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Abstract

Multi-loop Feynman integrals are a bottleneck of precision collider physics. At low orders many
evaluate to polylogarithms, but those with internal masses and more scales can involve elliptic
curves and Calabi–Yau manifolds. Each such integral has traditionally been a research project
of its own. We present thirty Feynman integrals from the three classes, all computed with a
hybrid bootstrap by a large language model operating the BootLoops toolkit. For each we give
a closed form or a differential equation with boundary data, and a standalone evaluation code.
Fifteen are known results, recomputed as a test of the method, and fifteen are to our knowledge
new. The new results include the nonplanar branch of two-loop W -pair production with exact
top-quark mass that the planar computations left open, on one unphysical kinematic line, and
the simplest two-mass nonplanar hexa-box for diboson-plus-jet production, along two kinematic
paths. They also include two elliptic masters of gg → Zγ at exact top mass and three-loop
light-by-light integrals with a massive fermion loop, among them a crossed box in which K3
periods appear. Finally, we determine the threshold coefficients of the three- and four-loop
banana periods when one mass equals the sum of the others.
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1 Introduction

Predictions for hadron-collider observables at the percent level require scattering amplitudes at two
and three loops. The Feynman integrals in those amplitudes are usually the hardest part of the
calculation whenever massive particles propagate in the loops. At one loop every integral reduces to
a small set of scalar integrals [98] with classical expressions in logarithms and dilogarithms. Beyond
one loop, integrals with massless propagators and few external scales still evaluate to multiple
polylogarithms (MPLs). However, when internal masses and more external scales are present, the
maximal cut of an integral may instead de�ne an elliptic curve, a K3 surface or a Calabi�Yau
threefold. The integral is then an iterated integral whose kernels involve the periods of that variety.
Integrals of this kind occur in two-loop electroweak corrections with the exact top-quark mass, in
Higgs-plus-jet and diboson production, in light-by-light scattering through massive fermion loops,
and in equal-mass self-energy graphs at three and four loops. Each such integral has typically
required a dedicated analysis with its own function basis and boundary conditions.

The methods for computing multi-loop integrals are by now well developed. In dimensional reg-
ularization [112] the integrals of a given graph reduce through integration-by-parts (IBP) identities
to a �nite basis of master integrals [89, 110, 81], which satisfy �rst-order di�erential equations in
the kinematic invariants [77]. If a basis exists in which the dependence on the dimensional regulator
ε factorizes and the connection is a sum of logarithmic one-forms [76], the solution at each order in
ε is a combination of MPLs. Their symbol letters are the arguments of those logarithms [71], and
only boundary constants remain to be �xed. The simplest integral outside this class is the two-loop
sunrise graph with three massive lines. Its maximal cut is an elliptic curve, and the �nite part
evaluates to an elliptic dilogarithm [25, 8, 102]. Developments since then include iterated integrals
of modular forms and elliptic multiple polylogarithms (eMPLs) [10, 5, 33, 26], and ε-factorized
di�erential equations whose kernels are periods and quasi-periods in place of logarithms [11, 65, 118].
At three loops and beyond, the equal-mass banana graphs involve periods of K3 surfaces and Calabi�
Yau threefolds [24, 101, 100, 28], and ε-factorized bases for these geometries are being constructed
case by case [59]. In every class, series solutions of the di�erential equations give accurate numerical
values of the integrals at any kinematic point [78], and purely numerical methods, auxiliary-mass
�ow in particular [95], supply independent values for comparison.

Several integrals relevant to precision collider predictions are not yet available in the literature.
The two-loop master integrals forW -pair production in quark�antiquark annihilation with the exact
top-quark mass are known for the planar topologies [75] but not for the nonplanar topology. The
two-loop amplitudes for diphoton production through a heavy-quark loop are known analytically,
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including the elliptic sectors [22], as are the gg → Zγ amplitudes with massless quarks [68]. To our
knowledge, the elliptic master integrals of gg → Zγ with the exact dependence on both the Z mass
and the top-quark mass have not been computed analytically. For W+W− and WZ production
in association with a jet, the planar families of two-loop �ve-point integrals with two massive legs
are available [3]. The nonplanar hexa-boxes are known with one massive leg [4, 80], and as far
as we know the two-mass nonplanar families are open. In light-by-light scattering the three-loop
amplitudes are known with massless internal lines [17] and the two-loop amplitudes with a massive
fermion loop [1]. The full set of three-loop integrals with a massive loop, which contains elliptic and
K3 subsectors, does not appear to be available. Finally, the analytic structure of the equal-mass
banana integrals is understood at every loop order [28, 101, 100]. When one internal mass equals
the sum of the others, the monodromy of the period at threshold is no longer unipotent and the
local expansion contains a branch with a fractional exponent. We are not aware of earlier closed
forms for the constants that multiply this branch.

In this paper we present thirty Feynman integrals from the three function classes (polylog-
arithmic, elliptic, and K3 or Calabi�Yau), computed by one method, which we call a hybrid
bootstrap. When the integral lies in a �nite-dimensional space of known functions, we construct
that space from the singularities of the integrand, using Landau analysis and the geometry of
the maximal cut [74, 63, 73]. We then �x the coe�cients by analytic constraints and by integer-
relation �ts to high-precision numerical values at a few kinematic points [18]. When no �nite basis
appears to be adequate, we solve the di�erential equations directly, in ε-factorized form where one
is available and otherwise by transporting boundary data along a path. A result here consists
of an analytic expression, or a Picard�Fuchs operator with its boundary vector, together with a
standalone numerical code that evaluates it. We regard an integral as computed only when that
code reproduces independent numerical values to at least thirty digits at kinematic points that
entered neither a �t nor the boundary data, which is the criterion of eq. (7). The computations
were run by a large language model operating the BootLoops toolkit. The method and the role of
the model are described in a companion paper [105], the constructions for elliptic and Calabi�Yau
geometries in a second one [107], and the evaluation codes are collected in [106]. Fifteen of the thirty
integrals are known results, with references in Table 1. We recompute them by the same procedure
as the new integrals, as a test of the method, and reproduce the published results. Where we take
an intermediate result from the literature, such as a di�erential equation, a boundary limit or a
function space, we say so in the entry.

The other �fteen integrals are new, in the sense that we have found no earlier computation of
them, at the kinematics stated in their entries, that was checked against independent values. In
particular, for the nonplanar topology of two-loopW -pair production with the exact top-quark mass,
the topology not treated in [75], we obtain the master integrals analytically along one kinematic
line, which lies in an unphysical region. For the simplest two-mass nonplanar hexa-box, in which
the two massive legs are non-adjacent and of equal mass, we give the master integrals along two
kinematic paths. We compute two elliptic master integrals of gg → Zγ with the exact top-quark
mass at one �xed ratio of the Z and top masses. The new entries also include three-loop light-
by-light integrals with a massive fermion loop, namely boxes with a sunrise or another two-loop
self-energy inserted into one massive line, and a top-sector master integral of the crossed box. We
evaluate the latter by transporting boundary values with its di�erential equation and show that it
contains an iterated integral of a K3 period, which excludes a polylogarithmic form over the letters
of its maximal cut. We also determine the threshold coe�cients of the three-loop and four-loop
banana periods with one internal mass equal to the sum of the others, the constants multiplying
the fractional-exponent branch. These coe�cients are properties of the K3 and Calabi�Yau periods
themselves, and their closed forms are derived in [107]. Here we de�ne them, give the closed form
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of the three-loop coe�cient, and recover them from the maximal-cut di�erential operators of the
two families. Among the remaining new entries are an unequal-mass kite at �xed rational masses,
whose function space is known in general [35, 69], and a four-mass kite with a massless rung, also
at �xed masses. The others are the ice-cream-cone integrals [56] on a symmetric kinematic slice,
with equal internal masses at orders ε0 and ε1 and with generic masses at order ε0. Several of the
new results therefore hold on a restricted kinematic domain, a slice, a line or path, or a �xed mass
point, and Table 1 gives the domain of each.

In section 2 we �x conventions, recall the three function classes, outline the computation
and state the acceptance criterion, and section 3 collects the thirty integrals in Table 1 and
Figure 1. Sections 4�6 present the polylogarithmic, elliptic, and K3 and Calabi�Yau integrals,
section 7 summarizes the kinematic domains reached and the integrals we did not compute, and the
appendices collect reference values, longer expressions and the evaluation codes.

2 Conventions and function classes

In this section we �x notation and recall the function classes in which the thirty results are written.
It contains no new results, and a reader familiar with the material may read only the acceptance
criterion, eq. (7), and pass to Table 1.

2.1 Integral families and notation

All external momenta pi are incoming, with
∑

i pi = 0, and the Lorentz invariants are sij = (pi+pj)
2.

For four-point integrals we write s = (p1 + p2)
2, t = (p2 + p3)

2 and u = (p1 + p3)
2, related by

s+ t+u =
∑

i p
2
i , unless an entry states another labeling. Internal masses mi are real and positive.

We regulate divergences dimensionally [112], in d = 4 − 2ε unless an entry states otherwise. An
integral family with L loops and n propagators is the set

Iν1···νn
(
d; {sij}, {m2

i }
)
=

∫ L∏
l=1

ddkl
iπd/2

n∏
j=1

1

D
νj
j

, Dj = q2j −m2
j + i0, (1)

where each qj is a linear combination of the loop momenta kl and the external momenta, and the
indices νj are integers. We use the Minkowski prescription +i0 and include no factor of eγEε or
(4π)ε in eq. (1).

Indices νj ≤ 0 denote irreducible scalar products (ISPs) in the numerator, and a sector is the
set of integrals sharing the same positive indices. Each entry lists its propagators and kinematics.
For some families we multiply the integral by eLγEε, by a power of an invariant, or by the leading
singularity of the top sector to make the Laurent coe�cients pure, and the entry then states this
normalization. Several elliptic and Calabi�Yau families, among them the sunrise family, the ice-
cream cones and the bananas, are instead de�ned in d = 2− 2ε.

Integration-by-parts (IBP) identities reduce every member of a family to a �nite set of master
integrals [89, 110]. We perform the reductions with Kira [81]. We expand each master integral in
the dimensional regulator,

I(x⃗; ε) =
∑

k≥kmin

εk I(k)(x⃗), (2)

where x⃗ collects the dimensionless kinematic variables of the family, kmin ≤ 0 is the order of the
leading pole, and I(k) is the coe�cient at order εk. For a suitably normalized integral the coe�cient
I(k) has uniform transcendental weight k − kmin, with log and π of weight one and ζn of weight
n [76]. Such integrals are called pure, or of uniform transcendental weight.
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By the Euclidean region we mean the region where every invariant the integral depends on is
negative and every mass is positive; there the integral is real and free of thresholds. Unless stated
otherwise, results and reference values are quoted in this region, and where a result is also continued
to physical kinematics we use the Feynman prescription s → s + i0. Dimensionless variables are
chosen family by family, for example u = 4m2/(−s) and v = 4m2/(−t) for the outer-mass double
box, where this u is not the Mandelstam invariant (p1 + p3)

2.
In the �gures, thin black lines are massless and thick colored lines massive, one color per distinct

mass, with violet reserved for a heavy mass such as the top quark. External legs carry arrows and
are drawn thick, wavy or dashed when o� shell or massive, and each caption names the masses and
invariants of its graph.

2.2 Function classes and the form of the results

The master integrals f⃗ of a family satisfy linear di�erential equations in the kinematic variables,
obtained by di�erentiation followed by IBP reduction [77, 117]. In many cases a basis exists in
which the dependence on ε factorizes and the connection is a sum of logarithmic one-forms,

df⃗(x⃗; ε) = ε
(∑

i

Ai d logαi(x⃗)
)
f⃗(x⃗; ε). (3)

Here the Ai are constant rational matrices. The system is then said to be in canonical form [76]. We
call the algebraic functions αi letters and their set the alphabet. Order by order in ε the solution
of eq. (3) is a combination of iterated integrals of the forms d logαi, whose symbol [71, 54] is read
o� from the matrices Ai. When the letters are rational functions of the variables (possibly after a
change of variables rationalizing square roots), these iterated integrals are multiple polylogarithms
(MPLs) [70],

G(a1, . . . , aw;x) =

∫ x

0

dt

t− a1
G(a2, . . . , aw; t), G(;x) = 1, G(0, . . . , 0︸ ︷︷ ︸

w

;x) =
logw x

w!
, (4)

of weight w. For one variable with ai ∈ {0,±1} these are harmonic polylogarithms (HPLs), and we
write GPL (Goncharov polylogarithm) when the indices ai are algebraic.

With internal masses the maximal cut need not be an algebraic function. For example, for the
two-loop sunrise with three massive lines in two dimensions it is the integral of dx/y over an elliptic
curve y2 = Q(x). Here Q has degree three or four in the Baikov variable x, with coe�cients that
depend on the kinematics [25, 8]. The homogeneous solutions are then the periods ψ1, ψ2 of the
curve, which are complete elliptic integrals of the kinematics, and the d log forms of eq. (3) are
replaced by one-forms built from ψ1, its derivative and the letters [11, 34, 65, 118]. In the variable
τ = ψ2/ψ1, with q the associated nome (normalized as stated in each entry), the solution becomes
a combination of iterated integrals of modular forms whenever the monodromy group of the family
is a congruence subgroup [10, 33].

The monodromy group is Γ1(6) for the equal-mass sunrise, kite [5, 102] and ice-cream cone, and
for the light-by-light integrals with sunrise or self-energy insertions, which inherit the sunrise cut. For
the gg → Zγ masters it is Γ0(4). However, when the masses are unequal or a further scale enters, the
monodromy group is in general no longer a congruence subgroup, and we call the curve non-modular.
In that case we write the results as elliptic multiple polylogarithms (eMPLs) [38, 35, 26] or, by
variation of parameters, as iterated integrals of the period pair. At a boundary point where the curve
has complex multiplication (CM), the periods reduce to Γ functions at rational arguments [108],
and we call the resulting constants CM Γ-periods.
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At three loops and beyond, the maximal cut of the L-loop banana with massive lines is a period
of a Calabi�Yau variety of dimension L − 1 [24, 28]. At three loops this is a K3 surface and at
four loops a Calabi�Yau threefold, written CY3 [100]. In the equal-mass case the K3 surface is
the symmetric square of the sunrise curve: its periods are products of the sunrise periods, and the
modular forms that enter are again those of Γ1(6) [101, 37].

For the Calabi�Yau varieties of the banana graphs the homogeneous di�erential equation is
Lϖ = 0 with a Picard�Fuchs operator L of order L, which has a point of maximal unipotent
monodromy (MUM point) where all local exponents coincide. The Frobenius basis there consists of
one holomorphic solution ϖ0 and solutions with up to L−1 powers of the logarithm [83]. Moreover,
canonical ε-factorized forms of these systems are known [99, 57, 59]. For such entries we give the
operator, the Frobenius data, the inhomogeneous subsector terms and a boundary vector. The
degenerations of these geometries at threshold, which determine the coe�cients listed as Nos. 31
and 32 of Table 1, are analyzed in the companion paper [107], and the coe�cients are de�ned and
checked in section 6.3.

In every class we write the result for a Laurent coe�cient as

I(k)(x⃗) =
∑
j

cj ϕj(x⃗), cj ∈ Q or a stated ring of constants, (5)

where the ϕj span the stated function space. For polylogarithmic integrals they are MPL or HPL
words in the letters, and in the elliptic class eMPLs, iterated integrals of modular forms, or iterated
integrals of the period pair multiplied by powers of ψ1. In the K3 and Calabi�Yau class they are
Frobenius solutions of L and their iterated primitives. The constants that enter, through the cj
or through boundary values, are in most cases rational numbers, ζ values, logarithms of algebraic
numbers, Clausen and L-function values or CM Γ-periods. Otherwise we de�ne the constant by a
convergent integral written out in the entry, or by transporting analytic boundary values along a
speci�ed path with the di�erential equation. Where no �nite basis {ϕj} is available on the whole
kinematic space, the result is the connection with its boundary data and its solution along a stated
path or curve (Table 1, domain column).

2.3 The computation in brief

For most of the integrals we determine the cj of eq. (5) without integrating the di�erential equation.
The Landau singularities, obtained from principal Landau determinants and from the geometry of
the maximal cut [74, 97, 64, 45], �x the alphabet, or the curve or operator, and with it a �nite
candidate set {ϕj}. Most candidates are typically removed by linear conditions: the �rst-entry
condition, integrability of the symbol, regularity at pseudo-thresholds, and the known behavior at
cusps and in soft or large-momentum limits.

We �x the coe�cients that survive the linear conditions by integer-relation �ts [18] to high-
precision values, computed at Euclidean points x⃗a with the auxiliary-mass-�ow method (AMFlow) [95]
or by numerical solution of the di�erential equation. The PSLQ integer-relation algorithm returns
integers m0,mj of bounded size with∣∣∣m0 I

(k)(x⃗a)−
∑
j

mj ϕj(x⃗a)
∣∣∣ < 10−P (6)

at working precision P , whence cj = mj/m0; such �ts have long been used in multi-loop calcula-
tions [16]. If the candidate set lacks a letter or a function, no relation with small integers reproduces
values known to hundreds of digits, and PSLQ then returns none below its size bound. The accepted
�t is tested at further points (section 2.4).
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Where no �nite candidate set is available, as for non-modular kernels, Calabi�Yau periods
and large coupled systems, we integrate the di�erential equation itself. We bring the system to
ε-factorized form where we can [93], or else solve the coupled blocks by variation of parameters
around their period solutions. In either case the solution is then continued along a path by matched
local series expansions, the method of DiffExp and SeaSyde [78, 15]. We �x boundary values by
regularity at pseudo-thresholds, by the behavior at a cusp or MUM point, by vacuum integrals, or
by a large-momentum limit. For a few integrals a boundary value is instead taken from AMFlow at
one point, which the entry names, and the comparison of section 2.4 then uses di�erent points.

The computations reported here were carried out by a large language model operating the
BootLoops toolkit. The model selected and ran the steps described above, and every number was
produced by a deterministic program. The method, its decision rules and the toolkit are described
in [105], the code in [106], and the elliptic and Calabi�Yau constructions in [107].

2.4 Acceptance criterion and available data

Given the form eq. (5), or an operator with its boundary data, we regard an integral as computed
when two further conditions hold. A standalone numerical implementation of that form at arbitrary
working precision must exist, and for every order k given in the entry it must satisfy∣∣∣ I(k)form(x⃗b)− I(k)num(x⃗b)

∣∣∣ < 10−30
∣∣∣I(k)num(x⃗b)

∣∣∣ (7)

at kinematic points x⃗b that entered no �t and no boundary determination. Here I(k)form is the

implementation of the printed result and I(k)num an independent numerical value, from AMFlow [95]
unless the entry names another source. We repeat the comparison of eq. (7) at two working precisions
and require the same outcome, which excludes accidental agreement of truncated numbers. We refer
to the points x⃗b as held out from the derivation, and to this criterion as the BootLoops standard.

For the gg → H functions, I(k)num is obtained by rotating AMFlow values into the canonical basis of
the source paper, and for the four-loop banana also from a Bessel-moment representation. Finally,
for the banana threshold coe�cients, to which auxiliary-mass �ow does not apply, the comparison
uses ball arithmetic with an independent transport and the family's maximal-cut operator.

Elliptic and Calabi�Yau Feynman integrals are usually presented in two forms. The �rst is
an ε-factorized di�erential equation over a stated alphabet, with boundary values at a cusp or a
MUM point [65, 100]. The second is a set of eMPLs or of iterated integrals of modular forms or
Calabi�Yau periods [10, 5, 33, 56], which may be evaluated with general-purpose codes [116] and
compared with independent numerical evaluations. Both are complete answers, and our results take
the same forms. We add, for all thirty entries, a self-contained numerical implementation of each
printed form and the comparison of eq. (7) at points outside the construction, taking many-digit
agreement as evidence for a closed form as in [91, 90].

For each of the thirty integrals a standalone evaluation code is available on that integral's page
of the BootLoops site [106]. Appendix G lists them with their inputs.1 The codes use no reduction
or auxiliary-mass software at run time. Those for Nos. 24 and 35 start from stored boundary
values, and the precision of their output is therefore limited by that of the stored values, as stated
in sections 4.8 and 5.9. Two entries carry part of their boundary data as digit strings that are
not reduced to named constants or written integrals: the constant K12 of the gg → Zγ masters
(No. 20, section 5.6), given to 137 digits, and the 447 boundary constants of the hexa-box (No. 24,
section 4.8), given to 78�83 signi�cant digits.

1The codes are written in Python with mpmath; some also import sympy or python-flint for exact rational
arithmetic and the bookkeeping of the ε expansion.
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3 Overview of the thirty integrals

The thirty integrals range from the one-loop massless pentagon to the four-loop equal-mass banana,
and most carry internal masses. Table 1 indexes them and Figure 1 shows their graphs in the order
used in sections 4�6. We group them by the geometry of the maximal cuts in each family, and this
geometry determines which class of functions we expect in the ε expansion.

3.1 Classi�cation and summary table

In the polylogarithmic class every maximal cut in the family has genus zero, with leading singularities
that are algebraic functions of the invariants, and we expect the ε expansion to evaluate to multiple
polylogarithms over a �nite alphabet. In the elliptic class at least one sector has its maximal
cut on a curve of genus one. The results are elliptic multiple polylogarithms, iterated integrals of
modular forms for Γ1(6) or Γ0(4) when that curve is modular, or iterated integrals over its periods
otherwise. In the third class the maximal cut is a period of a family of K3 surfaces or Calabi�Yau
threefolds. We write the result in the Frobenius basis of the Picard�Fuchs operator with a boundary
vector of coe�cients. In the crossed light-by-light box (No. 21) K3 periods appear together with
polylogarithms.

