifact, 12) and call; triangles
mark values beyond the frame. The large ratios concentrate in the marked strata, as expected
if artifacts inflate the estimates of the marked genes. (b) Genes returned as frequency-resolved,
size-resolved or both under each stratification (Supplementary File S4): all 104 significant genes
(23 frequency-resolved, 1 size-resolved, 3 both, 77 unresolved), significant genes without a fit mark,
those without a count-balance outlier, and the clean stratum of the main text (17, 0, 2); the
exclusion by pseudogene name is not recomputed with the repaired statistic; n is the number of
genes in each stratification.
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Figure S5: Along the slice through the median fibroblast shape, no two-step division of the OFF
period reaches the separation detectable with 20,000 cells, and along the 90th-percentile shape only
nearly equal divisions do. Kullback—Leibler divergence per cell between the stationary distribution
of a two-step OFF model and its closest two-state distribution, over the fraction f of the mean
OFF period spent in the shorter step and the total OFF duration s relative to the fitted one,
with the ON dwell and the synthesis rate held at the fitted values (Supplementary File S5); left,
the median fibroblast shape (kon, Koff, ksyn) = (0.421,11.0,39.5); right, the 90th-percentile shape
(1.23,206,534). Stars: the largest divergence on each panel, 6.8 x 107> and 2.55 x 10~* nats per
cell, both at f = 1/2. Orange contour: n KL = 2 at n = 20,000 cells (boundary-calibrated power
0.64); the n KL = 8 level (power 0.99) is not reached on either panel, and even the 90th-percentile
shape needs 3.1 x 10 cells in the best case.
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Figure S6: Over the whole median-shape slice, the number of cells needed to detect a two-step
OFF period (Fig. 5c of the main text) grows by orders of magnitude away from the equal division
and with further thinning of the observed counts. Cells needed with power about 0.99, N = 8 /KL,
at the median fibroblast shape (0.421,11.0,39.5) over the OFF-period division f and the relative
total OFF duration s, at the capture of the experiment (as sequenced) and after further thinning
of the observed counts to 0.3 and to the droplet-like 0.06 of it [42]; contours every decade. Stars:
the best case on each panel, 1.2 x 10%, 1.8 x 10° and 3.9 x 10® cells, all at f = 1/2; with every
transcript counted the best case is 1.0 x 10% to 4.3 x 10* cells for an experimental capture efficiency
between 0.1 and 0.5 (§ S5.8). Capture enters as binomial thinning of the synthesis rate; per-cell
efficiency variation, ambient RNA and amplification noise are not modeled, so real requirements
are likely larger and the plotted cell numbers are lower bounds.
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