Table 1: The thirty integrals, fifteen known and fifteen new, grouped by the geometry of the maximal cut, with
the known integrals first in each class. Each agrees, in the sense of eq. (7), with an independent evaluation at
points used neither in a fit nor to fix a boundary value, to the number of digits given in the last column. No.
is the label of the integral in this paper, in the companion papers [105, 107] and in the evaluation codes [106];
Nos. 3, 22, 25, 26 and 30 are not used. The next columns give the integral with its figure; its loops, external
legs, and massive internal lines by count and mass or by squared masses; and the kinematic domain of the
result, with any continuation above threshold. The remaining columns give the function class, the form of
the result, whether the integral is known (with the reference) or new, and the check, namely the independent
evaluation used, the number of points and the digits of agreement. In the last column AMFlow denotes a
value computed with the auxiliary-mass-flow program [95]. MPL, HPL, GPL and eMPL stand for multiple,
harmonic, Goncharov and elliptic multiple polylogarithms, and Γ1(6), Γ0(4) for the congruence subgroups
under which the periods of the maximal cut are modular.

No. Integral Loops; legs;
masses

Domain Class, geometry Form of the
result

Known or new Check

Polylogarithmic integrals (section 4)
6 Two-loop Sudakov

form factor; Fig. 2
2; 3; none single scale

q2 = s; exact in
d

Γ functions; ζ
values

product of Γ
functions

known
[72, 87, 66]

AMFlow,
s = −1,−2,
≥ 78

2 Massless planar
double box; Fig. 3

2; 4; none Euclidean, all
x = t/s

MPL; HPLs on
{x, 1 + x}

HPL tower,
rational
coe�cients

known [109] AMFlow, two
points, ≥ 89;
[109], ≥ 142

4 Three-loop C5

ladder, block f3;
Fig. 4

3; 3; none x =
p21/(p

2
3 − p21) > 0

MPL;
polylogarithms
on {x, 1 + x}

four-term tower
lnk xLi6−k(−x)

known
[114, 49]

[114], ≥ 461;
AMFlow, one
point, 72

5 One-loop massless
pentagon; Fig. 5

1; 5; none Euclidean
vi < 0; to order
ε0

MPL; 15 letters
and

√
∆5

sum over the �ve
one-mass boxes

known [23, 12] AMFlow, one
point, 68

1 Outer-mass
double box; Fig. 6

2; 4; six of
mass m

Euclidean
u, v > 0

MPL, weight 4;
12 letters, three
roots

one weight-4
symbol

known [40] AMFlow, four
points, ≥ 86

7 Central-mass
double box; Fig. 7

2; 4; one of
mass m

Euclidean (s, t);
to weight 4

MPL; seven
rational letters

two-variable
GPLs

known [104],
master JC

17

AMFlow, twenty
points, 109�112

23 Four-mass kite,
massless rung;
Fig. 8

2; 2;
(1, 4, 9, 2),
rung 0

t = p2 < 0, at
these masses

genus 0; seven
letters, four
square roots

iterated integrals
from p2 = 0

new at these
masses; MPL
status open

AMFlow, seven
points, 81�110

continued
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Table 1: The thirty integrals (continued).

No. Integral Loops; legs;
masses

Domain Class, geometry Form of the
result

Known or new Check

24 Hexa-box, legs
p21 = p23 = m2;
Fig. 9

2; 5; none path segments in
six-scale space

MPL; radical√
Q4 on the

path

layered iterated
integrals; 447
stored constants

new;
adjacent-mass
case open

AMFlow, one
point, ≥ 66

Elliptic integrals (section 5)
8 Equal-mass

sunrise, order ε0;
Fig. 10

2; 2; three
of mass m

Euclidean
t = p2/m2 < 0

elliptic, Γ1(6) period times
L(χ−3, 2) plus
iterated integral
of the cusp form
f3

known [10] AMFlow, t = −3,
140; t = −9, 159

9 Sunrise (1, 1, 2),
order ε0; Fig. 10

2; 2; (1, 1, 2) t < 0; continued
to t = 16, 20

unequal-mass
curve

depth-two
Kronecker
eMPLs

known space
[26]; rederived

AMFlow,
t = −3,−7, 159;
t = 16, 20, ≥ 71

10 Sunrise (1, 2, 3),
order ε0; Fig. 10

2; 2; (1, 2, 3) t < 0 unequal-mass
curve

Kronecker
eMPLs, per
puncture

known space
[26]; rederived

AMFlow,
t = −3,−9, 159

11 Sunrise (1, 1, 4),
order ε0; Fig. 10

2; 2; (1, 1, 4) t < 0 unequal-mass
curve

Kronecker
eMPLs, per
puncture

known space
[26]; rederived

AMFlow, t = −3,
289; two more,
159

12 Sunrise, order ε1,
three mass sets;
Fig. 10

2; 2; as
Nos. 9�11

t < 0 Kronecker
eMPLs of depth
≤ 3

two terms with a
101-word eMPL
polynomial

known space
[26]; rederived

AMFlow, nine
points, 288�308

13 Equal-mass kite;
Fig. 11

2; 2; three
of mass m

Euclidean t < 1;
continued to
t = 4, 16

elliptic, Γ1(6) �ve-term eMPL
word list

known [5] AMFlow,
t = −3,−10,
160, 130

18 gg → H functions
G1, G2; Fig. 12

2; 3; �ve of
mt, one of
M

Euclidean
(s,M2)

elliptic,
non-modular;
one period

single integrals
over the period

known [96];
evaluated here

AMFlow via the
rotation of [96],
57, 48

14 Unequal-mass kite
(1, 1, 2); Fig. 13

2; 2; (1, 1, 2) s = p2 < 0;
continued to
s = 16

elliptic,
non-modular
curve

single integral
over the period
pair

new at these
masses; family
form in [35]

AMFlow, three
points, ≥ 125

15 Equal-mass
ice-cream cone,
order ε0; Fig. 14

2; 3; four of
mass m

slice p212 =
p234 = x < −1/4,
p256 = −1; also
x = 12

elliptic, Γ1(6);
d = 2− 2ε

length-two
eMPL; one
constant T (−1)

new on this
slice; d = 2
structure
[88, 51, 47]

AMFlow, x = −2,
134; x = 12, 57

16 Ice-cream cone
(1, 2, 3, 5); Fig. 14

2; 3;
(1, 2, 3, 5)

the same slice elliptic,
non-modular,
non-CM

as No. 15 new, as No. 15 AMFlow, x = −2,
118; (1, 3, 2, 7),
≥ 86

17 Ice-cream cones,
order ε1; Fig. 14

2; 3; as
Nos. 15, 16

the same slice length-three
iterated
integrals

weight-4 word
list

new, as No. 15 AMFlow, x = −2,
134

20 gg → Zγ
six-propagator
elliptic pair, exact
mt; Fig. 15

2; 4; top
loop mt

m2
Z/m

2
t = 7/25,

t = −1/3, s
from 0 to −1/4

elliptic, Γ0(4) Eichler integral
plus terms from
polylogarithmic
subsectors; K12

to 137 digits

new; mZ = 0
case in [22]

AMFlow, 22
masters,
109�112

27 LBL3E, box with
sunrise insertion;
Fig. 16

3; 4; six of
mass m

Euclidean
s, t < 0, m2 = 1

elliptic, Γ1(6)
from the sunrise

dispersion over
the sunrise cut

new; massless
case in [17]

AMFlow, three
points, ≥ 45

28 LBL3SE, box with
kite insertion,
stub power ν = 0;
Fig. 17

3; 4; one
mass m

two Euclidean
points

elliptic, Γ1(6)
from the kite
cut

dispersion over a
closed-form
density

new; ν = 0
pinch, not a
QED graph

AMFlow, two
points, 59

29 LBL3KP, QED
parents, ν = 2, 1;
Fig. 17

3; 4; one
mass m

the same two
points

elliptic, Γ1(6)
from the kite
cut

same density,
stub kernels

new; kite in
[79]

AMFlow, �rst
point, 68;
second, 50

33 LBL3VP, vacuum
polarization, N2

f ;
Fig. 17

3; 4; one
mass m

exact in d; �ve
points

elliptic, Γ1(6)
from the
three-body cut

density with a
sunrise-period
integral

new AMFlow, 8 values
of ε, 56�59; four
points, ≥ 37

continued
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Table 1: The thirty integrals (continued).

No. Integral Loops; legs;
masses

Domain Class, geometry Form of the
result

Known or new Check

35 Nonplanar W -pair
branch T4, exact
mt; Fig. 18

2; 4; two of
mt

line (x, z) =
(17/2, 5/3),
unphysical

dlog, radical
blocks; one
elliptic cut

GPL words,
layered iterated
integrals

new; planar
branches in
[75]

AMFlow, two
points, 79
functions, ≥ 37

K3 and Calabi�Yau integrals (section 6)
19 Three-loop

equal-mass
banana; Fig. 19

3; 2; four of
mass m

|t| < 4,
d = 2− 2ε; also
t > 16

K3, Γ1(6) 7ζ3ϖ0 − Partreg known [101] AMFlow, 18
points, ≥ 110

34 Four-loop
equal-mass
banana; Fig. 20

4; 2; �ve of
mass m

p2 < 0 about
the MUM point;
d = 2− 2ε

CY3, AESZ 34 log-Frobenius
series

known
[100, 28, 27]

Bessel moments,
116; AMFlow, 67

31 Banana threshold
coe�cient c3/2;
Fig. 21

3; 2;
(1, 1, 1, 9)

period-level,
heavy threshold

K3,
non-unipotent,
order 2

c3/2 =

−
√
3/(36π)

new;
period-level
[107]

ball arithmetic,
195; IBP
operator, 47

32 Banana threshold
coe�cients c5/4,
c7/4; Fig. 21

4; 2;
(1, 1, 1, 1, 16)

period-level,
heavy threshold

CY3,
non-unipotent,
order 4

closed forms in
Γ( 1

4
) and π,

printed in [107]

new;
period-level
[107]

ball arithmetic,
197; IBP
operator, 45

21 LBL3X, crossed
light-by-light box;
Fig. 22

3; 4; four of
mass m

curve
1/s+1/t = −3/8
and listed points

MPL cut, K3,
rank-nine
system

words in 13
integration
kernels on the
curve

new; no GPL
form over cut
letters

AMFlow, six
points, 33�46;
two more, 72

The domain column of Table 1 states the kinematic region, slice, line, path segments, mass point
or sector on which each result holds, and marks Nos. 9, 13, 14, 15 and 19 as also continued above
threshold. The thirty entries are twenty-eight distinct computations, because Nos. 12 and 17 are
the order-ε1 terms of the sunrise and ice-cream-cone integrals whose order-ε0 terms are Nos. 9�11
and 15�16. In addition, Nos. 9�11 are three mass assignments of one graph, and Nos. 31 and 32 are
coe�cients in the threshold expansion of banana-graph periods, given at the level of the period.

3.2 Organization of the entries

Every entry opens with what the integral is, where it arises and whether it was known, and then
has the same �ve parts. De�nition displays the propagators, masses, kinematics, dimension and
normalization, and states the domain of the result. Function space displays the alphabet, the curve
with its periods and level, or the Picard�Fuchs operator and its indicial data. Result displays the
closed form, with long expressions continued in the appendices. Boundary data says how we �x
the integration constants and names any value taken from AMFlow [95], and Checks says what we
compared the result with, at which points and to how many digits, in the sense of eq. (7). Entries
that share a family give the �rst two parts once, and in the sunrise family (section 5.1) the last
three form one block per integral. Appendix A collects reference values and comparisons for all
thirty integrals at �xed kinematic points.

Fifteen of the thirty integrals are known. In the polylogarithmic class these are the outer-mass
and massless double boxes, the C5 ladder, the pentagon, the planar Sudakov ladder and the central-
mass double box [40, 109, 114, 23, 66, 104]. In the elliptic class they are the sunrise entries, the
equal-mass kite and the gg → H functions [10, 26, 5, 96]. In the K3 and Calabi�Yau class they are
the two equal-mass banana graphs [101, 100, 28]. Each such entry cites the original computation
and states what we take from it, such as a function space or an inhomogeneous term.

We call an integral new when we have found no earlier computation of it, at the kinematics stated
in its entry, that was checked against independent values. Among the new entries, Nos. 14 and 23
are kites evaluated at �xed masses. For the family of No. 14 an elliptic-polylogarithm form [35] and
an ε-factorized di�erential equation [69] are known, whereas for No. 23, whose rung is massless, we
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Polylogarithmic

p1 p2

q2 ̸=0

6 planar Sudakov

ladder

p2

p1

p3

p4

2 massless double

box

p1

p2

p3

p21, p
2
3 ̸= 0, p22 = 0

4 C5 ladder

p1

p2

p3p4

p5

5 massless

pentagon

p2

p1

p3

p4

m 0

1 outer-mass

double box

p2

p1

p3

p4

m

7 central-mass

double box

1

2

M=3

√
2

0
p p

23
† four-mass kite,

massless rung

p1

p2

p3

p4

p5

p21=p
2
3=m

2

24
† two-mass

hexa-box

Elliptic

p p

m

m

m

8 equal-mass

sunrise

1

1

√
2

p p

9 sunrise (1, 1, 2)

p p

1

√
2

√
3

10 sunrise (1, 2, 3)

1

1

2

p p

11 sunrise (1, 1, 4)

(1, 1, 1)

p

(1, 1, 2) (1, 2, 3) (1, 1, 4)

12 sunrise, order ε1

m 0

0 m

m
p p

13 equal-mass kite

H (p3)

g (p1) g (p2)

mt

M

18 gg → H

functions

1 0

0
√
2

1
p p

14
† unequal-mass

kite

m

mm m

p34 p12

p56

15
† equal-mass

ice-cream cone

p12p34

p56

√
3

√
51

√
2

16
† generic-mass

ice-cream cone

m

p34 p12

p56

equal mass, m2 = 1

m3

m4m1 m2

p34 p12

p56

generic, m2
i = 1, 2, 3, 5

ε1 (weight 4)

17
† ice-cream

cone, order ε1

g (p1)

g (p2)

γ (p3)

Z (p4)

mt

20
† gg → Zγ

masters
p1

p4

p2

p3

m

equal-mass sunrise (Γ1(6))

27
† LBL3E,

sunrise insertion

p2

p1

p3

p4

m

crossed-photon Σkite(ℓ
2)

28
† LBL3SE, kite

insertion

p1

p2 p3

p4

m

29
† LBL3KP, kite

parent

p1

p2 p3

p4

m

ΣVP(ℓ
2)

33
† LBL3VP, N2

f

q̄ (p2)

q (p1)

W+(p3)

W−(p4)

mt

mt

35
† nonplanar

W -pair T4

K3 and Calabi–Yau

p p

m

m

19 three-loop

banana

p p

m

m

34 four-loop

banana

p p

m

3m

31
† banana

(1, 1, 1, 9), c3/2

p p

m

m

4m

32
† banana

(1, 1, 1, 1, 16),

c5/4, c7/4

p1

p4

p2

p3

m

21
† LBL3X

crossed box

Figure 1: The thirty integrals of Table 1, grouped by function class in the order of the table. Bold
numbers are the entry numbers of Table 1, and a dagger marks the �fteen new integrals. Thin black
internal lines are massless and thick colored lines massive, one color per mass value; external legs
carry arrows, and those drawn thick, wavy or dashed are o� shell. In graphs 31 and 32 the blue
line is the single heavy line, of mass 3m and 4m respectively. Each graph is drawn at full size, with
momenta labeled, at the head of its entry.
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p1 p2

q2 ̸=0

Figure 2: The two-loop Sudakov ladder I[1, 0, 1, 1, 1, 1, 1] of the family (8) (No. 6 of Table 1). A
triangle on D1, D3, D7 has the o�-shell leg q = p1 + p2 at its apex and shares the rung D7 with a
box on D4, D5, D6, D7, whose far corners carry the on-shell legs p1 and p2. All internal lines are
massless and q2 = s is the only scale.

leave open whether the result evaluates to multiple polylogarithms. Nos. 31 and 32 are period-level
coe�cients derived in closed form in the companion paper [107]. Finally, Nos. 15�17 are given on a
kinematic slice, Nos. 28, 29 and 33 at the Euclidean points speci�ed in their entries, and Nos. 20,
21, 24 and 35 on the restricted domains listed in Table 1.

4 Polylogarithmic integrals

The eight integrals of this section have maximal cuts of genus zero, and no elliptic curve or higher-
dimensional period enters their di�erential equations. The alphabets of Nos. 6, 2, 4 and 7 of
Table 1 are rational in the kinematics, and those of Nos. 5, 1, 23 and 24 also involve square roots
of kinematic polynomials. Nos. 23 and 24 are, to our knowledge, new, and we give them on the
restricted kinematics stated in their entries. The other six were computed before, and we reproduce
them here as Γ functions, harmonic polylogarithms or Goncharov polylogarithms. We present the
integrals with one- or two-letter alphabets �rst, then the known integrals with larger alphabets, and
Nos. 23 and 24 last.

4.1 The two-loop Sudakov form factor

The scalar ladder of Figure 2 (No. 6 of Table 1) enters the two-loop massless Sudakov form factor.
It is the planar two-loop vertex with two massless on-shell legs, p21 = p22 = 0, and one o�-shell leg
with s = q2 = (p1 + p2)

2; it depends on this single scale and evaluates to a sum of products of Γ
functions, exact in d. Planar two-loop vertex integrals of this kind were obtained in closed form long
ago [72, 87], and the three master integrals of the family are given as Γ functions in Ref. [66]. We
list the integral for completeness. The result given here is a recomputation from the family's own
reduction onto its three Γ-function master integrals. An earlier version of this entry had evaluated a
di�erent member of the family (8), the seven-propagator integral with the irreducible scalar product
in the denominator, which is not a graph and whose samples passed every internal consistency check
of that computation: consistency checks are not controls.
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De�nition. With loop momenta k1, k2 we take the seven propagators

D1 = k21, D2 = (k1 + p1)
2, D3 = (k1 + p1 + p2)

2, D7 = (k1 − k2)
2,

D4 = k22, D5 = (k2 + p1)
2, D6 = (k2 + p1 + p2)

2, (8)

I[a1, . . . , a7](s) =

∫ 2∏
l=1

ddkl
iπd/2

7∏
j=1

1

D
aj
j

, d = 4− 2ε, (9)

in the conventions of eq. (1), with no factor eεγE or (4π)ε. Two loops and two independent external
momenta give seven scalar products. For any six-line graph of the family one of the seven Dj is
therefore an irreducible scalar product, and the integral with all seven indices positive is not a
graph. The ladder of Figure 2 is I[1, 0, 1, 1, 1, 1, 1]. The integral I[1, 1, 0, 1, 1, 1, 1], with an on-shell
leg at the apex of the triangle, is a di�erent graph, with leading pole 3/(4ε3) in place of the ladder's
1/(4ε4). We give the closed form for all s through the factor (−s)−2−2ε and quote numerical values
at s = −1.

Function space. With one scale the alphabet is the single letter s, and each order in ε at s = −1
is a rational combination of products of zeta values, of uniform weight. An integration-by-parts
reduction [81] leaves three master integrals, all products of one-loop Γ functions [110]: the sunrise
I[0, 0, 1, 1, 0, 0, 1], the bubble-inserted triangle I[0, 1, 0, 1, 0, 1, 1] and the product of two q-channel
bubbles I[1, 0, 1, 1, 0, 1, 0]. These are the masters A3, A4 and A2

2 of Ref. [66]. There is no six-line
master integral, and for the ladder the reduction reads

I[1, 0, 1, 1, 1, 1, 1] = − 6

d− 4
I[1, 0, 1, 0, 1, 0, 2] +

4(d− 3)2

(d− 4)2
I[1, 0, 1, 1, 0, 1, 0]

+
6(3d− 10)

(d− 4)2
I[0, 0, 1, 1, 0, 0, 2], (10)

where I[1, 0, 1, 0, 1, 0, 2] is the dotted bubble-inserted triangle with k1 and k2 interchanged. The
dotted integrals are rational multiples of the undotted ones, −(1− 2ε)(2− 3ε)/ε times the sunrise
for I[0, 0, 1, 1, 0, 0, 2] and (1−2ε)(1−3ε)/(2ε) times the bubble-inserted triangle for I[0, 1, 0, 1, 0, 1, 2].

Result. Inserting the Γ-function values of the masters into eq. (10), we obtain the closed form

I[1, 0, 1, 1, 1, 1, 1](s) = (−s)−2−2ε
[
− 3

ε
G(1, 2)T (1, 1+ε, 1) +

(1− 2ε)2

ε2
G(1, 1)2

+
3(1− 3ε)

ε2
G(1, 2)G(1+ε, 1)

]
, (11)

with the one-loop bubble and the one-loop triangle with two on-shell legs

G(a, b) =
Γ(a+ b− d

2) Γ(
d
2 − a) Γ(d2 − b)

Γ(a) Γ(b) Γ(d− a− b)
,

T (a, b, c) =
Γ(a+ b+ c− d

2) Γ(
d
2 − a− b) Γ(d2 − b− c)

Γ(a) Γ(c) Γ(d− a− b− c)
. (12)

At s = −1, eq. (11) multiplied by e2εγE expands into products of zeta values,

e2εγE I[1, 0, 1, 1, 1, 1, 1](−1) =
1

4ε4
+

5π2

24ε2
+

29ζ3
6ε

+
3π4

32
+ ε

[329ζ5
10

− 107π2ζ3
36

]
+ ε2

[1723π6
60480

− 833ζ23
18

]
+ ε3

[3149ζ7
14

− 211π2ζ5
12

− 73π4ζ3
48

]
+O(ε4),

(13)
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p2

p1

p3

p4

Figure 3: The massless planar double box (No. 2 of Table 1): two boxes sharing the central rung
D7, with all seven propagators of eq. (15) massless and four massless on-shell legs p1, . . . , p4. The
invariants are s = (p1 + p2)

2 and t = (p2 + p3)
2, and x = t/s.

with no ε−3 term. The coe�cient of εj has uniform weight j +4, and the higher orders follow from
eq. (11) in the same way. For example, the coe�cient of ε6 is

−64793
21 ζ3ζ7 − 63209

50 ζ25 + 46603π10

22 809 600 + 6961
720 π

4ζ23 + 16907
90 π2ζ3ζ5 = −1235.936250 . . . . (14)

Boundary data. No boundary data are required, since eq. (11) is exact in d and its only inputs
are the reduction (10) and the three Γ-function masters. To compare with Ref. [66], whose measure
is ddk/(2π)d with SΓ = (4π)ε/(16π2 Γ(1 − ε)), we set I = −A/(S2

Γ Γ(1 − ε)2) in the normalization
of eq. (9) at s = −1, where every power of (−q2) is unity.

Checks. We compared eq. (11) and the three masters with AMFlow [95] values at s = −1 and, from
an independent reduction, at s = −2, where every integral scales by the exact factor 2 4−

∑
j aj 2−2ε.

We �nd agreement to at least 78 digits at every order from ε−4 through ε6, limited by the precision
of the numerical values.

4.2 The massless planar double box

The planar double box with seven massless propagators and four massless on-shell legs (Figure 3,
No. 2 of Table 1) is the simplest two-loop four-point integral with two scales. Smirnov computed it
in closed form in terms of harmonic polylogarithms of x = t/s [109], and the nonplanar double box
followed [113]. The integral is also a standard example for the method of di�erential equations in
canonical form [76]. In this entry we rederive the ε expansion of Ref. [109] through the �nite order.

De�nition. With loop momenta k1, k2, incoming massless momenta p1, . . . , p4 and d = 4 − 2ε,
we de�ne

D1 = k21, D2 = (k1 + p1)
2, D3 = (k1 + p1 + p2)

2, D4 = k22,

D5 = (k2 + p1 + p2)
2, D6 = (k2 + p1 + p2 + p3)

2, D7 = (k1 − k2)
2,

J(s, t) =

∫ 2∏
l=1

ddkl
iπd/2

7∏
j=1

1

Dj
, x =

t

s
,

(15)

in the conventions of eq. (1), with s = (p1 + p2)
2 and t = (p2 + p3)

2. We write the result for the
Euclidean region s, t < 0, where x > 0 and J is real.
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Function space. The maximal cut is rational and, once the leading singularity is factored out,
the pure function has the two-letter alphabet

A = {x, 1 + x }, x =
t

s
. (16)

Every order is then a combination of the polylogarithms G(a1, . . . , aw;x) of eq. (4) with ai ∈ {0,−1},
which are harmonic polylogarithms. The only branch points are the zeros of the two letters,

x = 0 (s→ ∞ at �xed t, equivalently t = 0), x = −1 (s+ t = 0, i.e. u = 0), (17)

consistent with a planar box that has cuts in the s and t channels and none in u. The coe�cient of
εj has uniform weight 4+ j. We impose three conditions [54, 74] on the words before any coe�cient
is �tted. The �rst entry of the symbol must be one of the two letters, whose vanishing is a Landau
singularity; the symbol must be integrable; and discontinuities may occur only in s and t. The
words that satisfy these conditions, together with their products with zeta values of complementary
weight, span an ansatz of dimension

(n0, n1, n2, n3, n4 ) = (1, 2, 5, 11, 23) at weight w = (0, 1, 2, 3, 4). (18)

Result. From the maximal cut we compute the leading singularity of the seven-propagator inte-
gral,

LS =
1

−2 s2 t
. (19)

We factor out this rational function and the dimension-carrying power (−s)−2ε by writing

J(s, t) =
e−2γEε

(−s)2+2ε (−t)
K(x, ε), K(x, ε) =

∑
j≥−4

εjK(j)(x),

K(j)(x) =
∑

|⃗a|≤4+j

c
(j)
a⃗ G(a1, . . . , a|⃗a|;x),

(20)

where the c(j)a⃗ are rational multiples of 1, ζ2, ζ3 or ζ4 such that each term has weight 4 + j, and K
coincides with the function K(x, ε) of Ref. [109]. Through the �nite order we �nd

K(−4) = −4, K(−3) = 5G(0;x), K(−2) = −4G(0, 0;x) + 15 ζ2,

K(−1) = −4G(0, 0, 0;x) + 4G(−1, 0, 0;x)− 33 ζ2G(0;x) + 12 ζ2G(−1;x) + 65
3 ζ3,

K(0) = 32G(0, 0, 0, 0;x)− 16G(−1, 0, 0, 0;x)− 20G(0,−1, 0, 0;x) + 4G(−1,−1, 0, 0;x)

+ 72 ζ2G(0, 0;x)− 20 ζ2G(−1, 0;x)− 60 ζ2G(0,−1;x) + 12 ζ2G(−1,−1;x)

− 88
3 ζ3G(0;x) + 4 ζ3G(−1;x) + 87 ζ4. (21)

All coe�cients are rational with denominators at most 3. The only singularities of eq. (21) are the
two branch points of eq. (17).

Boundary data. No boundary condition is imposed. At each weight we determine the coe�cients
of eq. (21) as exact rational numbers by an integer-relation �t of the ansatz (18) to numerical values
of J .
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p1

p2

p3

p21, p
2
3 ̸= 0, p22 = 0

Figure 4: The three-loop triangle ladder C(3) of eq. (23) (No. 4 of Table 1): nine massless lines, two
rails of three segments meeting at the p3 vertex and three rungs. The legs p1 and p3 are o� shell
(wavy). The drawing shows the con�guration p22 → 0 of the o�-shell ladder function Φ(3)(X,Y ),
whose one-variable block f3(x) of eq. (27) is the function reproduced here.

Checks. The �t used AMFlow [95] values at ten Euclidean points, and at the two further points
x = 2/5 and x = 3/4, neither of them used in the �t, eq. (21) agrees with AMFlow to at least 89 digits
at every order. It also agrees with the closed form of Ref. [109], evaluated with an independent
implementation of the polylogarithms, to at least 142 digits through order ε0. For reference, with
J =

∑
j ε

jJ (j) at s = −1, we �nd

J (0)
∣∣
t=−2/5

= 144.4685602 . . . , J (0)
∣∣
t=−3/4

= −7.244798182 . . . , (22)

and the pole coe�cients at the same points are listed in Appendix A.

4.3 The three-loop C5 ladder

The triangle ladder with nine massless lines and three o�-shell legs (Figure 4, No. 4 of Table 1) is
the L = 3 member of the ladder series C(L), which Usyukina and Davydychev evaluated for all L
in terms of classical polylogarithms [114]. An operator derivation is given in Ref. [49], an integral
representation valid for all L in Ref. [32], and the conformal properties of the series are discussed in
Ref. [52]. We include it as a test of the �tting step on a function space where the answer is known,
and recover the rational coe�cients of the L = 3 closed form by an integer-relation �t.

De�nition. With loop momenta k1, k2, k3, incoming momenta p1, p2 and p3 = p1 + p2 outgoing,
the nine massless propagators and the ladder function are

D1 = (k1+k2+k3−p1)2, D2 = (k1+k2+k3+p2)
2, D3 = (k2+k3−p1)2, D4 = (k3−p1)2,

D5 = (k2+k3+p2)
2, D6 = (k3+p2)

2, D7 = k21, D8 = k22, D9 = k23,

C(3)(p21, p
2
2, p

2
3) =

1

(p23)
3
Φ(3)(X,Y ), X =

p21
p23
, Y =

p22
p23
,

(23)

where C(3) is the scalar integral with unit powers of D1, . . . , D9 in the measure of eq. (1), and Φ(3) is
dimensionless and �nite in four dimensions. We reproduce the one-variable block f3(x) of eq. (27),
related to Φ(3) at X = x/(1 + x), on the half-line x > 0, that is 0 < p21 < p23. We also evaluate the
two-variable function Φ(3)(X,Y ) in the region 4XY > (X + Y − 1)2.
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Function space. For all L the ladder function Φ(L) has uniform transcendental weight 2L. In
the variables z, z̄ with X = zz̄ and Y = (1− z)(1− z̄), for which 4XY − (X + Y − 1)2 = 4(Im z)2,
the ladder function is the combination of classical polylogarithms [114, 49]

Φ(L)(z, z̄) =
1

z − z̄

L∑
k=0

c
(L)
k lnk(zz̄)

[
Li2L−k(z)− Li2L−k(z̄)

]
, c

(L)
k = (−1)k

(2L− k)!

k! (L− k)!
, (24)

which is eq. (d4) of Ref. [49]. The one-variable block is a harmonic polylogarithm of weight 2L = 6
over the two-letter alphabet

AC5 = {x, 1 + x } ⇐⇒
{
dx
x ,

dx
1+x

}
, (25)

with Goncharov indices ai ∈ {0,−1} in the notation of eq. (4) [70]. In the variable x = p21/(p
2
3− p21)

the letters x and 1 + x vanish at p21 → 0 and p23 → 0 respectively, and p21 = p23 lies at x→ ∞. This
alphabet has 2w words of weight w, that is 64 at w = 6.

Result. The holomorphic building block of eq. (24) at z = −x, the function of one variable from
which the two-variable function is assembled, is the sum of classical polylogarithms

fL(x) =

L∑
k=0

c
(L)
k (lnx)k Li2L−k(−x), c

(L)
k = (−1)k

(2L− k)!

k! (L− k)!
, (26)

and at L = 3 the coe�cients are c(3) = {120,−60, 12,−1},

f3(x) = 120Li6(−x)− 60 lnxLi5(−x) + 12 ln2 xLi4(−x)− ln3 xLi3(−x). (27)

As Goncharov words, f3 = −6G(0, 0, 0,−1, 0, 0;x) + 6G(0, 0,−1, 0, 0, 0;x). Each word carries a
single index −1, and the shu�e-regularized combination collapses to eq. (27), whose singular locus
is x ∈ {0,−1,∞}. Equation (26) also gives the one-loop box function at L = 1 and the massless
double-box function at L = 2, with c(2) = {12,−6, 1}. The relation between f3 and Φ(3)(X,Y ) at
X = x/(1 + x) is an algebraic identity and involves no limit, because Φ(3) diverges as ln3 Y when
Y → 0. In the small-Y expansion of (1 − X) Φ(3) organized in powers of Λ = ln((1 − X)/Y ),
f3(x) is 3! times the Λ-independent part, with the two constants left by the polylogarithm inversion
subtracted.

Boundary data. The prefactor of eq. (23) �xes the normalization of the ladder function, and no
boundary point is used. We obtain the coe�cients by an integer-relation �t over the full basis of
64 weight-six words G(a1, . . . , a6;x), ai ∈ {0,−1}, to high-precision values of the one-variable block
f3 at points x ∈ [0.01, 0.71]. The �t returns the coe�cients −6 and +6 of the two words in f3 and
zero for every other word, which is eq. (27) exactly.

Checks. An AMFlow [95] evaluation of the nine-line family at (X,Y ) = (23 ,
3
4), a point not used

elsewhere, reproduces Φ(3)(X,Y ) of eq. (24) to 72 digits, with every pole coe�cient zero. We also
evaluated Φ(3) at (X,Y ) = ( 421

1225 ,
596
1225) and (424225 ,

109
225) from eq. (24) and from a one-fold integral

representation, which agree to at least 60 digits, and the �tted coe�cients reproduce the closed
form of Ref. [114] at three further points x ∈ {1/3, 2/9, 7/9}, none of them a �t point, to at least
461 digits at working precision 462. For reference,

f3(11/20) = −87.265091 . . . , (28)

and further values of f3 are listed in Appendix A.
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p1

p2

p3p4

p5

Figure 5: The one-loop scalar pentagon, No. 5 of Table 1: �ve massless propagators and �ve massless
external legs p1, . . . , p5, all incoming, with p2i = 0 and

∑
i pi = 0. The kinematic variables are the

�ve cyclic invariants vi = si,i+1 = (pi + pi+1)
2, i mod 5.

4.4 The one-loop massless pentagon

The scalar pentagon with massless propagators and massless external legs, Figure 5, is the �ve-
point integral of one-loop massless amplitudes. It is known through order ε0 [23, 12] in the form
given by Bern, Dixon and Kosower, a sum over the �ve one-mass boxes obtained by contracting one
propagator [23]. We restate that result in the cyclic invariants and give the parity-odd symbol that
�rst appears at order ε.

De�nition. With all momenta incoming and q1 = l, qk = l + p1 + · · ·+ pk−1, the integral is

I5(v1, . . . , v5) =

∫
d4−2εl

iπ2−ε

5∏
k=1

1

q2k
, vi = si,i+1 = (pi + pi+1)

2, p2i = 0, (29)

with indices taken mod 5 and no factor of eγEε in the measure. We give the result in the Euclidean
region vi < 0, where it is real.

Function space. Fifteen rational letters, all linear in the cyclic invariants, form three cyclic orbits
of �ve,

vi︸︷︷︸
self

, ui = vi+3 − vi − vi+1 = si,i+2︸ ︷︷ ︸
next-to-adjacent

, di = vi+2 − vi︸ ︷︷ ︸
Li2-numerator

, i = 1, . . . , 5. (30)

One parity-odd letter is built on the Gram determinant,√
∆5, ∆5 = det

(
2 pi ·pj

)4
i,j=1

= tr 25 . (31)

Through order ε0 only the rational letters occur. The function is a sum of logarithms and of
dilogarithms whose arguments 1 − vi/vi+2 involve the di�erence letters di, and it is singular at
vi = 0 and at vi = vi+2. The parity-odd branch point ∆5 = 0 �rst appears at order ε, where
the alphabet of the one-loop family has 21 letters, namely the �fteen rational ones, ∆5, and �ve
parity-odd ratios Wi = (ai −

√
∆5)/(ai +

√
∆5) with ai quadratic in the vj . At two loops the

planar pentagon functions require the larger 26-letter alphabet of [67, 43]. Over the 21 letters
we �nd that the integrable parity-odd weight-three symbol [71, 54] with physical �rst entries is
unique once cyclic symmetry is imposed. Of the 9261 weight-three words, 2205 pass the �rst-entry
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condition, and the integrable combinations of these span a 601-dimensional space whose parity-odd
part has dimension 100. Within this part the symbols invariant under cyclic permutations form a
one-dimensional space, and up to normalization the invariant symbol is

Sodd
3 =

4∑
k=0

σk
[
v1⊗d1⊗W2 − v1⊗d1⊗W4 + v1⊗d4⊗W2 − v1⊗d4⊗W5

+ v1⊗v2⊗W5 − v1⊗v3⊗W2 − v1⊗v4⊗W2 + v1⊗v5⊗W4

]
,

Wi =
ai −

√
∆5

ai +
√
∆5

, a1 = v1v2 − v1v5 − v2v3 + v3v4 − v4v5, ai+1 = σ ai,

(32)

where σ is the cyclic shift vj → vj+1 acting on every index. All 40 terms have coe�cients ±1 and
carry a parity-odd letter in the last entry.

Result. In d = 4−2ε the pentagon reduces to its �ve one-mass boxes I(i)4 , the box with propagator
i contracted, plus a remainder proportional to d− 4,

I5 = −1
2

5∑
i=1

ci I
(i)
4 + (d− 4) (· · · ), ci =

∑
j

(S−1)ij , Sij = −1
2 (qi − qj)

2. (33)

Inserting the one-mass box in d dimensions, we obtain through order ε0 [23]

I5 = rΓ

5∑
j=1

1

vj−2 vj−1 vj

[
(−vj−2)(−vj−1)(−vj)

(−vj+1)(−vj+2)

]−ε
×
[
1

ε2
+ 2Li2

(
1− vj+3

vj+1

)
+ 2Li2

(
1− vj

vj+2

)
− π2

6

]
+O(ε),

(34)

with rΓ = Γ(1+ε)Γ2(1−ε)/Γ(1−2ε). The double pole is
∑

j 1/(vj−2vj−1vj), negative for all vi < 0.
Because the �ve prefactors 1/(vj−2vj−1vj) are distinct rational functions, the order-ε0 coe�cient
of I5 is not

√
∆5 times a single pure function. In particular, the unit-coe�cient sum

∑
iBi of the

box functions Bi = Li2(1 − vi/vi+2) + Li2(1 − vi/vi+3) +
1
2 log

2(vi+2/vi+3) di�ers from the �nite
part of the pentagon in every normalization. At order ε the (d− 4) remainder contributes through
the six-dimensional pentagon ID=6

5 , which is �nite and known in closed form as a one-dimensional
integral [86, 48, 84]. The symbol of

√
∆5 I

D=6
5 is the cyclic-invariant parity-odd word Sodd

3 , up to
normalization.

Boundary data. The rational prefactors follow from the reduction and the transcendental func-
tions from the one-mass box of [23], and therefore no constant is �tted in this entry.

Checks. At the Euclidean point (v1, . . . , v5) = (−1,−2,−3,−4,−5), where ∆5 = 289 > 0, the
coe�cients of ε−2, ε−1 and ε0 in eq. (34) are

I5
∣∣
(−1,−2,−3,−4,−5)

: −3
8 , 0.1798058444 . . . , 0.2872248726 . . . . (35)

These three coe�cients agree with AMFlow [95] to 68 digits, the precision to which two AMFlow runs
of the massless family at this point con�rm each other, and to 107 with the more precise run; at
twelve further Euclidean points we �nd agreement to 67. As a test of the �tting step, we also �tted
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p2

p1

p3

p4

m 0

Figure 6: The outer-mass planar double box, No. 1 of Table 1. The six perimeter propagators carry
a common mass m (thick red), while the central rung and the four external legs are massless (thin
black), p2i = 0. The invariants are s = (p1+p2)

2 and t = (p2+p3)
2, and the results are written in

u = 4m2/(−s) and v = 4m2/(−t).

�ve integer coe�cients of the functions Bi to their analytic sum sampled at 25 Euclidean points.
The �t returns unit coe�cients and reproduces that sum to 60 digits at three points not used in it,
which compares the �t with the analytic box functions of [23] and does not determine the prefactors
of eq. (34). Finally, at order ε we checked that AMFlow values of the pentagon, of its �ve boxes and
of the six-dimensional pentagon at thirteen Euclidean points satisfy the dimension-shift relation to
one part in 1058.

4.5 The outer-mass double box

The planar double box with six massive perimeter propagators and a massless central rung, Figure 6,
is �nite in four dimensions and, once its leading singularity is divided out, evaluates to a weight-
four polylogarithm. It was computed by Caron-Huot and Henn [40], its alphabet, maximal cuts and
symbol were derived from the Landau equations in [74], and it was evaluated by regression from
numerical samples in [18]. We reproduce the known symbol as a single element of a constrained
weight-four basis, without using the symbol of [40] as input.

De�nition. With all momenta incoming, p4 = −p1 − p2 − p3, the seven propagators and the
kinematic variables are

D1 = k21 −m2, D2 = (k1 + p1)
2 −m2, D3 = (k1 + p1 + p2)

2 −m2, D4 = k22 −m2,

D5 = (k2 + p1 + p2)
2 −m2, D6 = (k2 + p1 + p2 + p3)

2 −m2, D7 = (k1 − k2)
2,

p2i = 0, s = (p1 + p2)
2, t = (p2 + p3)

2, u =
4m2

−s
, v =

4m2

−t
.

(36)

We denote by Idb the scalar member of this family with unit powers of D1, . . . , D7, taken in d = 4,
where it is �nite, and normalized as in [40]. We set m = 1 and work at Euclidean s, t < 0, that is
u, v > 0, where eq. (41) holds as a function of both variables.

Function space. Three square roots in the kinematic variables enter the alphabet as algebraic
letters,

βu =
√
1 + u, βv =

√
1 + v, βuv =

√
1 + u+ v. (37)

We rationalize them simultaneously by u = (1 − w2)(1 − z2)/(w − z)2, v = 4wz/(w − z)2, so that
βu = (1 − wz)/(w − z), βv = (w + z)/(w − z) and βuv = (1 + wz)/(w − z). The region u, v > 0
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maps to 0 < z < w < 1, and the function is an ordinary multiple polylogarithm in w and z. Its
symbol alphabet consists of the twelve letters L1, . . . , L12 of [74, Tab. II], each a monomial in the
twelve factors

{w, z, 1−w, 1+w, 1−z, 1+z, w−z, w+z, 1−wz, 1+wz, 1−w+z+wz, 1+w−z+wz },

namely
L1 = u, L2 = v, L3 = 1+u, L4 = 1+v,

L5 = u+v, L6 =
βu − 1

βu + 1
, L7 =

βv − 1

βv + 1
, L8 =

βuv − 1

βuv + 1
,

L9 =
βuv − βu
βuv + βu

, L10 =
βuv − βv
βuv + βv

, L11 = 1+u+v, L12 =
βuv − βuβv
βuv + βuβv

.

(38)

Here βv enters only through L7, L10 and L12, and each letter is de�ned only up to a constant
factor, which drops out of the symbol. The function is singular only on the Landau loci of the
graph: on the physical sheet the normal thresholds s = 4m2 and t = 4m2 (1+u = 0, 1+v = 0) and
s, t → ∞ (u, v → 0); on other sheets also s = 0, t = 0 (u, v → ∞), s + t = 0 (u+v = 0) and the
pseudo-threshold st = 4m2(s + t) (1+u+v = 0). On the physical sheet it vanishes as u, v → ∞,
and this limit is the boundary condition used below.

On the weight-four words over the twelve letters we impose three conditions, none of which uses
the maximal cuts of [74]. The �rst is integrability of the symbol [71, 54]. The second restricts the
�rst entry to the seven branch-cut combinations{

L1/L3, L2/L4, L3L8/(L5L10), L4L8/(L5L9), L6, L7, L12

}
, (39)

which lets only the thresholds in s and t and the pseudo-thresholds open a cut. The third is
the square-root parity (σu, σv, σuv) = (1, 0, 1) of the function multiplying 1/(βuβuv), odd under
βu → −βu and βuv → −βuv and even under βv → −βv. These three conditions reduce the weight-
four space to a 161-dimensional subspace with basis {Ga}.

Result. We write g10 = LS ·
∑161

a=1 caGa, with the normalized function g10 and the leading
singularity LS as de�ned in eq. (41), and determine the ca by an integer-relation �t [16] to AMFlow

values [95] on a Euclidean grid. We �nd a single nonzero coe�cient, with height and denominator
both equal to one,

ca = δa,52, c52 = 1. (40)

The normalized weight-four function is then the leading singularity times one basis element,

g10 = −1
8 s

2 t βu βuv Idb = LS ·G52, LS = 1
8

√
s (s− 4m2)

√
s t

(
s t− 4m2(s+ t)

)
, (41)

and its symbol, written in the letters L1, . . . , L12, is the eighteen-term word

S(G52) = − L6⊗L1⊗L6⊗L9 + L6⊗L3⊗L6⊗L9 − L6⊗L1⊗L9⊗L6 + L6⊗L3⊗L9⊗L6

+ L6⊗L6⊗L1⊗L9 + L6⊗L6⊗L2⊗L9 − L6⊗L6⊗L3⊗L9 − L6⊗L6⊗L5⊗L9

+ L6⊗L9⊗L2⊗L6 − L6⊗L9⊗L5⊗L6 + L6⊗L6⊗L8⊗L6 + L6⊗L9⊗L8⊗L9

+ L7⊗L10⊗L2⊗L6 − L7⊗L10⊗L5⊗L6 + L7⊗L10⊗L8⊗L9

+ L7⊗L7⊗L1⊗L9 − L7⊗L7⊗L5⊗L9 + L7⊗L7⊗L8⊗L6. (42)

The word (42) coincides term by term with the symbol of [40, 74].
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p2

p1

p3

p4

m

Figure 7: The central-mass double box, No. 7 of Table 1: a planar two-loop four-point graph with
massless external legs, p2i = 0, six massless propagators (thin black) and a single propagator of mass
m on the central rung (thick red). The invariants are s = (p1+p2)

2 and t = (p2+p3)
2, and the

results are quoted at m2 = 1.

Boundary data. We obtain the function G52 from eq. (42) by iterated integration in w and z
from the line w = z, which is the limit u, v → ∞ where g10 vanishes. Because every �rst-entry letter
equals one on that line, the integration converges and introduces no constant beyond the symbol.

Checks. Two reference values of g10, for comparison with an independent integration of eq. (42)
or with the ancillary �le of [40], are

g10
(
u=16

3 , v=
10
3

)
= 0.043932114 . . . , g10(u=v=4) = 0.053038629 . . . , (43)

the second being the value at u = v = 4 quoted in [40]. Equation (41) agrees with AMFlow [95] to at
least 86 digits at the four Euclidean points (u, v) ∈ {(16/3, 10/3), (10/3, 16/3), (23/4, 9/4), (5/2, 4)},
none of which was used in the �t.

4.6 The central-mass double box

The planar double box with massless external legs and one massive propagator on the central rung,
Figure 7, is the γ-Z-γ ladder of electroweak Møller and Bhabha scattering at next-to-next-to-leading
order. Likewise, it is the g-V -g ladder of mixed QCD-electroweak four-fermion scattering. It has
seven propagators and three scales {s, t,m2}, and it reaches transcendental weight four. The family
is topology C of Schwanemann and Weinzierl [104], who give all nineteen of its master integrals in
multiple polylogarithms through weight four. The scalar top-sector integral computed here, one of
three masters in the top sector, equals their canonical master JC17 up to the factor (s/m2)2ε and
the normalization of eq. (44). Its alphabet is seven rational letters with no square root, and our
result agrees with theirs exactly at weights one and two and numerically through weight four. We
derive the result from the family's own reduction and from integer-relation �ts, without using the
expressions of [104] as input.

De�nition. With all momenta incoming, the propagators and the normalized function are

D1 = k21, D2 = (k1 + p1)
2, D3 = (k1 + p1 + p2)

2, D4 = k22,

D5 = (k2 + p1 + p2)
2, D6 = (k2 + p1 + p2 + p3)

2, D7 = (k1 − k2)
2 −m2,

p2i = 0, s = (p1 + p2)
2, t = (p2 + p3)

2,

g(ε) =
∑
w≥0

g(w)εw = Rε4e2εγEJ, R = s2 (t−m2),

(44)
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where J is the scalar integral with unit powers of D1, . . . , D7 in d = 4 − 2ε and the measure is
normalized so that g(0) = 1 exactly. We set m2 = 1 and give g(1), . . . , g(4) as functions of both s
and t on the Euclidean sheet s, t < 0.

Function space. The family has no algebraic letter, since its canonical di�erential equation is
rational [104, 76]. The alphabet of the top-sector integral through weight four is the seven letters

A =
{
s, t, s+ t, s+ 1, 1− s, 1− t, s+ t− st

}
(m2 = 1), (45)

the last letter beingm2(s+t)−st for general mass. All seven are faces of the principal A-determinant
of the Lee�Pomeransky polynomial [94]. They coincide with the ε-form alphabet of the nineteen-
master family, whose eight letters e1, . . . , e8 in [104] reduce to the seven d log forms of eq. (45) at
�xed m2 and µ2. The �rst-entry set is {s, 1 − s, 1 − t}, and the function is singular where one of
the letters of eq. (45) vanishes. At weight two only the six letters {s, t, s+1, 1− s, 1− t, s+ t− st}
occur, and s+ t �rst enters at weight three.

We reduce the family with Kira [81] to nineteen master integrals. We then constrain a weight-
graded ansatz for the g(w) by three exact conditions: every word is built from the seven letters
of A, the symbol is integrable, and its �rst entries lie in {s, 1 − s, 1 − t} [71, 54]. The remaining
rational coe�cients are �xed by integer-relation �ts [16] to AMFlow values [95]. At weight three these
conditions, together with matching to the symbol on the slice s = −1 (determined separately over
the slice alphabet {t, t− 1, 2t− 1}), reduce a 281-column ansatz to 42 free coe�cients. A weighted
least-squares �t to 204 high-precision values then determines all 42 as rationals.

Result. Through weight two the pure function is

g(0) = 1 (exact integer), (46)

g(1) = −2 log(−s) − 4 log(1− t), (47)

g(2) = 2 log2(−s) − 2 log(−s) log(s+ 1) + 8 log(−s) log(1− t) + 8 log2(1− t)

− 2Li2(−s) + 10Li2(t) + 2Li2
(
s+ t− st

)
− 1

6π
2, (48)

where all coe�cients are rational and g(2) has eight terms. At weights three and four we use a
�bration basis. Its elements are Goncharov polylogarithms G(⃗a;x) in x = −t with letters drawn
from {0, −1, s, s/(1− s)}, the d log images of t, 1− t, s+ t and s+ t− st, times G(⃗b; y) in y = −s
with letters from {0, 1,−1}, the images of s, s + 1 and 1 − s. Powers of logarithms and ζ2, ζ3, ζ4
multiply these products. In this basis we obtain g(3) as a list of 39 nonzero terms with coe�cients
in the ring Q[ζ2, ζ3] whose rational parts have height at most 65. For g(4) we obtain a t-dependent
part of 123 terms with denominators in {1, 3} plus a t-independent remainder of 29 terms with
denominators in {1, 3, 4}. Both lists are printed in Appendix B and supplied with exact rational
coe�cients as a data �le [106] (Appendix G).

Boundary data. Every constant is classical, namely −1
6π

2 at weight two, ζ2 and ζ3 at weight
three, and ζ2, ζ3, ζ4 at weight four; the integer-relation �ts that produce g(2), . . . , g(4) also determine
the rational coe�cient multiplying each constant. The data for all �ts are AMFlow values [95], and
the �t of the t-independent weight-four remainder uses values at 44 additional points.
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1

2

M=3

√
2

0
p p

Figure 8: The four-mass kite with a massless rung (No. 23 of Table 1). The external momentum
p enters at the left vertex and leaves at the right one. The left rim carries the masses m1=1 (red)
and m2=2 (orange), the right rim M=3 (violet) and m3=

√
2 (blue), and the thin line joining the

two internal vertices is massless, so the squared masses are (1, 4, 9, 2, 0).

Checks. The weight ≤ 2 forms agree with AMFlow [95] to 108 digits on the eight slices s = −7
2 ,

−3, −5
2 , −

3
2 , −

4
5 , −

2
3 , −

1
2 , −

1
3 , four of which, s = −7

2 , −3, −5
2 and −3

2 , were excluded from every �t.
On those four slices the weight-three and weight-four forms agree with AMFlow at all twenty points
to at least 109. Moreover, at the further point (s, t) = (−4,−2), o� every slice, the �ve Laurent
coe�cients ε−4, . . . , ε0 of the top-sector integral obtained from the closed forms agree with AMFlow

to at least 129. On the s+ i0 sheet, (s/m2)2εg(ε) reproduces the published JC17 of [104] identically
at weights one and two and to the working precision through weight four at two Euclidean points.
In the limit s, t → 0 at �xed m the massive rung shrinks to a point and the graph factorizes into
two one-loop triangles,

g(ε) −→
[
eγEε Γ(1 + ε)Γ(1− ε)2/Γ(1− 2ε)

]2
(−s)−2ε. (49)

At s = t = −λ, λ→ 0+, we �nd that the di�erence between the closed forms and this limit vanishes
with λ at every weight through four. We also integrate an ε-form di�erential equation in t at �xed
s = −1 whose connection is built from the same reduction with no numerical input. Transported
along a Euclidean path from a numerical boundary value at t0 = −1/3, its solution reproduces the
closed forms at weights two through four to at least 37 digits.

4.7 The four-mass kite with a massless rung

The kite of Figure 8 is a two-loop self-energy with �ve propagators, namely four rim lines of distinct
mass and a massless line joining the two internal vertices. Kites with massive lines are standard
examples of two-point integrals that evaluate to elliptic functions [20, 102, 5, 35, 69]. We place
this kite among the polylogarithmic entries because every one of its subtopologies has a genus-zero
maximal cut. At the mass assignment of eq. (50) the entry, No. 23, is to our knowledge new.

De�nition. In the notation of eq. (1), with d = 4 − 2ε and t = p2, the propagators and the top
integral are

D1 = k21 − 1, D2 = (k1 − p)2 − 4, D3 = k22 − 9, D4 = (k2 − p)2 − 2, D5 = (k1 − k2)
2,

TOP(t) ≡ I1,1,1,1,1
(
4− 2ε; t; 1, 4, 9, 2, 0

)
,

(50)

where D1, D2 form the left bubble of Figure 8, D3, D4 the right bubble, and D5 is the rung. The
two three-line cuts through D5 are {D1, D4, D5}, with squared masses (1, 2, 0), and {D2, D3, D5},
with (4, 9, 0). We reduce the family with Kira [81] to 22 master integrals, of which the top sector
contributes the single integral TOP. We give the result at the squared masses (1, 4, 9, 2, 0) of eq. (50)
for spacelike momentum, t < 0, as a function of t on that half-line. The comparisons below use
seven points on it and a second mass assignment, (1, 4, 9, 3, 0).
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Function space. Both three-line cuts contain the massless line D5. A sunrise with one massless
line has a genus-zero maximal cut, because the Källén function of the pair containing the massless
line is a perfect square and only a quadratic remains under the root. Without D5 the two loops
decouple, and the massive triple (1, 4, 9), for example, is the product of the left bubble and the
tadpole of mass 3. No subtopology therefore de�nes an elliptic curve. The di�erential equation in
t that we derive from the reduction has a connection singular at

t ∈
{
0, 1, 9, 25, 85

4 , 3± 2
√
2, 11± 6

√
2
}
, (51)

with no pole on the negative axis. Its rational letters are

{ t, t− 1, t− 9, t− 25, 85− 4t, t2 − 6t+ 1, t2 − 22t+ 49 }, (52)

seven polynomials irreducible over Q, and no other denominator occurs in the connection. The two
quadratics split over Q(

√
2), and their zeros are the threshold and pseudo-threshold 3± 2

√
2 of the

(1, 0,
√
2) cut and 11 ± 6

√
2 of the (3,

√
2) bubble. Among the zeros of the linear letters, t = 9

and t = 25 are the thresholds of the (1, 2) bubble and of the (2, 0, 3) cut, t = 1 is their common
pseudo-threshold, and t = 85/4 is a Landau point of the kite itself. The algebraic letters are the
four square roots√

(t− 1)(t− 9),
√

(t− 1)(t− 25),
√
t2 − 6t+ 1,

√
t2 − 22t+ 49 (53)

of the two bubbles and the two cuts, and no coupled block of the connection is larger than 3 × 3.
Whether the top master is a multiple polylogarithm over these roots is not decided here. We give
it as an iterated integral with kernels rational in the letters (52) and boundary data built from Γ
functions.

Result. In the top sector the diagonal entry of the connection is (ε− 1)/t− 4ε/(4t− 85), which
integrates to H(t) = tε−1(1− 4t/85)−ε. Since H(t) is unbounded at t = 0 and TOP is bounded at
this vacuum point, the homogeneous term is absent and we obtain the convergent integral

TOP(t) = H(t)

∫ t

0
H(u)−1R(u) du, R =

∑
j ̸=21A21,j(ε, u)Mj(u). (54)

Here A(ε, u) is the connection matrix of the 22 masters, in a basis with TOP as master 21, and
the sum runs over the subsector masters Mj . Each subsector master Mj satis�es an equation of
the same form, with its own subsector masters in the inhomogeneous term and kernels rational
in the letters (52). Its homogeneous constant is again set to zero by boundedness at u = 0, and
the innermost constants are built from the tadpole T1 and the vacuum sunset T (a, b, 0) of eq. (57)
below. Iterating eq. (54) gives 4tTOPε0(t) as a sum of iterated integrals with these kernels; the
individual terms are listed with the evaluation code (Appendix G). Alternatively, the top integral
at t = 0 can be written as a single integral over Bessel functions,

TOP(0) = − 8
21

∫ ∞

0

dx

x

[
K1(x)− 2K1(2x)

][√
2K1(

√
2x)− 3K1(3x)

]
= −0.2910157568 . . . , (55)

the second mass di�erence of the coordinate-space vacuum sunset with one massless line, in agree-
ment with the value assembled from eq. (57).
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Boundary data. We �x the solution analytically at the vacuum point t = 0, without numerical
input. The residue matrix A−1 = Rest=0A of the connection has the eigenvalues{

0 (×8), −1 + ε (×13), −2 + 2ε (×1)
}
, (56)

none of them a positive integer. Every non-analytic local solution is therefore unbounded at t = 0,
and the physical solution is the unique analytic one. The Frobenius recursion (n1 − A−1) an =∑

m<nAn−1−m am then determines it from its value at t = 0. To obtain that value we apply
partial fractions to the propagator pairs that are degenerate at t = 0 and reduce all 22 masters to
two-loop vacuum integrals [30], namely products of tadpoles T1(m2) = −Γ(−1+ ε)(m2)1−ε and the
vacuum sunset with one massless line. For the latter we derive from a Mellin�Barnes representation,
collapsed with Γ(1−ε−n)Γ(n+ε) = (−1)nΓ(ε)Γ(1−ε), the closed form

T (a, b, 0) = − Γ(ε)Γ(1− ε)

1− ε
a1−2ε

[
Γ(2ε− 1) (1− r)1−2ε − r1−ε

Γ(ε)

Γ(2− ε)
2F1(ε, 1; 2− ε; r)

]
, (57)

with r = b/a for internal squared masses a and b. Its ε expansion contains only logarithms and
dilogarithms.

Checks. We compared TOPε0 with AMFlow [95] at the seven points t = −1,−2,−3,−4,−5,−6,−8,
none of which enters the construction. The agreement ranges from 81 to 110 digits and is limited
by the precision of the AMFlow values. Two of the values are

TOPε0(−1) = −0.27540984 . . . , TOPε0(−8) = −0.20336554 . . . , (58)

and Appendix A lists the rest. The construction does not depend on the value of m3: at the
squared masses (1, 4, 9, 3, 0) the reduction again has 22 masters, the singular points that move are
85/4 → 297/8, 3 ± 2

√
2 → (1 ±

√
3)2 and 11 ± 6

√
2 → (3 ±

√
3)2, and the boundary argument is

unchanged. There the same construction reproduces AMFlow at the two points t = −2 and t = −7/3
to 98 digits.

4.8 The nonplanar hexa-box with two equal-mass legs

Two-loop �ve-point integrals with two massive external legs are master integrals for diboson-plus-
jet production at NNLO, W+W−+jet and WZ+jet. The planar two-mass families are known [3],
as are the massless pentagon functions [43, 2] and the one-mass nonplanar hexa-boxes [80]. To
our knowledge no two-mass nonplanar family has been computed. The hexa-box graph admits
inequivalent placements of the two massive legs. We solve the simplest of them, with equal masses
on the non-adjacent legs p1 and p3 (Figure 9, top); it is No. 24 of Table 1 and is new. The placement
with adjacent massive legs, which carries the two-mass threshold of the diboson amplitudes, is not
solved, and we summarize what is known about it and about the generic-mass families at the end
of this section.

De�nition. In the notation of eq. (1), with d = 4− 2ε, the eight denominators of the top sector
are massless,

D1 = k21, D2 = k22, D3 = (k1 − k2 + p4)
2, D4 = (k2 − p4)

2, D5 = (k1 − p5)
2,

D6 = (k1 − k2 − p5)
2, D7 = (k1 − k2 + p2 + p3 + p4)

2, D8 = (k1 − k2 + p3 + p4)
2,

p21 = p23 = m2, p22 = p24 = p25 = 0,

(59)
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p1

p2

p3

p4

p5

p21=p
2
3=m

2

p1

p2

p3

p4

p5

(a) non-planar pentagon-box (hexa-box)

p1

p2 p3

p4

p5

(b) non-planar double-pentagon

Figure 9: Two-loop �ve-point nonplanar graphs with two o�-shell legs. All internal lines are massless,
and the crossed line is drawn without a vertex at the crossing. Top: the hexa-box of No. 24, with
equal-mass legs p21 = p23 = m2 (red, wavy) at non-adjacent positions and p2, p4, p5 massless. Bottom:
(a) the hexa-box and (b) the double-pentagon with adjacent o�-shell legs p23 = M3 (green) and
p24 =M4 (orange), which are not computed here.

and the family is completed by irreducible scalar products in the numerator. It depends on the six
scales {s12, s23, s34, s45, s15,m2}. We reduce it with Kira [81] to 98 master integrals in 62 sectors.
Of these, 76 belong to one-mass �ve-point and two-mass four-point subtopologies that are known,
and they enter only as boundary data. The 22 new masters reduce under the re�ection σ that
exchanges p1 and p3 to six sector orbits with 13 representatives, three of them in the top sector.
Our results hold along straight segments in the six-scale space and give the masters as functions of
the segment parameter; they are not yet functions of all six invariants. The three segments are

I: (s12, s23, s34) = (−3,−5,−7), s45 = −2− 9t, s15 = −11− 6t, m2 = 1 + t, 0 ≤ t ≤ 1,

II: all six scales varied (subsector orbits only),

III: (s45, s15,m
2) = (−2,−11, 1) �xed, P0 → P3 = (−5,−7,−9,−2,−11, 1),

(60)
where segments I and III start at the Euclidean point P0 = (s12, s23, s34, s45, s15,m

2) =
(−3,−5,−7,−2,−11, 1), the point t = 0 of segment I, and segment II includes detours into the
complex t plane around poles of the connection. We give the three top-sector masters on segment I
as Laurent series in ε and on segment III at �xed d, and the �ve subsector orbits on all three
segments.
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Function space. From a Landau analysis of the two-mass hexa-box families by the principal
A-determinant [97, 63, 74] we obtain exactly two square-root letters,

R1 = ∆5 =
√

detGram5 (the parity-odd tr5), R2 = r34 =
√
λ(s34,M3,M4), (61)

with λ the Källén function, M3,M4 the squared masses of adjacent legs p3, p4, and ∆5 the root
itself, written

√
∆5 in section 4.4. The root R2 arises in the channel that contains both massive

legs and is present only when they are adjacent. Both roots rationalize, R2 under s34 =M3+M4−√
M3M4 (z + 1/z) and R1 in the �ve-point momentum-twistor parametrization [2], and therefore

the maximal cuts are genus zero and the families are polylogarithmic [71, 54]. For the non-adjacent
placement (59) the root R2 is absent, since λ(s34,m2, 0) is a perfect square, while the Gram root
R1 is present and does not rationalize on segment I. There Gram5 = det(2 pi ·pj)i,j≤4 restricts to
the irreducible quartic

Q4(t) = 3721t4 + 6724t3 + 11824t2 + 16400t+ 7040, Q4(0) = 7040, Q4(1) = 45709, (62)

whose zero set on the segment is the second-type (Gram) Landau locus of the eight-propagator
sector. The homogeneous solution of the top block carries

√
Q4 with indicial exponents (12 ,

1
2 , 0).

A canonical ε-form [76] of the 98-master system on segment I is obstructed by half-integer
exponents like those of the top block. In 8 of its 31 diagonal blocks the ε0 eigenvalues at irreducible
quadratic letters are half-integers, and an ε-factorized basis would then itself carry the square roots
of those letters as prefactors. Constant rational balances [93] bring at most 17 of the 31 blocks to
ε-factorized form, and only 2 of the 16 blocks linear in ε are in d log form. We therefore keep the
radicals, write the connection as A =

∑
m ε

mA(m) and the masters as yi =
∑

k ε
kyi,k, and solve the

graded system
y′i,k(t) =

∑
j,m

A
(m)
ij (t) yj,k−m(t) (63)

layer by layer in k by variation of parameters. We express the solutions in the form

F (t) =
∑

C ·
√
rad ·R(t) ·Gword(t), (64)

a sum of products of a boundary constant C, a radical monomial
√
rad continued along a �xed

contour above the real axis, a rational function R(t), and an iterated integral Gword over d log,
rational and algebraic kernels. This class is closed under sums, products, d/dt and

∫ t
0 , the only

operations that the recursion uses, and every kernel A(m)
ij (t) that enters is an exact rational function

of t.

Result. On segment I the ε−4 coe�cients of the three top-sector masters are rational in the
kinematics. With s35 = m2 + s12 − s34 − s45 = 7 + 10t, s14 = m2 + s23 − s15 − s45 = 9 + 16t and

D(t) = m2 (−s15) s245 s35 s14 = (t+ 1)(6t+ 11)(9t+ 2)2(10t+ 7)(16t+ 9), (65)

they are

− 12840 t3 + 40093 t2 + 34960 t+ 9177

105D(t)
,

183840 t4 + 915198 t3 + 1564973 t2 + 1055732 t+ 240492

420D(t)
,

− 1227360 t5 + 8249742 t4 + 21107169 t3 + 25290010 t2 + 13922056 t+ 2808708

420D(t)
, (66)
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where 105 = −s12s23s34. These functions satisfy the top-sector rows of eq. (63) identically and
take the values −571/1079925, 46591/8639400 and −854177/8639400 at t = 1. We obtain the
ε−3 coe�cients as fully expanded symbolic expressions of the form (64), and the ε−2, ε−1 and ε0

coe�cients as layered iterated integrals of the same form, with the exact rational A(m)
ij (t) as kernels

and
√
Q4 as the algebraic prefactor. We �nd that the

√
Q4-odd part of the �nite coe�cients is of

order one at t = 1, so the radical cannot be absorbed into a normalization. Moreover, along this
straight line

√
Gram5 is the square root of an irreducible quartic, and we �nd no representation by

Goncharov polylogarithms in t. This obstruction is a property of the straight-line parametrization,
and a polylogarithmic representation in the six invariants, where R1 rationalizes, may still exist. The
layered expressions are too long to print; Appendix E describes their kernels and layer structure, and
the expressions themselves are supplied as a data �le with the evaluation code (Appendix G) [106].

Boundary data. We reconstruct the entries of the connection on each segment as exact rational
functions of the segment parameter from their values at numerical sample points. The boundary
vector on each segment is an AMFlow evaluation [95] of all 98 masters at a single point. The
layered top-sector solution carries 447 boundary constants C of eq. (64). We de�ne each constant
as a transport integral along a path in an auxiliary mass η, with initial values given by vacuum
integrals known in closed form in terms of Γ functions. The values computed from this de�nition
are supplied alongside the layered expressions as decimal strings with 78 to 83 signi�cant �gures.
Six boundary constants have closed forms, the three rational ε−4 values and three imaginary parts
at order ε−3 that are rational multiples of π. For the rest we �nd no integer relations [16] with
the expected transcendental constants, and ten of the 447 are �xed independently by regularity
conditions (Appendix E). The evaluation code (Appendix G) re-derives the layer recursion at run
time but starts from stored boundary values of the masters with 50 and 70 signi�cant �gures, a set
distinct from the 447 constants C, and this limits its precision above order ε−4 to that level.

Checks. All �fteen Laurent coe�cients of the three top-sector masters on segment I, ε−4 through
ε0, agree with an independent AMFlow evaluation at a second point of the segment, not used in
the construction, to at least 66 digits, the precision of that evaluation. At the same point the �ve
subsector orbits agree with AMFlow to at least 31 digits through order ε2. The ε1 and ε2 layers of the
top sector require four further kernels A(5,6)

97,{0,2} coupling the top sector; with these they reproduce
the AMFlow values to 40 and 35 digits. On segment III we integrated the reconstructed connection
at the �xed values d = 13/3, 9/2 and 11/2 from P0 to P3, since the masters have poles at integer d
from 5 to 7. The result reproduces an independent AMFlow evaluation at P3 to at least 61 digits on
all 98 masters.

Two further two-mass con�gurations of Figure 9 are not solved here. The �rst is the hexa-box
with the equal-mass legs adjacent, p23 = p24 = m2. Its reduction has 154 masters and its alphabet
carries the two-mass threshold root r34 of eq. (61); for its three top-sector masters we have AMFlow
values at two Euclidean points and no function of the kinematics. The others are the generic-mass
hexa-box and double-pentagon of Figure 9(a,b), with p23 =M3, p24 =M4 and 219 and 190 masters,
for which we have a statement at the level of the symbol only.

For the two generic-mass families we obtain from the principal A-determinant, in the seven
physical invariants {s12, s23, s34, s45, s15,M3,M4}, a sub-alphabet of 20 letters, nineteen even ones
and the parity-odd ∆5. That computation does not extend to the faces of the Newton polytope
of the graph polynomial that are associated with the top sector, and the full alphabet is therefore
larger. On words in this sub-alphabet we impose physical �rst entries, the Steinmann relations for
overlapping channels [111, 39], cluster adjacency [53] and integrability, as in the pentagon-function
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bootstrap [43, 50]. This leaves K = [9, 28, 62, 120] integrable symbols at weights one to four, with
ζ2, ζ3 and ζ4 the only constants beyond the symbol. Because the sub-alphabet omits letters, these
dimensions bound the symbol spaces of the two families from below and do not determine them,
and no coe�cient of an individual master has been �xed. Appendix E lists the sub-alphabet, its
re�ection symmetry, the counts K split by leading channel, and the form of the resulting ansatz.
We have evaluated one top-sector integral of the 190-master double-pentagon, the scalar integral
with all eight propagators, by sector decomposition at one Euclidean point. Its value is accurate
to 7 digits at the weakest order in double precision, a �rst numerical value that is far from the
accuracy of eq. (7). Finally, the �nite-�eld Euler-characteristic method of Ref. [42], which handles
nonplanar six-point two-loop families, may extend to the polytope faces not covered by our principal
A-determinant computation and yield the letters that they contribute to the generic-mass alphabet.

5 Elliptic integrals

The seventeen entries Nos. 8�18, 20, 27�29, 33 and 35 of Table 1 have a maximal cut, or a subgraph,
whose geometry is an elliptic curve. For the equal-mass sunrise, kite and ice-cream cone the curve is
modular for Γ1(6), the light-by-light boxes inherit that curve through a cut of three equal-mass lines,
and the curve of the gg → Zγ masters is modular for Γ0(4). In these cases the results involve iterated
integrals of modular forms, eMPLs at torsion points, or dispersive integrals over such functions. The
unequal-mass sunrise and kite, the generic-mass cone and the gg → H functions at generic boson
mass are not of this type, and their results are Kronecker-form eMPLs at the marked points of the
propagators or one-fold integrals over the periods. In the nonplanar W -pair family a single sector
has an elliptic maximal cut whose curve is non-modular, and that sector enters the sectors that
contain it only through their source terms. The results for the sunrise family, the equal-mass kite
and the gg → H functions are known, and those for the six families that follow them are new.

5.1 The sunrise family

The two-loop sunrise with three massive lines (Figure 10) is the simplest Feynman integral whose
maximal cut is an elliptic curve [30, 20, 92, 25, 6, 7]. Adams and Weinzierl wrote the equal-mass
integral as an iterated integral of modular forms for Γ1(6) [10], and Bogner, Müller-Stach and
Weinzierl gave the arbitrary-mass integral to all orders in ε as iterated integrals on the moduli
space M1,3 [26]. Both results are eMPLs in the sense of [36, 34] and together cover the �ve entries
of this subsection, which are therefore known. We recompute the equal-mass integral at order ε0

(No. 8), the three unequal-mass assignments (m2
1,m

2
2,m

2
3) = (1, 1, 2), (1, 2, 3) and (1, 1, 4) at order

ε0 (Nos. 9�11), and the order-ε1 term of these three assignments (No. 12). In each case we take
the function space from [10, 26] and determine every coe�cient independently of the published
expressions, from the integrability and branch-cut conditions of the di�erential equation and from
numerical values.

De�nition. With t = p2 and masses m1,m2,m3 on the three lines,

J [ν1, ν2, ν3](t) =

∫
ddk1

iπd/2
ddk2

iπd/2
1

D ν1
1 D ν2

2 D ν3
3

, Di = q2i −m2
i + i0, d = 2− 2ε, (67)

where q1 = k1, q2 = k2, q3 = p − k1 − k2 and no factor e2γEε is included. We expand J [1, 1, 1] =∑
k≥0 ε

kJ [1, 1, 1](k) and quote reference values for E(k)(t) = J [1, 1, 1](k)(t)/ψ̂1(t), where ψ̂1 = ψ1/π
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(1, 1, 1)

p

(1, 1, 2) (1, 2, 3) (1, 1, 4)

Figure 10: The two-loop sunrise family. The external momentum p, with t = p2, �ows through two
vertices joined by three massive lines. From left to right: the equal-mass assignment (m2

1,m
2
2,m

2
3) =

(1, 1, 1) and the three unequal assignments (1, 1, 2), (1, 2, 3), (1, 1, 4). Line color encodes the internal
mass: m = 1 red, m =

√
2 blue, m =

√
3 green, m = 2 orange.

is the holomorphic period of the maximal-cut curve in the normalization of [10]. At order ε0 we
also use the equivalent two-dimensional coordinate-space representation [16]

J [1, 1, 1](0)(t) = −4

∫ ∞

0
r J0(

√
−t r)K0(m1r)K0(m2r)K0(m3r) dr , t < 0, (68)

as a check that is independent of the di�erential equation. All results of this subsection hold for
real t < 0. We give the continuation of No. 9 above its threshold together with that entry. The
other assignments should continue in the same way but are not evaluated above threshold here.

Function space. For equal masses the maximal cut of J [1, 1, 1] is the elliptic curve

y2 = D̃(t) = (t− 1)3(t− 9) , (69)

with singular points t ∈ {0, 1, 9}, the zeros of the polylogarithmic letters {t, t − 1, t − 9}. The
family (69) is modular for Γ1(6) [25, 10]. We use the period ratio τF in the convention of [10]
and the nome qC = −eiπτF , in which the period ψ̂1 and the unique cusp form f3 ∈ S3(Γ1(6)) are
qC-series. Moreover, the third Kronecker�Eisenstein form [36, 34] at the torsion point z = 1

6 of

the cut torus of modulus τC is proportional to this cusp form, g(3)(16 , τC) = − (2π)3

6 f3(τC). The
transcendental content of No. 8 is then the depth-two iterated integral I(1, f3) of f3 along d log qC
and the cusp constant L(χ−3, 2).

For unequal masses the curve depends on the assignment. At (1, 1, 2) the singular �bers sit at
t = 0, 2, 6 ± 4

√
2 and ∞, of Kodaira types I1, I4, I2 and I3. With these �ve singular �bers the

family is a semistable rational elliptic surface of Mordell�Weil rank one, and it is not the Γ1(6)
surface [26]. The polylogarithmic letters become {t, t− 2, t2 − 12t+ 4}, the points 6± 4

√
2 being

the roots of one quadratic letter irreducible over Q. The elliptic arguments are the Abel�Jacobi
images z1, z2, z3 of the three propagators on the torus, with z1 + z2 + z3 = 0. They are distinct for
(1, 2, 3), and z1 = z2 for (1, 1, 2) and (1, 1, 4). We write the results in the Kronecker-form eMPLs

W (z,N) = I
(
1, g(3)(z,NτC); qC

)
=

∑
n≥1

bn(z,N)
q nC
n2

, N ∈ {1, 2}, (70)

at the marked points, together with the elliptic dilogarithm C4,2(t) =
∑

j
1
2i

[
Li2(w̄j)− Li2(1/w̄j)

]
,

w̄j = e2πizj , of [25, 7].
We restrict the words that can appear at each weight by two conditions [105], integrability of the

connection and the �rst-entry condition that only the soft point and the physical thresholds open
a branch cut. The only admissible constants are then those associated with the cusps of the curve,
L(χ−3, 2) at order ε0 and ζ3 at order ε1. We �x the remaining rational coe�cients by PSLQ �ts
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to AMFlow values [95] of the master integrals of an integration-by-parts reduction [81] at Euclidean
points.

No. 8, equal masses, order ε0. The result is

J [1, 1, 1](0)(t) = − ψ̂1(t)
(

3
2

√
3L(χ−3, 2)︸ ︷︷ ︸

B0

+ I(1, f3; qC)
)
, qC = −eiπτF , (71)

the form given in [10]. Here B0 =
3
2

√
3L(χ−3, 2) = 2.0298832 . . . is the only boundary constant, and

I(1, f3; qC) =
∑

n≥1 anq
n
C/n

2 is the depth-two iterated integral along d log qC of f3 = 36
√
3 (e31 −

e21e2 − 4e1e
2
2 + 4e32) ∈ M3(Γ0(12), χ), the level-six cusp form written in a basis e1, e2 of Eisenstein

series of weight one and level twelve, in which ψ̂1 = 2
√
3 (e1 + e2) [10]. We �tted the coe�cients of

the weight-graded ansatz to AMFlow values at �ve Euclidean points, and the resulting value of B0

reproduces its closed form to 70 digits. With the point t = −3 left out of the �t, eq. (71) agrees
with AMFlow there to 140 digits, and at a sixth point, t = −9, to 159 digits, the precision of that
reference value.

No. 9, masses (1, 1, 2), order ε0. The result is

J [1, 1, 1](0)(t)

ψ̂1(t)
= −C4,2(t)−

6

(2π)3

(
2W (z1, 1) +W (z3, 1)

)
− 8

(
2W (z1, 2) +W (z3, 2)

)
3

, (72)

with singular points t ∈ {0, 2, 6 ± 4
√
2}. We �tted the three rational coe�cients multiplying C4,2,

the τC-words and the 2τC-words, with the common normalization factor 6/(2π)3, to AMFlow values
at t = −1

2 ,−1,−2,−5, and PSLQ recognizes them as c = [−1,−1
3 ,+

8
3 ]. At two further points,

t = −3 and t = −7, eq. (72) agrees with AMFlow to 159 digits. Moreover, when continued along a
path in the upper half t-plane (t → t + i0), with the depth-two words resummed as dilogarithms,
the same expression reproduces the AMFlow values above the threshold t = (2+

√
2)2, at t = 16 and

t = 20, to at least 71 digits in real and imaginary parts.

Nos. 10 and 11, masses (1, 2, 3) and (1, 1, 4), order ε0. With three distinct marked points the
result has one term per puncture, with the same rational coe�cients as for (1, 1, 2),

J [1, 1, 1](0)(t)

ψ̂1(t)
= −C4,2(t)−

6

(2π)3
1

3

3∑
j=1

(
W (zj , 1)− 8W (zj , 2)

)
, (73)

and eq. (72) is the z1 = z2 case of this formula. For (1, 2, 3) we �tted at t = −7,−5,−2,−1,−1
2 ,−

1
3

and for (1, 1, 4) at t = −5,−2,−1,−1
2 , and both �ts return [−1,−1

3 ,
8
3 ] under PSLQ. At points not

used in the �t, the (1, 2, 3) result agrees with AMFlow to 159 digits at t = −3 and t = −9, and the
(1, 1, 4) result to 289 at t = −3 and to 159 at t = −9 and t = −11, each �gure being the precision of
the reference value. Evaluated at a �fth assignment, (1, 1, 3), which entered no �t, eq. (73) agrees
with AMFlow to 160 and 159 digits at t = −3 and t = −6.

No. 12, order ε1 for the three unequal assignments. The result is

E(1)(t) ≡ J [1, 1, 1](1)(t)

ψ̂1(t)
= − J

(3)
4 (t) +

(
2γE + 2 logm2

3

)
J
(2)
4 (t), a = −1, b = 2γE + 2 logm2

3,

(74)

where J (2)
4 = −E(0) is the order-ε0 function of eqs. (72) and (73) in the normalization of [26],

and J
(3)
4 is the Kronecker-form polynomial of depth at most three of that reference. It has 101
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m 0

0 m

m
p p

Figure 11: The equal-mass kite. The o�-shell momentum p, with t = p2/m2 and m2 = 1, enters at
the left vertex and exits at the right. Thin black lines are massless and red lines carry mass m: the
two massless lines sit on opposite rims, and the three massive lines are the remaining two rim lines
and the central rung. Contracting both massless lines gives the equal-mass sunrise.

words over a 14-letter alphabet of Kronecker forms, and ζ3 enters through its boundary term C4,3,
a Nielsen polylogarithm S1,2 evaluated on the unit circle. The coe�cient a = −1 and the mixing
constant b = 2γE + 2 logm2

3 are exact (b = 2.5407256 . . . for (1, 1, 2)). The constant b accounts for

the di�erence between the normalization of eq. (67) and that in which J (2)
4 , J

(3)
4 are de�ned, and

eq. (74) therefore has no �tted parameter.

As a test of the polynomial J (3)
4 we left all 101 coe�cients and the two normalization terms γEJ

(2)
4

and logm2
3 J

(2)
4 free. An integer-lattice �t to AMFlow values at 15 Euclidean points then returns

exactly the coe�cients of [26] and the value of b, and reproduces the values at four further points
to at least 104 digits. The coe�cient of the one word that vanishes identically in the tangential-
base-point prescription, C4,2 I(ω0), cannot be �tted and is �xed instead by regularity at the soft
point. We take the 14-letter alphabet itself from [26]. The soft-point condition alone leaves 2926 of
its 3151 words free, and we expect the remaining reduction to follow from the integrability analysis
on M1,3 of that reference, which we have not repeated. At nine Euclidean points, three per mass
assignment, eq. (74) agrees with AMFlow to 288�308 digits.

For comparison at single points,

(1, 1, 2) : E(0)(−1) = −2.3471191 . . . , E(0)(−5) = −3.2711938 . . . ,

E(1)(−5) = 12.166814 . . . ,

(1, 1, 4) : E(0)(−7) = −3.3260720 . . . ,

(1, 1, 3) : E(0)(−3) = −2.7788109 . . . .

(75)

The coordinate-space representation (68), evaluated in ball arithmetic, reproduces each order-ε0

value quoted here and encloses it to 103 digits.

5.2 The equal-mass kite

The kite (Figure 11) is the two-loop two-point graph that reduces to the equal-mass sunrise when its
two massless lines are contracted. It enters the two-loop electron self-energy [103, 79], and Adams,
Bogner, Schweitzer and Weinzierl computed it to all orders in ε in terms of elliptic polylogarithms [5]
(see also [102, 9]). Here we recompute its order-ε0 term from the function space and AMFlow values
alone.

De�nition. With the momenta of Figure 11, m2 = 1 and t = p2/m2,

Ikite(t) =

[ ∫
ddk1

iπd/2
ddk2

iπd/2
1

D1D2D3D4D5

]
ε0
, d = 4− 2ε, (76)
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where [ · ]ε0 denotes the coe�cient of ε0. The propagators are D1 = k21 − m2, D2 = k22, D3 =
(k1− k2)

2−m2, D4 = (k1− p)2 and D5 = (k2− p)2−m2, all with +i0. No factor e2γEε is included,
and the integral is �nite at ε = 0. The result holds for real t < 1, t ̸= 0, and we continue it to the
physical region t > 1 at the end of this subsection.

Function space. The subsector D1D3D5 in d = 4 − 2ε is related by a dimension shift to the
equal-mass sunrise of section 5.1 in d = 2− 2ε, and the kite inherits the curve

D̃ = (t− 1)3 (t− 9) (77)

of eq. (69), with singular �bers at the thresholds t = 1 and t = 9, that is, t = m2 and t = 9m2,
and cusps at t → 0,∞. The kite therefore has the modular group Γ1(6) of the sunrise, with a
Hauptmodul of level six, the periods ψ1, ψ2 and the nome q = eiπτ , τ = ψ2/ψ1 [25, 10]. Its massless
lines add only the polylogarithmic letters {0, 1} in t, and there is no algebraic letter.

Because the curve is modular, the kernel ψ3
1/W , with W = ψ1ψ

′
2−ψ2ψ

′
1 the Wronskian, is itself

a q-series at the 3-torsion point ϱ = e2πi/3, equal to −6E0;−2(ϱ;−1;−q) in the notation of [5, 8].
Once the algebraic prefactor 1/(4t) is divided out, the order-ε0 term is therefore a combination
of eMPL words with constant coe�cients [105]. That term is �nite and of weight at most three,
which leaves �ve words: three harmonic polylogarithms with letters {0, 1} and two Γ1(6) elliptic
polylogarithms E at ϱ in the nome −q.

Result.

Ikite(t) =
1

4t

[
− 2π2

3 G(1; t) − 8G(0, 1, 1; t) + 4G(1, 0, 1; t)

− 108Cl2
(
2π
3

)
E1;−1(ϱ; 1;−q) − 108E0,2;−2,0;2(ϱ, ϱ; 1,−1;−q)

]
,

(78)

with singular points t ∈ {0, 1, 9}.

Boundary data. The only constant beyond rational numbers and π2 is the Clausen value
Cl2(2π/3), the cusp constant of Γ1(6). We �tted the �ve coe�cients to AMFlow values [95] at
Euclidean points, among them t = −1 and t = 1

2 , and PSLQ recognizes them as {−2π2/3, −8, +4}
and {−108Cl2(2π/3), −108}.

Checks. We compared eq. (78) with AMFlow at two points not used in the �t, t = −3 and t = −10,
where it agrees to 160 and 130 digits, each limited by the precision of the reference value. It also
reproduces numerically the order-ε0 term of [5]. For comparison, in the normalization of eq. (76),

Ikite(−1) = −1.3317114 . . . , (79)

and Ikite(−3) = −0.88550175 . . .. Finally, for t > 1 we continue the nome along t→ t+ i0 through
the upper half t-plane and take the t + i0 boundary values of the harmonic polylogarithms. The
continued expression reproduces the AMFlow values at t = 4 and t = 16, and at t = 12, 50 and 100
its imaginary part matches the kite spectral density used in section 5.8, in each case to at least 67
digits.
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H (p3)

g (p1) g (p2)

mt

M

Figure 12: The two-loop mixed QCD�electroweak gg → H topology, drawn as sector 63 (the six
lines D1�D6) of family 2 of [96]. A closed top-quark loop (violet, mass mt) carries an internal
electroweak-boson line of mass M (blue wavy). Two on-shell gluons enter and the Higgs (dashed)
exits with p3 = p1 + p2. The elliptic sectors of families 2 and 5 share the (mt,mt,M) sunrise
sub-curve.

5.3 Elliptic functions in gg → H

The two-loop mixed QCD�electroweak corrections to gg → H contain elliptic sectors in families 2
and 5 of Marzucca, McLeod and Nega [96], whose maximal cuts de�ne the two-mass sunrise curve
with masses (mt,mt,M) [6],M an electroweak-boson mass. The canonical basis of [96] is built from
functions de�ned in its eqs. (3.15), (3.17) and (3.18), namely the holomorphic period ϖ0 of that
curve and two one-fold integrals G1, G2 over ϖ0. All ingredients of this entry are known: the curve,
the di�erential equation, the kernels and the boundary point are those of [96]. We add an evaluation
of G1, G2 with a de�nite choice of branch for the period, reference values, and a comparison with
AMFlow in the canonical basis of that reference. The eMPL form of the canonical master integrals
themselves, which [96] leaves to future work, is not attempted here.

De�nition. The integral family is family 2 of [96], with the six propagators D1�D6 of its eq. (3.3)
drawn in Figure 12. In the dimensionless variables s and M2 of that reference, with mt = 1,

Gi(s) =

∫ s

0
Ki(s

′)ϖ0(s
′) ds′, Gi(0) = 0 (exact, cusp boundary),

K1 =
2 (M2 − 1) (M2 − s− 4)

(M2 + 3s− 4)2
,

K2 =
2 r1r2r3r4

(
M4 + 3M2s2 − 13M2s− 4M2 − 3s3 + 16s

)
(s− 4)2 s (M2 + 3s− 4)2

,

(80)

with r1 =
√
−s, r2 =

√
4− s, r3 =

√
M2 and r4 =

√
4−M2. For the period ϖ0(s) we use eq. (3.15)

of [96] and take the square root in the argument of the complete elliptic integral K as the principal
root of (s− (M + 2)2)(s− (M − 2)2), positive for s < 0, so that ϖ0(0) = 1/π. The results hold in
the Euclidean region s < 0, 0 < M2 < 4.

Function space. All elliptic master integrals of families 2 and 5 involve only the (mt,mt,M)
sunrise curve, whose Picard�Fuchs operator has order two. For genericM this curve is non-modular,
and G1, G2 are given as iterated integrals over the period. In the language of [36, 34] the letters are
the Kronecker�Eisenstein forms on the cut torus,

ω0 = dτC (g(0)=1), ω(j)
n = g(n)

(
zj , NτC

)
dτC (n ≥ 1), (81)

36



PR
EL
IM
IN
AR
Y

with τC the period ratio, torsion punctures z1 = z2 for the two top-quark lines and z3 for the boson
line, and N ∈ {1, 2}. The functions G1, G2 need one further puncture zp(s), which moves with s
and is not a torsion point. Family 5 needs the 5-letter alphabet {dτ, g(3)(zj , NτC)}. Family 2 adds
G2 and with it the forms g(1), g(2), which mix with the d log letters at s = 0, 4, giving a 13-letter
alphabet in all.

In eq. (80) the kernels K1,K2 multiplying ϖ0 are rational functions of s and M2 up to the
factor r1r2r3r4 in K2, and the whole transcendental content is carried by the single Kronecker form
of the �rst kind at zp(s), which pulls back to ϖ0(s). We found that a �t of numerical values to
constant-coe�cient words in these letters does not converge, because the ratio ϖ0/ψ1 of the period
of [96] to the Feynman-curve period varies with s [105]; that ratio does not appear in the de�ning
integrals (80). The only singular points of eq. (80) are the puncture sp = (4−M2)/3, a double pole
of both kernels, and the thresholds s = 0 and s = 4.

Result. Besides eq. (80), G1 and G2 can be written in terms of complete elliptic integrals. On the
Baikov quartic of the sunrise sub-curve, y2 =

(
x2−2(m+1)x+(m−1)2

)(
x2−2(s+1)x+(s−1)2

)
with m =M2, we write ⟨f⟩ = ν

∮
γ0
f(x) dx/y, with ν �xed by ⟨1⟩ = ϖ0 and γ0 the segment joining

the branch points x = s+ 1± 2i
√
−s. Then

G1 =
3ms+m+ s2 − s− 4

m+ 3s− 4
ϖ0 − ⟨x⟩,

G2 = r1r2r3r4

[ 5s−m− 4

(s− 4)(m+ 3s− 4)
ϖ0 −

〈 1

x− 1

〉]
−

√
m(4−m)

π
,

(82)

in which G1 carries the period of the third kind with poles over x = ∞ and G2 the one with poles
over x = 1. The representation (82) holds in the region (s−m)2 < 4m, in which γ0 is the cycle of
ϖ0, and agrees there with eq. (80) to 59 digits at four Euclidean points.

Boundary data. Both G1 and G2 vanish at s = 0, where the elliptic sectors are regular and
reduce to tadpoles, and eq. (80) contains no further constant.

Checks. We check eq. (80) against AMFlow [95] at one point not used elsewhere, (s,M2) = (−7
4 ,

3
5):

the AMFlow values of the family's thirty master integrals, rotated into the canonical basis of [96]
with its ancillary �les, determine G1 and G2 there to 57 and 48 digits respectively, and eq. (80)
reproduces both values. The rotation supplied with the ancillary �les of [96] contains G2 with a
factor one quarter relative to its eq. (3.18), and we include that factor in the comparison. For
reference, at a second point, M2 = 9/10 and s = −1

2 ,

G1 = −0.006031453047 . . . , G2 = −0.04436252545 . . . , (83)

both real. The physical region s > 0 should be reachable by continuing eq. (80) along a path in the
upper half s′-plane, s → s + i0, with ϖ0 continued on the same path; we have evaluated only the
Euclidean region.

5.4 The unequal-mass kite

The kite is the two-loop two-point graph of Figure 13, with two massless lines and a sunrise subgraph
of three massive lines. Kite integrals of this kind appear in two-loop self-energies, for example the
electron self-energy in QED [5, 79]. The kite of this entry di�ers from the equal-mass kite of No. 13
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1 0

0
√
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1
p p

Figure 13: The unequal-mass kite, No. 14 of Table 1. Thick red lines carry mass 1, the thick blue
line mass

√
2, and thin lines are massless. The external momentum p is o� shell, s = p2. Contracting

the two massless lines leaves the sunrise graph with masses squared (m2
1,m

2
3,m

2
5) = (1, 1, 2).

in one of the three sunrise masses, (m2
1,m

2
3,m

2
5) = (1, 1, 2), and the elliptic curve of the sunrise

subgraph is then no longer the Γ1(6) curve.
Broedel, Duhr, Dulat, Penante and Tancredi expressed the kite with three distinct masses as a

pure combination of elliptic multiple polylogarithms of weight three [35]. Their eq. (5.6) is written,
in the mass labeling of that reference, for m1 ̸= m2 in the region 0 < p2 < minm2

i and contains our
mass point as its m1 = m2 limit. An ε-factorized di�erential equation for the �ve-mass kite family
is also known [69]. We evaluate the �nite part at our mass point for s < 0 with analytic boundary
data, in which the only transcendental constants are γE , ζ2, ln 2 and Catalan's constant. We are
not aware of a previous evaluation at these masses.

De�nition. With loop momenta k1, k2, external momentum p and s = p2, the propagators are

D1 = k21−1, D2 = k22, D3 = (k1−k2)2−1, D4 = (k1−p)2, D5 = (k2−p)2−2, (84)

and J [ν1, . . . , ν5](s) denotes the two-loop integral of
∏
j D

−νj
j in d = 4 − 2ε dimensions with

the measure of eq. (1), for which the one-loop tadpole of mass squared M is T (M) = Γ(1 +
ε)M1−ε/(ε(1 − ε)). We reduce the family with Kira [81] to 14 master integrals. The integral of

this entry is the �nite part of the top master, I(0)kite(s) = J [1, 1, 1, 1, 1]
∣∣
ε0
, whose ε−2 and ε−1 parts

vanish. The result below holds at the mass point (m2
1,m

2
3,m

2
5) = (1, 1, 2) for real s < 0, and the

region above the thresholds is reached by continuing the same di�erential equation with s→ s+ i0.

Function space. From a Landau analysis of the family with symbolic masses [45, 74] we obtain
the candidate singular locus{

s, s− 1, s− 2, s− 4, 2s− 9, s2 − 12s+ 4︸ ︷︷ ︸
sunrise threshold

, s2 − 6s+ 1︸ ︷︷ ︸
kite anomalous

}
. (85)

The quadratic polynomials factor over Q(
√
2) as s2 − 12s + 4 = (s − (6 + 4

√
2))(s − (6 − 4

√
2))

and s2 − 6s+ 1 = (s− (3 + 2
√
2))(s− (3− 2

√
2)), and s = 1, 2 are pseudo-thresholds of the sunrise

subgraph.
The maximal cut of the sunrise subgraph is the elliptic curve of the unequal-mass sunrise [26]

with periods ψ1, ψ2 and τ = ψ2/ψ1. This family of curves is not modular, and its j-invariant di�ers
from that of the Γ1(6) curve, for example j(−2) = 10976 against 15664.667 at equal mass. At
s = −2, where we give the boundary value of the top integral, the �ber is the curve of conductor
128 with Cremona label 128a2,

y2 = x3 − 756x+ 7344, j = 10976, L(E, 1) = 0, L′(E, 1) = 0.872544 . . . , (86)
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whose real and imaginary periods Ω1,2 are related to the Feynman periods by ψi = 3Ωi, with
τ = 0.68063417 . . .. On the minimal model y2 = x3 + x2 − 9x+ 7 the factor 3 is absorbed.

In the equal-mass kite the kernel multiplying the sunrise in the di�erential equation of the top
integral is a modular form of Γ1(6), and the result is a combination of elliptic multiple polylogarithms
with constant coe�cients [5, 10]. For unequal masses this kernel is not modular, and words with
constant coe�cients on the three punctures of the sunrise do not span it. One must then either
let the punctures move with s, as in Ref. [35], or adjoin the second period ψ2. We take the second
option, which is the construction Ref. [107] uses for the ice-cream cone.

Result. With W = ψ1ψ
′
2−ψ′

1ψ2 the Wronskian of the periods, the top integral has the variation-
of-parameters representation

4s I
(0)
kite(s) = c1 ψ1(s) + c2 ψ2(s)− ψ1(s)

∫ s

s⋆

ψ2R

W
ds′ + ψ2(s)

∫ s

s⋆

ψ1R

W
ds′, (87)

with constants c1, c2 and the base point s⋆ = −4 used below. The source R(s) is a rational

function, the image of 4s I(0)kite under the Picard�Fuchs operator of the periods after reduction with
the di�erential equation of the family. We obtain the di�erential equation of the family, dJ/ds =
A(d, s) J for the 14 masters, by di�erentiation and Kira reduction. The matrix A is rational in d
and s, and three of the entries in the equation for the top integral are

A13,1 =
d− 2

2s2 − 6s+ 4
, A13,3 =

3− d

s2 − 3s+ 2
, A13,5 =

−ds2 + 7ds+ 2d+ 2s2 − 18s− 4

2s4 − 8s3 + 10s2 − 4s
. (88)

Every denominator of A factors over {s, s− 1, s− 2, s2 − 12s+ 4}, and the singular points of the
di�erential equation, s ∈ {0, 1, 2, 6 ± 4

√
2}, therefore lie o� the negative real axis. We supply the

full matrix A(d, s), from which R follows, with the evaluation code of this entry [106] (Appendix G).
In practice we expand the 14 masters to order ε0, which gives a system of 42 functions. We sum the
Frobenius series of this system at s = 0 (radius of convergence 1) and continue the solution with
Taylor steps along the negative axis.

Boundary data. At s = 0 partial fractions such as 1/[k21(k
2
1 − 1)] = 1/(k21 − 1) − 1/k21 reduce

every master to two-loop vacuum integrals, namely products of tadpoles T (M) and vacuum sunsets
V (M1,M2,M3) with Mi ∈ {0, 1, 2}. For the top integral we �nd

J [1, 1, 1, 1, 1]
∣∣
s=0

= 1
2

[
V (1, 1, 2)− V (1, 1, 0)− V (0, 1, 2) + V (0, 1, 0)

]
, (89)

in which the ε−2 and ε−1 parts cancel. The vacuum sunsets are known in closed form. With
c =

∑
iMi and L1 =

∑
iMi lnMi their poles are V [ε−2] = c/2 and V [ε−1] = (3/2 − γE)c − L1,

and the only transcendental constants in the �nite part are γE , ζ2, ln 2 and values of the Clausen
function Cl2. For λ =

∑
iM

2
i − 2

∑
i<jMiMj < 0 the Clausen part is ξ = −2

√
−λ

∑
iCl2(2αi),

with αi the angles of the triangle of sides
√
Mi, and for the right isosceles triangle (1, 1,

√
2) we �nd

ξ(1, 1, 2) = −8G (G = Catalan's constant). (90)

The vacuum values determine the solution uniquely. The point s = 0 is a regular singular point,
and the residue matrix A0 = sA|s=0 of the 42-function system has spectrum {015, (−1)24, (−2)3},
a semisimple zero eigenspace and kerA0 ∩ imA0 = 0. Hence no positive integer exponent occurs
and the vacuum values �x every Taylor coe�cient of the bounded branch, while the last condition
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excludes a log s term in that branch. Since s = 0 is not a Landau singularity of the physical masters,
they are bounded there, and the kite masters are the unique bounded solution with these vacuum
values. Because eq. (89) is a second di�erence of the vacuum sunset in two of its masses, the s = 0
value of the �nite part is also a single Bessel integral in coordinate space,

J(0) = −4

∫ ∞

0
K1(r)

[
K1(r)−

1

r

][√
2K1(

√
2 r)− 1

r

]
dr = −1.420697671 . . . . (91)

Integrating the system from s = 0 to s0 = −2, we obtain the boundary value

N0 = 4s0 I
(0)
kite(s0 = −2) = 7.1099373 . . . , (92)

a weight-two period of the curve (86). In the representation (87) the same number reads

N0 = c1 ψ1(s0)+c2 ψ2(s0)+ψ2(s0)

∫ s0

s⋆

ψ1R

W
ds′−ψ1(s0)

∫ s0

s⋆

ψ2R

W
ds′, s0 = −2, s⋆ = −4, (93)

where the periods at s0 are complete elliptic integrals of modulus k2(−2) = (2+
√
2)/4 andW (−2) =

π/8 exactly. The constants c1, c2 are determined by the bounded solution at s = 0. We searched
for an integer relation [16] between N0 and classical weight-two constants times periods, Dirichlet
L-values at the bad prime 2 and the period scale Γ(1/4)2. We found none, as expected for a period
of a curve without complex multiplication in a non-modular family.

Checks. The �nite part agrees with AMFlow [95] at the three points s ∈ {−5/2,−3,−15} to at
least 125 digits. We repeated the construction at a second mass point, (m2

1,m
2
3,m

2
5) = (1, 1, 3),

where the singular points are s ∈ {0, 1, 3, 7±4
√
3}, the residue spectrum at s = 0 is unchanged and

the Clausen part has λ = −3 with angles (π/6, π/6, 2π/3). There it reproduces AMFlow at the two
points s = −5/3 and s = −10/3 to 128 digits. For Minkowski kinematics we continue the solution
from s = −2 along a path in the upper half s-plane past the �ve real singular points to s = 16, above
every threshold, where it agrees with an AMFlow evaluation to 64 digits, imaginary parts included.
For comparison with other implementations, a reference value away from these points is

I
(0)
kite(s = −4) = J [1, 1, 1, 1, 1]

∣∣
ε0

= −0.66865601 . . . . (94)

5.5 Ice-cream cone integrals

The two-loop ice-cream cone of Figure 14 is a triangle with a bubble inserted on one edge, with
four massive propagators and three o�-shell legs. It is the two-loop member of the ice cone family
of Ref. [56] and the example studied in the analysis of sequential discontinuities of Ref. [73]. In
d = 2 the maximal cut of its top sector satis�es a second-order equation with algebraic solutions,
and the elliptic curves of the sunrise subsectors enter only through the inhomogeneous terms. This
structure was established by Lairez and Vanhove [88], by Doran et al. [51] and by de la Cruz and
Vanhove [47].

We give the top integral as an explicit function on a one-parameter kinematic slice in d = 2−2ε
dimensions, for equal masses at order ε0 (No. 15) and at order ε1, weight four (No. 17), and for four
distinct masses at order ε0 (No. 16). We are not aware of a previous evaluation of these functions.
The bubble produces the letter Lbub of the alphabet given under Function space, a singularity of
the top sector that no subgraph or quotient graph of the cone possesses [105].
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(a)

p12p34
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√
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√
51

√
2

(b)

Figure 14: The two-loop ice-cream cone: a one-loop triangle (the cone) whose top edge carries a
bubble (the scoop), with three o�-shell external momenta, p12 = p34+p56. (a) Equal internal masses
m, Nos. 15 and 17 of Table 1. (b) Masses 1,

√
2,
√
3,
√
5 on the lines D1, . . . , D4 of eq. (95), No. 16.

The scoop lines carry
√
3 and

√
5.

De�nition. With loop momentum l1 in the scoop and l2 in the cone, the propagators are

D1 = l22−m2
1, D2 = (p56−l2)2−m2

2, D3 = l21−m2
3, D4 = (p12−p56+l2−l1)2−m2

4, (95)

and [ν1, ν2, ν3, ν4] denotes the two-loop integral of
∏
j D

−νj
j in d = 2 − 2ε dimensions with the

measure of eq. (1). Three further indices, when written, are powers of irreducible numerators.
Pinching D2 leaves the scoop sunrise [1, 0, 1, 1] with masses (m1,m3,m4), and pinching D1 the
sunrise [0, 1, 1, 1] with masses (m2,m3,m4).

All three results hold on the symmetric slice

p212 = p234 = x, p256 = −1, d = 2− 2ε, (96)

with m2
i = 1 for Nos. 15 and 17 and (m2

1,m
2
2,m

2
3,m

2
4) = (1, 2, 3, 5) for No. 16, and for real x < −1

4 .
The elliptic curve of the generic-mass cone (No. 16) is that of its scoop sunrise [1, 0, 1, 1], which
depends only on the masses squared (1, 3, 5), and we label the curve by that triple.

We write T (x) for the order-ε0 coe�cient of the top integral [1, 1, 1, 1] on the slice and f4,1(x)
for its order-ε1 coe�cient. The top integral has the Feynman-parameter representation, valid at
every order in ε,

T (ε;x) = Γ(2+2ε)

∫ 1

0
da

∫
∆
d2α

[
a(1−a)

]−1−ε
αε3 F

(
α; s(a);x

)−2−2ε
, s(a) =

m2
3

a
+

m2
4

1− a
, (97)

with F = α1m
2
1 + α2m

2
2 + α3 s − wα1α2 − xα3(α1 + α2) and w = p256 = −1. The bubble acts

as a single propagator of mass squared s(a) and the remaining loop is a triangle with Symanzik
polynomial F . For x < −1

4 the integrand is positive and the integral converges absolutely. With
Kira [81] we �nd seven master integrals on the equal-mass slice and nineteen at the generic mass
point.

Function space. The top integral at order ε0 is a weight-three function on the curve of the scoop
sunrise. For equal masses that curve is the modular curve X1(6) with cusps x ∈ {0, 1, 9}, the same
Γ1(6) curve as for the equal-mass sunrise [10]. The d log alphabet at order ε0 has six rational letters,{
x, x−1, x−9, 2x+1, 4x+1, Lbub

}
, Lbub = x2−10x+5 = (x−r+)(x−r−), r± = 5±2

√
5.

(98)
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Here {x, x−1, x−9} are the cusp letters, whose kernels involve the period ψ1 of the scoop curve, and
{2x+1, 4x+1} are apparent and normalization letters of the d-dimensional system. The letter Lbub,
which occurs in the top sector only, is the leading Landau singularity of the cone itself, eq. (6.48)
of Ref. [73] restricted to the slice. It is the locus on which the invariant mass �owing through the
scoop reaches its two-particle threshold, or equivalently the Landau locus of the one-loop triangle
with the same external momenta and internal masses (m,m, 2m). At the boundary point x = −1
the cross-ratio (x− r+)/(x− r−) equals φ4, with φ the golden ratio.

For the masses (1, 2, 3, 5) the scoop curve is the sunrise curve with masses squared (1, 3, 5) [8],
with threshold letter

Qscoop(x) = x4 − 36x3 + 302x2 − 564x+ 121 =
∏
±±

(
x− (±1±

√
3±

√
5)2

)
, (99)

while the sub-sunrise (2, 3, 5) contributes the analogous quartic Q14 and the bubble letter becomes
Lgen
bub = x4−40x3+348x2−880x+196. This family of curves is not modular. Its �ber at x = −1 has

rational Weierstrass roots (e1, e2, e3) = (113 ,
2
3 ,−

13
3 ), λ = 5

8 and j = 470596/225 = (686/15)2, and
since j is not an algebraic integer the �ber has no complex multiplication. We give the complete
nine-letter alphabet of the family with symbolic masses in Appendix C.

At order ε0 the top sector reduces to the pair (T, F5) with F5 = [1, 1, 1, 1, 0,−1, 0], and by
eliminating F5 we obtain a second-order equation for T alone. At equal mass it reads

LT [T ] = α(x)S(x) + β(x)S′(x) + g1(x)− gt(x) Tri0, (100)

where S = [1, 0, 1, 1]ε0 is the scoop sunrise, Tri0 = 4 lnφ/
√
5 is the d = 2 bubble at p256 = −1, and

LT = ∂2x + p̃1 ∂x + p̃0, p̃1 =
14x5 − 155x4 + 520x3 − 316x2 + 22x− 5

(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

p̃0 =
6 (x4 − 8x3 + 24x2 − 4x+ 3)

(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

(101)

α =
−8 (2x4 − 9x3 − 15x2 − 25x− 15)

3(x− 9)(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

β =
−2 (11x5 − 63x4 + 48x3 − 340x2 + 165x− 45)

3(x− 9)(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

g1 =
8

(x− 9)(x− 1)(x2 − 10x+ 5)
, gt =

2 (2x3 − 27x2 + 18x− 1)

(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
. (102)

The two homogeneous solutions of LT are algebraic,

y±(x) = q±(x)
−1/2, q± = 1

2

(
2x2 + 8x− 5±

√
5 (2x− 1)

√
4x+ 1

)
,

q+q− = (x− 1)2 (x2 − 10x+ 5),
(103)

and the elliptic curve therefore enters T only through the sunrise S in the source.
The singular points of T are the cusps x ∈ {0, 1, 9}, which enter through the source, and x = r±,

where LT has local exponents {−1
2 , 0}. The remaining factors 4x+ 1 and x2 − 4x+ 1 of LT carry

exponents {0, 12} and {0, 2}. On the generic slice the source has a third term, proportional to the
(2, 3, 5) sunrise S14 with Q14 in the denominator of its kernel, and the operator for T that our
elimination produces is of third order. The singular set is then {x = 0} ∪ {Qscoop = 0} ∪ {Q14 =
0} ∪ {3x2 − 18x+ 11 = 0} ∪ {Lgen

bub = 0}.
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Because the homogeneous solutions y± are algebraic, the function T is obtained from the sunrise
S by one further integration and is a length-two elliptic polylogarithm on the scoop curve. Its third-
kind punctures are at the Landau points s±(x) of the cone (eq. (105)), away from the cusps, and
its boundary value is therefore not expected to lie in the ring of cusp values of the sunrise.

Result. No. 15 (equal masses, order ε0). With W = y+y
′
− − y′+y−, variation of parameters

over the algebraic pair gives

T (x) = c+ y+(x)+c− y−(x)+

∫ x

−1

y−(x) y+(x
′)− y+(x) y−(x

′)

W (x′)

(
αS+βS′+g1−gtTri0

)
(x′) dx′, (104)

with c± �xed by T (−1) and T ′(−1). For x < −1
4 the two kernels are complex conjugates, c+ = c̄−,

and T is real.
In d = 2 the triangle in eq. (97) reduces to its three bubbles, and the double integral collapses

to a single integral over the scoop mass,

T (x) = 2

∫ ∞

4

ds√
s(s− 4)

2(c− 2s)B(s;x) + (2c− 5)Tri0
2c2 − 10s

, c = s+ 1− x,

B(s;x) =

∫ 1

0

da

a+ s(1− a)− x a(1− a)
,

(105)

where B is the d = 2 bubble. The zeros s±(x) = 1
2

(
3 + 2x ±

√
5
√
4x+ 1

)
of 2c2 − 10s are

the Landau points of the e�ective triangle, and Lbub(x) = 0 is the condition that one of them
reaches the endpoint s = 4. We integrate the Tri0 term in closed form through its residues at s±,
which gives Telem = 4Tri0

∑
±A± arctan

√
s±/(4− s±)

/√
s±(4− s±) with A± = (2(s± + 1− x)−

5)/(2(s± − s∓)). The remainder is the integral of the logarithm in B against ds/Y on the scoop
curve Y 2 = s(s− 4)λ(s, 1, x) with simple poles at s±.

No. 16 (masses (1, 2, 3, 5), order ε0). The variation-of-parameters representation of T has
the form of eq. (104) with the third-order operator and the additional source S14, and eq. (97) holds
as written with (m2

1,m
2
2,m

2
3,m

2
4) = (1, 2, 3, 5). The periods of the scoop curve that enter the source

at the boundary point are the convergent integrals

ψ1(−1) = 2

∫ ∞

e1

dt√
4(t− e1)(t− e2)(t− e3)

, ψ2(−1) = 2i

∫ e1

e2

dt√
4(t− e1)(t− e2)(t− e3)

, (106)

with (e1, e2, e3) = (113 ,
2
3 ,−

13
3 ), giving ψ1(−1) = 1.3983285 . . . and ψ2(−1)/i = 1.2449101 . . ..

No. 17 (order ε1, weight four). Writing fj,k for the order-εk coe�cient of the j-th master,
so that (T, F5) = (f4,0, f5,0), the order-ε1 pair (f4,1, f5,1) satis�es the same homogeneous equations

as (T, F5). Eliminating f5,1 therefore gives LT [f4,1] equal to a source assembled from
∑

j

[
A

(0)
4j fj,1+

A
(1)
4j fj,0

]
and the analogous sum with index 5, where A(0) and A(1) are the �rst two orders of the

connection matrix in ε. Hence f4,1 follows from one more integration against the kernels y± and is
a length-three iterated integral, whose sources include the order-ε1 coe�cients of the scoop masters
and the order-ε0 top pair.

Written out, f4,1 is an iterated integral on the seven-letter alphabet {x, x − 1, x − 9, 2x +
1, 4x + 1, x − r+, x − r−} with the sunrise periods ψ1, ψ2 in the sources. It consists of 88 words,
each labeled by its last letter, source master and kernel, with residues in Q(

√
5) that we obtain

by exact partial fractions of the entries A4j . For example, at x = r± the diagonal residue is

resr±A
(0)
4,4 = − 4

11 ∓ 6
√
5

55 and the residue of the entry that couples the scoop sunrise to the top
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integral is resr±A
(0)
4,2 = 188

1353 ± 118
√
5

1353 , Galois conjugates under
√
5 → −

√
5. The part of each word

that lies in the scoop sunrise sector involves only the cusp letters {0, 1, 9}. The complete list of the
88 words with their residues is supplied as a data �le [106] (Appendix G).

Boundary data. We �x the boundary values at x = −1 without numerical input, from the
behavior of the top sector at large x. In the variable u = 1/x the operator LT has indicial exponents
{1, 32} at u = 0. Expansion by regions allows only integer powers of u times logarithms, which
removes the u3/2 branch. Matching to the hard bubble at large momentum Q, B(Q; 1, 1) ≃

(
2 lnQ−

ln(m2
3m

2
4)
)
/Q, then �xes the constant term τ0 of the u1 branch,

τ0 = 0 (equal masses), τ0 = ln 15 · ln(1 +
√
2)/

√
2 (masses (1, 2, 3, 5)). (107)

Resonance at the integer indicial exponent forces the coe�cient of u lnu to be t11 = 2Tri0 =
8 lnφ/

√
5, which reproduces the logarithm of the hard bubble.

Besides γE and ζ2, the boundary constants of the bubble subsector involve Tri0 and the integral

J =

∫ 1

0

ln(1 + a− a2)

1 + a− a2
da =

2√
5

[
ln 5 lnφ+ Li2

(5−√
5

10

)
− Li2

(5 +√
5

10

)]
= 0.1271151779 . . . ,

(108)
a combination of dilogarithms at algebraic arguments. In particular, the bubble master is

f1 = −Γ(ε) Γ(1 + ε)

∫ 1

0
(1 + a− a2)−1−ε da, f1

∣∣
ε−1 = −Tri0, c1,0 = f1

∣∣
ε0

= 2γETri0 + J,

(109)
and at the next order c1,1 = −

(
(2γ2E + ζ2) Tri0 + 2γEJ +K/2

)
with K =

∫ 1
0 ln2(1 + a − a2)/(1 +

a− a2) da.
For No. 17 the order-ε1 boundary conditions are of the same kind as those at order ε0. The

boundary constants of the scoop masters at order ε1, (−π2,−18ζ3), follow as Mellin residues of the
exact d-dimensional Bessel representation of the scoop sunrise,

[1, 0, 1, 1] = −2dP−ν
∫ ∞

0
r1−2νJν(Pr)Kν(r)

3 dr, ν = −ε, (110)

with P the Euclidean momentum �owing through the scoop. The constant term of the u1 branch
of the top integral follows from the two-region expansion at large x, in which the double, single and
zeroth powers of the logarithm carry the coe�cients Tri0, 4γETri0 + 2J and −2ζ2Tri0. As at order
ε0, the integer-power ansatz removes the

√
4x+ 1 branch of the dotted top integral (the top integral

with one propagator squared), and the one remaining constant is set to zero by the required decay
at large x. For No. 16 four of the subsector masters have resonant indicial exponents at u = 0, and
the corresponding boundary constants, listed in Appendix C, lie in Q[γE, ln 2, ln 3, ln 5, ζ2].

Integrating the connection from u = 0 to x = −1 with these conditions, we obtain the boundary
values

No. 15: T (−1) = 0.60984239 . . . , (111)

No. 16: T (−1) = 0.13489705 . . . , (112)

No. 17: f4,1(−1) = −0.67751873 . . . . (113)

By direct quadrature of eq. (97) we reproduce the equal-mass T (−1) to 284 digits.
We searched for integer relations [16] between T (−1)/ψ1 and the Γ1(6) ring of cusp values

{1, L(χ−3, 2), I(1, f3), I(f3), I(1, 1, f3), π
3, ζ3, log |qC |} extended by Q(

√
5), where the I(· · · ) are
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g (p1)

g (p2)

γ (p3)

Z (p4)

mt

Figure 15: The nonplanar two-loop graph for gg → Zγ through a top-quark loop, No. 20 of Table 1.
Thin lines are massless, thick violet lines carry mt; g(p1), g(p2) and γ(p3) are on shell and the wavy
Z leg has p24 = m2

Z . All seven propagators of eq. (114) are drawn (sector 127); the masters of this
entry belong to sector 125, with the massless line D2 between the gluon vertices contracted.

iterated integrals of the modular form f3 of the equal-mass sunrise [10] at the nome qC of x = −1.
For No. 16 the ring is the L-value and regulator ring of Q(

√
3,
√
5), and both searches extend to

height 1012. Neither search found a relation, whereas the same procedure recovers the boundary
constant of the scoop sunrise. An analogous search for f4,1(−1) is also negative. To the heights
searched, the three boundary values of Nos. 15�17 therefore lie outside the rings tested, and we
regard them as new transcendental constants.

Checks. No. 15. At x = −2 the function T obtained from the di�erential equation agrees with
an AMFlow [95] evaluation to 134 digits. For x < −1

2 we evaluate T by integrating the connection,
and for −1

2 < x < −1
4 , beyond the letter 2x + 1 = 0 of the connection, by quadrature of eq. (97).

For Minkowski kinematics we integrate the slice connection from x = −1 with x → x + i0 along a
path past the real singular points to x = 12, above every threshold. All fourteen components of the
continued solution vector agree there with AMFlow to 57 digits, imaginary parts included.

The closed forms of this subsection hold on the slice only. O� the slice the equal-mass family
has nine masters, and we computed the two-variable connection (Ax, Ay) in (p212, p

2
34) at p256 =

−1 as rational 9 × 9 matrices satisfying the integrability condition. Integrating it from AMFlow

values at (p212, p
2
34) = (−3,−4) to the three further points (−3,−15

4 ), (−
5
2 ,−

15
4 ) and (−15

4 ,−
5
2), we

reproduce independent AMFlow evaluations of the nine masters through order ε1 to 64, 64 and 48
digits (Appendix C).

No. 16. The value of T from the di�erential equation at x = −2 agrees with AMFlow to 118
digits. Because the connection is rational in the masses, we could repeat the boundary construction
at a second mass point, (m2

1,m
2
2,m

2
3,m

2
4) = (1, 3, 2, 7), used in no �t. There T (−2) = 0.10288957 . . .,

in agreement with AMFlow to at least 86 digits, the precision of the reference values at that point.
No. 17. The order-ε1 coe�cient f4,1 from the di�erential equation agrees with AMFlow at x = −2

to 134 digits. For the masses (1, 2, 3, 5) all nineteen order-ε1 boundary values follow from the same
conditions at u = 0 and agree with the AMFlow values to their full precision.

5.6 Elliptic masters in gg → Zγ

The two-loop amplitudes for gg → Zγ with the exact dependence on the top-quark mass require the
nonplanar four-point family of Ref. [13] with one massive external leg, shown in Figure 15, in which
the maximal cut of the massive loop is an elliptic curve. For a massless quark loop the amplitudes
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are known [68]. The heavy-quark family with all four external legs massless, which enters gg → γγ,
was computed in canonical form in Refs. [22, 44], and its nonplanar three-point function at order
ε0 is that of Ref. [115]. We are not aware of an analytic treatment of the elliptic sectors at mZ ̸= 0.
Entry No. 20 of Table 1 is the pair of elliptic master integrals of the six-propagator sector at one
�xed ratio m2

Z/m
2
t , and it is new.

De�nition. With all momenta incoming, p21 = p22 = p23 = 0, p24 = m2
Z , loop momenta k1, k2 and

the top mass set to m2
t = 1, the propagators of Figure 15 and the kinematic variables of this entry

are

D1 = k21, D2 = (k1 − p1)
2, D3 = (k1 − p1 − p2)

2, D4 = k22 − 1,

D5 = (k2 − p1 − p2 − p3)
2 − 1, D6 = (k1 − k2)

2 − 1, D7 = (k1 − k2 + p3)
2 − 1,

s = (p1 + p2)
2, t = (p1 + p3)

2, u =M − s− t, M ≡
m2
Z

m2
t

=
7

25
,

(114)

with the integrals Iν1···ν7 de�ned by eq. (1) with L = 2 and d = 4− 2ε. In this entry t denotes the
invariant formed from the gluon momentum p1 and the photon momentum p3. We label sectors
by the binary code of the propagators present: the graph with all seven propagators is sector 127,
and contracting D2, the massless line joining the two gluon vertices, gives sector 125. Sector 125
has two elliptic master integrals, Ra and Rb in the basis of the reduction [81], and we use the
canonical combinations g31 = ω−1

0 e2γEεRa and g32 = e2γEεRb, with ω0 the holomorphic period of
the curve (115) at its cusp s = 0. The result holds at the �xed ratio M = 7/25. It gives the
sector-125 pair on the line t = −1/3 for −1/4 ≤ s ≤ 0 and, through eq. (122), as a function of t
at s = −1/4. We check the sector-127 masters only by transporting their di�erential equation in
t along the line s = −1/4 from one of four AMFlow points to the next, where the transported and
computed values agree to at least 37 digits; we give no sector-127 boundary value that does not
come from AMFlow.

Function space. The maximal cut of the massive loop is the quartic

y2 = P (P + s−M)
(
P 2 + (s−M)P − 4s

)
, (115)

in a coordinate P on the cut, an elliptic curve whose j-invariant is unchanged under s → M2/s.
At M = 0 it is the curve of the massless-leg family, which is modular for Γ0(4) with Hauptmodul
x = s and j = (s2 + 16s + 16)3/

(
s(s + 16)

)
. For nonzero Z mass, eq. (115) is obtained from that

family by the quadratic base change x = (s−M)2/s. The curve is therefore modular for Γ0(4), of
index six with cusp widths (1, 1, 4), and its Hauptmodul �xes the modular parameter τ(s) through( η(τ)

η(4τ)

)8
=

256 s

(s−M)2
. (116)

We refer to Ref. [107] for the identi�cation of the modular curve from the singular �bers. The base
change splits the three cusps of the M = 0 family into �ve, with �bers of Kodaira type I4 at s = 0
and s = ∞, type I2 at s = M , and type I1 at the two roots r1,2 of 625s2 + 9650s + 49 = 0, the
threshold (s −M)2 + 16s = 0 at M = 7/25. Among these points, s = 0 is the MUM cusp, with
holomorphic period ω0(s). Because Γ0(4) has no cusp forms in the weights that occur, the one
elliptic letter is the Eisenstein kernel

κ(s) =
s (625 s2 + 2150 s+ 49)

625 s2 + 9650 s+ 49
, (117)
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which couples ω0 to the quasi-period of the second kind and pulls back to a weight-three Eisenstein
series in M3(Γ0(4), χ−4), the space spanned by η(τ)4η(2τ)6η(4τ)−4 and η(τ)−4η(2τ)6η(4τ)4. The
other letters are logarithmic, and in (s, t) the singular locus is{

s, s− 4, s+ 4, s+ 16, t, s+ t
}

∪
{
(s−M)2 + 16 s

}
, (118)

while on the line t = −1/3 the alphabet in s is {s, s−4, 25s−7, 25s+7, 25s+93, 75s−71, 25s2−
7s+7, 625s2+9650s+49}. In particular, the letters s−4, 25s+7, 25s+93, 75s−71 and 25s2−7s+7
lie at interior points of the modular curve X0(4). Hence their d log forms are meromorphic modular
forms [37], and the full masters are not iterated integrals of Eisenstein series alone [10].

Result. We give the pair on the line t = −1/3 as the solution of an exact di�erential equation
in s with an analytic boundary vector at the cusp s = 0, and at s = −1/4 as the polynomials in
t of eq. (122). The homogeneous part of the solution, the maximal-cut block, has the structure
of eq. (121). On the line t = −1/3 the reduction of sector 125 and its subsectors gives 22 master
integrals, and we construct their connection As(ε, s) exactly, as a matrix of rational functions. In
the t direction the homogeneous block of the elliptic pair, in the basis (Ra, Rb), is

Ahom
t =

 0 0

−d s2 (t− u)

(d− 2)(t− u)2 − 4 t u

4(d− 1)(t− u)

(d− 2)(t− u)2 − 4 t u

 , (119)

with d = 4− 2ε and u = M − s− t. Because the upper entries vanish, Ra is independent of t and
Rb carries all the t-dependence of the pair. In the s direction, writing A1 for the order-ε part of the
connection of this block and integrating its trace, we obtain an algebraic prefactor,

pref(s) = exp
(
ε

∫
trA1 ds

)
= s−2ε

(
s−r2
s−r1

) 10
√
93

93
ε
, (120)

while the traceless part reduces to the single kernel κ. The general solution of the maximal-cut
block is therefore

gspine(s) = pref(s)
[
c1 + c2 τ(s) + EichΓ0(4)

[
B2,4; i∞ → s

]
(τ(s))

]
,

B2,4(τ) = − 1
24

(
E2(τ)− 4E2(4τ)

)
,

(121)

where B2,4 is the weight-two Eisenstein series of Γ0(4) with constant term a0 = 1/8,
EichΓ0(4)[ · ; i∞ → s] is its Eichler integral [62] from the cusp i∞, regularized there, and c1,
c2 are constants. The full masters do not have the form of eq. (121) with constant c1 and c2,
because nine polylogarithmic subsectors enter the equation for g32 at order ε0 with t-dependent
coe�cients and no subtraction that depends on s alone removes them. We therefore obtain the
pair by integrating the full system of 22 equations in s, from analytic boundary values at the cusp
s = 0 to s = −1/4.

At s = −1/4 the dependence of the sector-125 system on t is polynomial. We reduce it at �xed
s to 14 master integrals, only three of which depend on t. No sector of this system contains a
propagator carrying p1; every corner integral is thus a two-loop vertex function of p12 = p1+p2 and
p3, and t enters only through the numerators (k1− p1)

2n. Since p1· p12 = s/2 and p1· p3 = t/2, each
master is then a polynomial in t of degree n with t-independent coe�cients. We solve the di�erential
equation in t exactly. With L1 ≡ 448 ε t−236 t−53 and D2q ≡ ε (200t−53)2− (60000 t2−31800 t+
2809), where 200t− 53 = 100 (t− u), we �nd

M8 = c8 (200t− 53) + 1
2K5 +

1
8K6 +

1
2K7, M11 = c11 L1 + C11(ε),

g32 = c13D2q +B0(ε), g31 = K12,
(122)

47



PR
EL
IM
IN
AR
Y

exact in ε. Here M8, M11 and g32 are the three t-dependent masters, built from entries 8, 11 and 13
of Table 8, and K0, . . . ,K10,K12 are the t-independent corner masters of the system, among them
K5, K6 and K7, entries 5�7 of that table. Both C11 and B0 are Q(ε)-linear combinations of these
corner masters, and c8, c11, c13 are the three integration constants, �xed at one value of t. Every
logarithm that the variation-of-parameters solution could generate, namely log(53 − 200t), logL1,
log(−D2q) and the primitive of 1/D2q, cancels identically. Appendix C.4 lists the fourteen masters
of the system at s = −1/4 and the structure of its connection in t.

Boundary data. We �x the boundary values at the MUM cusp, where each of the 22 masters
behaves as a(s)+b(s) (−s)−ε+O(s, s1−ε) with a and b analytic and without logarithms. We obtain all
22 boundary values in closed form, as 11 sums of Γ functions and 3F2 values, 6 collinear coe�cients
b(0) given by Beta-function moments, and 5 zeros. The six corner masters K0, . . . ,K5 of eq. (122)
are two-loop vertex integrals free of p1, and we evaluate them by Mellin�Barnes representations
as Γ functions and 2F1, 3F2 values at rational arguments. In addition, the pair satis�es 25 cusp
conditions, all of which follow analytically from the Frobenius expansions at the �ve cusps in s and
from the limitM → 0 onto the massless-leg family [22, 115]. The period data of the Eichler integral
in eq. (121) are those of level four, namely a0(B2,4) = 1/8, L(χ−4, 1) = π/4, and the constant terms
{−3, 3/4, 0} of the level-four E2 at the cusps ∞, 0 and 1/2. Under τ → τ + n the Eichler integral
shifts by a rational multiple of iπ,

EichΓ0(4)

[
B2,4

]
(τ + n)− EichΓ0(4)

[
B2,4

]
(τ) = n · a0(B2,4) · 2πi = n · iπ

4
, (123)

and it is single valued once this cocycle is included. The weight-two constant of level four is
Catalan's constant G = L(χ−4, 2) = 0.91596559 . . ., and we �nd no integer relation between it and
the boundary constants of the pair.

Integrating the system of 22 equations from s = 0 to s = −1/4 at t = −1/3 determines the
remaining constants K6, . . . ,K10 and K12 of eq. (122). Of these, K6, K7, K9 and K10 have closed
forms of the same Γ-function and 3F2 type as those of K0, . . . ,K5. The constant K12, the value
of the elliptic master g31 at s = −1/4, is known numerically to 137 signi�cant �gures, and since it
belongs to the elliptic sector we expect no closed form for it in classical constants. The closed forms
of K0, . . . ,K5, K6, K7, K9, K10 and the numerical value of K12 are supplied with the evaluation
code of this entry (Appendix G) [106].

Checks. At (s, t) = (−1/4,−1/3), a point that enters no boundary value, we compare the 22
masters with AMFlow [95] and �nd agreement at every order from ε−2 through ε4 to 109 digits, the
precision to which the AMFlow values are themselves determined. Fixing the constants of eq. (122)
at t = −25, we reproduce AMFlow values at t = −1/3 and t = −3/2 with the polynomial forms to a
relative deviation below 10−126. Finally, away from both lines we transport the 14-master system
in t from the line t = −1/3 to 25 Euclidean points with s ∈ {−1/20,−1/10,−3/20,−1/5,−9/40}
and t ∈ {−1/2,−2/3,−5/6,−1,−5/4}. At �ve of them, (s, t) = (−1/5,−1/2), (−1/10,−1/2),
(−1/20,−5/4), (−9/40,−5/4) and (−3/20,−5/6), independent AMFlow evaluations agree with the
result to a relative deviation below 10−47. For reference, in the normalization of eq. (1) without any
factor eγEε, at (s, t) = (−1/4,−1/3) we �nd

Ra
∣∣
ε0

= 0.55129454 . . . , Ra
∣∣
ε1

= 0.90052626 . . . , τ(−1/4) = −1
2 + 0.85824013 . . . i, (124)

and Appendix A collects these values and the further comparisons.
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p1

p4

p2

p3

m

equal-mass sunrise (Γ1(6))

Figure 16: The three-loop light-by-light graph with a sunrise insertion, No. 27 of Table 1. Four
on-shell massless photons p1, . . . , p4 attach at the corners of a one-loop box in which one line is
replaced by the two-loop equal-mass sunrise, the three lines joining two corners; all six internal lines
have mass m (thick red). The invariants are s = (p1 + p2)

2 and t = (p2 + p3)
2.

5.7 The light-by-light box with a sunrise insertion

The graph of Figure 16, labeled LBL3E in Table 1, is a three-loop contribution to light-by-light
scattering through a massive loop: the one-loop box with a two-loop self-energy, here the equal-
mass sunrise, inserted on one internal line. Two-loop massive and three-loop massless light-by-light
amplitudes are known [1, 17], and this three-loop massive graph, No. 27, is to our knowledge new.
The only elliptic curve of the graph is the sunrise curve of the insertion [25, 10], and the function
space is therefore that of the equal-mass sunrise, No. 8, continued to higher orders in ε.

De�nition. With the photons on shell, p2i = 0, and s = (p1 + p2)
2, t = (p2 + p3)

2, the integral of
this entry is the scalar box of Figure 16 with unit powers,

Ibox(s, t;m
2) =

∫ 3∏
j=1

ddkj

iπd/2

6∏
i=1

1

q2i −m2
, d = 4− 2ε, (125)

where q1, q2, q3 are the momenta of the three sunrise lines and q4, q5, q6 those of the other three
box lines. Here q1 + q2 + q3 = k is the momentum through the box line that carries the insertion
(the dressed line), and no factor eγEε is included. The integral family of eq. (125) has six massive
propagators and nine irreducible scalar products, with Ibox the corner integral of its top sector,
and reducing it at (s, t,m2) = (−7/3,−11/10, 1) we �nd 18 master integrals [81]. We also use the
insertion on its own, the two-loop equal-mass sunrise S111(d;w) of section 5.1, as a function of the
virtuality w ≡ k2 of the dressed line. The box and the insertion belong to di�erent integral families.
The integration-by-parts family in which we analyzed the elliptic content assigns the sixth mass to
k and contains no propagator (k + p1 + p2)

2, so it is a three-point graph whose second Symanzik
polynomial does not depend on s. Its ten master integrals split into an elliptic block of seven, in
sectors 15, 55a�e and 63, and a polylogarithmic block of three, in sectors 11, 51 and 59. We evaluate
the four-point box of eq. (125) by a dispersion relation over the sunrise cut, eq. (127), and the result
holds for s, t < 0 at orders ε−2 through ε0.

Function space. In units m2 = 1 the maximal cut of the insertion is the equal-mass sunrise curve

y2 = (w − 1)3 (w − 9), (126)
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with modular group Γ1(6), holomorphic period ψ1(w) and the weight-three cusp form
f3 ∈ S3(Γ1(6)). Every elliptic sector of the integration-by-parts family of the insertion has
exactly the j-invariant of this curve, and the dispersion relation of eq. (127) for the box of eq. (125)
requires only this elliptic content and a one-loop box kernel. The letters in w are {w, w−1, w−9},
with the three-particle threshold at w = 9, and in (s, t) the box has the normal thresholds s = 4m2

and t = 16m2. The elliptic content common to every sector that contains the insertion is the sunrise
integral S111(d;w). It is the period ψ1 times an Eichler integral of f3 on Γ1(6), with the higher
orders in ε generated by the same kernel [9], plus a boundary series B(0)+εB(1)+ε2B(2)+ · · · �xed
at the cusp. There is no term linear in τ , that is, (c1, c2) = (B(0), 0) in the notation of eq. (121),
as in eq. (71). We compute ψ1, or equivalently ϖ0 =

√
3ψ1/(2π), both as a Frobenius series of the

sunrise Picard�Fuchs operator and as a q-series of level six [92, 10].

Result. For s, t < 0 the box is a one-dimensional dispersion integral in the virtuality of the dressed
line [102],

Ibox(s, t;m
2) =

∫ ∞

9m2

dw ρsun(w)
[
B(s, t;w)

]
sub

+ U(s, t), (127)

where ρsun(w) is the three-particle cut density of S111 and B(s, t;w) is the one-loop box with three
lines of massm and the dressed line of mass squared w. Here the bracket [ ]sub denotes the box kernel
B after two subtractions, and U(s, t) is the subtraction term, in which two subtraction constants
�xed at Euclidean kinematics multiply generalized one-loop triangle integrals Tn expanded to the
required order in ε. The density ρsun, the subtracted kernel and the triangle integrals Tn are given
in full with the evaluation code of this entry (Appendix G) [106].

Boundary data. The boundary series of the elliptic content is �xed at the cusp of the sunrise
curve, and its leading coe�cient is the boundary constant of the equal-mass sunrise in eq. (71),

B(0) = 2Cl2(π/3) = 3
√
3

2 L(χ−3, 2). (128)

Similarly, B(1) and B(2) are the order-ε and order-ε2 terms of the sunrise boundary series generated
by 2F1(−2ε,−ε; 1 − ε; e2πi/3). In the ring of sixth-root-of-unity constants [29] extended by the

log-sine integrals Ls(k)n (θ) = −
∫ θ
0 x

k log n−1−k(2 sin x
2

)
dx we �nd

B(1) = 1
6π

3 − 2 log 3Cl2(π/3) + 3Ls3(2π/3),

B(2) = −2πζ3 − 1
6π

3 log 3 + log2 3Cl2(π/3) + 2Ls4(2π/3)− 3 log 3 Ls3(2π/3),
(129)

and since Ls3(π/3) = − 7
108π

3 the one new weight-three constant is Ls3(2π/3). We identi�ed
eq. (129) by integer-relation �ts of height at most 18 at a working precision of 120 decimal places,
and the relations persist at 320.

Checks. We compared the elliptic content with AMFlow [95] evaluations of the uncut sunrise at
w = −7/3 and w = −4, two points used nowhere in its construction, and it agrees with them to
71 and 69 digits at the worst order between ε−2 and ε2. For the box, AMFlow values of Ibox at the
three Euclidean points (s, t,m2) = (−7/3,−11/10, 1), (−3/2,−9/5, 1) and (−5/4,−12/5, 1) agree
with eq. (127) to 46, 45 and 45 digits at order ε0. None of the three AMFlow values enters the
construction. At the �rst point the order-ε1 term of eq. (127), which requires the cut density and
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p1

p3

p4

m

crossed-photon Σkite(ℓ
2)

(a)

p1

p2 p3

p4

m

(b)

p1

p2 p3

p4

m

ΣVP(ℓ
2)

(c)

Figure 17: Three-loop light-by-light boxes with a self-energy insertion on one massive line; the stubs
are the two segments of that line on either side of the insertion. Thick (red) lines carry mass m,
thin lines are massless, and the four external photons p1, . . . , p4 are on shell. (a) No. 28: the kite
insertion with the two stub propagators removed. (b) No. 29: the QED graph, the crossed-photon
self-energy with its two stubs. (c) No. 33: the self-energy whose internal photon carries a vacuum-
polarization loop.

the box kernel to one higher order in ε, agrees with AMFlow to a relative deviation below 10−30. For
reference, at (s, t,m2) = (−7/3,−11/10, 1) and in the normalization of eq. (125) we �nd

Ibox
∣∣
ε−2 = −0.72077283 . . . , Ibox

∣∣
ε−1 = −0.79530628 . . . , Ibox

∣∣
ε0

= −0.20105121 . . . ,
(130)

and the values at the other two points are given in Appendix A.

5.8 Light-by-light boxes with self-energy insertions

Nos. 28, 29 and 33 of Table 1 are three-loop four-photon integrals in which one massive line of
the one-loop light-by-light box carries a self-energy insertion (Figure 17). In Nos. 28 and 29
(LBL3SE and LBL3KP in Table 1) the insertion is the two-loop equal-mass kite Σkite(ℓ

2), the
crossed-photon electron self-energy. In No. 33 (LBL3VP) it is the two-loop self-energy ΣVP(ℓ

2)
whose internal photon carries a vacuum-polarization loop, and the three-loop graph then has two
closed fermion loops and hence the factor N2

f listed in Table 1. Such insertions are two-particle-
reducible contributions to the three-loop light-by-light amplitude with a massive fermion. Each
integral is therefore a dispersion integral over the mass of the dressed line, in which the one-loop
box with one line of variable mass is weighted by the spectral density of the insertion [102, 20]. The
massless three-loop [17] and massive two-loop [1] light-by-light amplitudes are known, and we are
not aware of a previous computation of the three integrals given here. The kite's master integrals
are known in terms of iterated integrals of modular forms for Γ1(6) [79], and the spectral functions
of the two-loop electron propagator go back to Sabry [103]. We derive the spectral densities of both
insertions from their di�erential equations and use neither the modular-form representation of the
kite nor Sabry's spectral functions.

De�nition. All momenta are incoming, with p2i = 0, s = (p1+p2)
2, t = (p1+p3)

2 and u = −s− t.
The two planar channels of the box are s and u. With loop momenta ℓ, k1, k2 the kite-insertion
family has the propagators

D1 = (ℓ+ p1)
2 −m2, D2 = (ℓ+ p1 + p2)

2 −m2, D3 = (ℓ+ p1 + p2 + p3)
2 −m2,

D4 = ℓ2 −m2, D5 = k21 −m2, D6 = k22 −m2,

D7 = (ℓ− k1 − k2)
2 −m2, D8 = (ℓ− k1)

2, D9 = (ℓ− k2)
2,

(131)
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and, in the notation of eq. (1) with L = 3,

Iν(s, t,m
2) = I1,1,1,ν,1,1,1,1,1 , IKP ≡ I2, IK1 ≡ I1, I ≡ I0. (132)

Here D1, D2, D3 are the undressed lines of the box, D5, . . . , D9 form the kite, and D4 is the electron
line on either side of the insertion, whose two segments we call the stubs. Since both stubs carry
the momentum ℓ, the QED graph of Figure 17(b) is IKP, with D4 squared, while IK1 has a single
power of the stub. The eight-propagator member I ≡ I0 (No. 28) is the ν = 0 pinch of the QED
graph IKP and not itself a QED Feynman diagram, since without the stub the two box corners at
the insertion are four-valent; Nos. 29 and 33 are its QED parents. We evaluate and check Nos. 28
and 29 at the reference point (s, t,m2) = (−1,−1

3 , 1) and at one further point P1 = (−1
2 ,−1, 1),

and No. 33 at the reference point at eight �xed values of ε and at four further points P1, . . . , P4.
The vacuum-polarization family of No. 33 has the propagators D1, . . . , D4 of eq. (131) and, in place
of the kite propagators,

D5 = (ℓ− k1)
2 −m2, D6 = k21, D7 = k22 −m2, D8 = (k1 − k2)

2 −m2,

IVP(s, t,m
2; ε) = I1,1,1,2,1,2,1,1 .

(133)

Here the photon propagator D6 appears squared because the two photon segments on either side of
the fermion loop carry the same momentum k1. The integral I is ultraviolet �nite, and we give I,
IKP and IK1 at d = 4. Since IVP has a double pole in ε, we give it instead at �xed ε in d = 4− 2ε,
together with its �rst Laurent coe�cients. Every kinematic point of this subsection has s < 0 and
0 < u < 2m2, below the two-particle threshold u = 4m2 of that channel. There every coe�cient of
the second Symanzik polynomial of the family is positive, and we call such points Euclidean.

Function space. These integrals are elliptic only through the self-energy subgraph, because on
the maximal cut they factorize into the one-loop massive box, which is polylogarithmic, times the
maximal cut of the self-energy. Above ℓ2 = 9m2 the three-particle cut of either insertion is a phase-
space integral on the elliptic curve of the equal-mass sunrise [25, 10]. In the phase-space variable σ
of eq. (138), at �xed v = ℓ2/m2, this curve is

y2 = σ (σ − 4) (σ − x−)(σ − x+), x± = (
√
v ± 1)2, (134)

which for varying v is the Γ1(6) family of the equal-mass sunrise and kite, eq. (77). We denote by w
the dispersion variable, the squared mass of the dressed line in units of m2. Below the three-particle
threshold the spectral densities are polylogarithms of weight two in w for the kite, and powers
of w − 1 and w times Γ functions for the vacuum polarization. The results are therefore single
integrals of these densities against a dilogarithmic kernel, and the elliptic curve enters only through
one further integration over the three-particle phase space of the sunrise.

The pinched kite insertion I (No. 28)

Result. The dispersion relation in the mass of the dressed line is

I(s, t,m2) =
1

π

∫ ∞

m2

dw′ ρ(w′) Box1(s, t;M
2=w′), ρ(w′) = − ImΣkite(w

′+i0;m2). (135)

Here Box1(s, t;M
2) denotes the scalar one-loop box [98] of Figure 17 with three lines of mass m

and the dressed line of mass squared M2, a closed-form combination of dilogarithms. From here on
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we set m2 = 1 and write K(w) = Box1(s, t;M
2=w) for the kernel as a function of the dispersion

variable w. Up to the three-particle threshold the density is polylogarithmic of weight two,

ρ(w) = − π

w

[
2 ln(w − 1) lnw + 3Li2(1− w)

]
≡ ρelem(w), 1 < w ≤ 9, (136)

and above it the sunrise cut adds a single further integration,

ρ(w) = ρelem(w) − 1

w

∫ w

9
v F23(v) dv, w > 9, (137)

with

F23(v) =
2 ImS(v)− (v + 3) Im Ṡ(v)

v (v − 1)2
,

ImS(v) = −π
v

∫ x−

4

√
(x− − σ)(x+ − σ)

√
σ − 4

σ
dσ, x± = (

√
v ± 1)2,

Im Ṡ(v) = +
π

v

∫ x−

4

(v − 1 + σ)√
(x− − σ)(x+ − σ)

√
σ − 4

σ
dσ. (138)

Here ImS is the three-body cut of the d = 4 equal-mass sunrise and Im Ṡ that of the sunrise with
one line squared. We obtain Im Ṡ by di�erentiating the cut phase-space integral with respect to an
internal mass; the derivative then acts only through the polynomial factor −2(v − 1 + σ), and the
integrand has no cancellations at large v.

We derive ρ from the discontinuity of the di�erential system of the kite in w, which has nine
master integrals and a connection linear in d [102, 79]. In particular, all discontinuities vanish
at order ε−2, and at order ε−1 only the one-loop bubble contributes, through the discontinuity
π(w − 1)/w of its order-ε0 term. The diagonal entry of the connection for the kite master is

A0[8, 8] = −1/w, and ϕ = ImM
(0)
kite = −ρ therefore obeys the �rst-order equation ϕ′ = −ϕ/w+F (w),

in which the inhomogeneity F (w) collects the discontinuities of the lower masters. Regularity at
the two-particle threshold, ϕ(1+) = 0, �xes the integration constant. The bubble terms of F give
F17(v) = 2π ln(v − 1)/v2 and the sunrise with masses (m, 0, 0) gives F56(v) = −π ln v/(v(v − 1)),
which integrate in closed form to eq. (136), and the equal-mass sunrise pair contributes eq. (138)
for v > 9. The closed form has the threshold expansion and obeys the sum rule

ρ(w) ≃ A1 (w− 1) ln(w− 1) + 3π (w− 1), A1 = −2π;
1

π

∫ ∞

1
ρ(w) dw = 6ζ3, (139)

where the sum rule follows from the large-ℓ2 limit of the kite, and direct quadrature of eqs. (136)�
(138) reproduces it to 48 digits.

For numerical evaluation we exchange the order of integration in the elliptic term,

I =
1

π

∫ ∞

1
ρelem(w)K(w) dw − 1

π

∫ ∞

9
v F23(v)G(v) dv, G(v) =

∫ ∞

v

K(w)

w
dw, (140)

which avoids the numerical cancellation between the elementary and elliptic parts of ρ at large w.
The values of I at the reference point and at P1 are

I(−1,−1
3 , 1) = 0.52495777 . . . , I(−1

2 ,−1, 1) = 0.55006901 . . . . (141)

Boundary data. The only boundary condition is threshold regularity, ϕ(1+) = 0, and no numer-
ical boundary value enters eq. (140).
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Checks. We compare eq. (141) with direct AMFlow [95] evaluations of the eight-propagator integral,
which agree with it to 59 digits at the reference point and to 59 at P1.

The QED kite insertions (No. 29)

Result. With the stubs kept, partial fractions in ℓ2 between the dispersion denominator and the
stub propagator D ν

4 replace K by subtracted kernels and leave the density unchanged,

IKP =
1

π

∫ ∞

1
ρ(w)KP (w) dw, KP =

K(w)−K(1)

(w − 1)2
− K ′(1)

w − 1
, K1 =

K(w)−K(1)

w − 1
. (142)

The same representation with K1 in place of KP gives IK1 . Here K(1) and K ′(1) are the kernel
and its �rst derivative at w = 1, the box with four lines of mass m and its derivative in the mass of
one line, both taken from the closed form. The values of the two members at P1 are

IKP(−1
2 ,−1, 1) = 0.12675212 . . . , IK1(−1

2 ,−1, 1) = −0.23637432 . . . . (143)

Boundary data. As in No. 28, threshold regularity of the density is the only boundary condition.

Checks. We compare both members with AMFlow evaluations of the nine-propagator integrals at
a sequence of �xed values of ε, extrapolated to ε → 0. The agreement is 68 digits for IKP and 68
for IK1 at the reference point, which is the accuracy of that extrapolation, and 50 for each at P1.

The vacuum-polarization insertion IVP (No. 33)

Result. We evaluate the dispersion relation (135) for IVP at �xed ε, with the density and the
kernel both exact in d. For 1 < w < 9 only the two-body cut contributes. The discontinuities of the
self-energy's two top-sector masters then obey a di�erential equation in w whose inhomogeneous
term is the cut of the tadpole-times-bubble master,

Im (T ·B)(w; ε) =
Γ(ε)

1− ε
π

Γ(1− ε)

Γ(2− 2ε)
(w − 1)1−2εwε−1. (144)

Regularity at the two-particle threshold w = 1 again �xes the integration constants. Above w = 9
the three-body cut opens, and we write ρVP = ρexact−N (ε)ψ0(w; ε) θ(w−9), where ρexact continues
the expression obtained on (1, 9). The function ψ0 is the Frobenius solution of the homogeneous
2× 2 block of the di�erential system at w = 9 with indicial exponent d− 2, and its coe�cients are
rational numbers. Its normalization N (ε) follows from the leading coe�cient of the three-particle
phase space,

N (ε) ∝
[

Γ(1−ε)
Γ(2−2ε)

]2
9−

d−2
2 48

d−3
2 4−

d−2
2 B

(
d−1
2 , d−1

2

)(
2
3

)d−2
, (145)

with proportionality constant −π/16 divided by the leading Frobenius coe�cient of ψ0. The three-
body discontinuities of the top-sector pair are single integrals over the three-particle cut, exact in
d,

Im3(w; ε) = −π
[

Γ(1−ε)
Γ(2−2ε)

]2
w− d−2

2

∫ x−

4
λ(w, σ, 1)

d−3
2 λ(σ, 1, 1)

d−3
2 σ−

d−2
2 σ−a dσ. (146)

Here a = 1 and a = 2 refer to the undotted and dotted top-sector masters, λ is the Källén function
and x− = (

√
w − 1)2. The integrand is the two-body phase space of the fermion pair at invariant

mass σ times that of this pair and the electron at invariant mass w. We �x the overall constant of
eq. (146) by matching to the elementary discontinuity of the sunrise with masses (m, 0, 0).
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For the kernel we transport the d-dimensional box in w′ with its di�erential equation, whose
coe�cients are rational functions of w′ and d, starting from Feynman-parameter representations of
all eight master integrals of the box family at w′ = 5. Moreover, the Taylor coe�cients κn(ε) of
the kernel at the threshold w′ = 1 are two-dimensional moment integrals over Feynman parameters.
Let κ2(ε) = κ

(0)
2 + εκ

(1)
2 + O(ε2) be the second of these threshold coe�cients, and let KP be the

subtracted kernel of eq. (142) at ε = 0. The Laurent expansion IVP =
∑

k≥−2 ck ε
k has c−2 = −κ(0)2

and

c−1 = −κ(1)2 + 2γEκ
(0)
2 + 2

∫ 2

1

KP (w)− κ
(0)
2

w − 1
dw + 2

∫ ∞

2

KP (w)

w − 1
dw

−
∫ ∞

1

KP (w)

w
dw.

(147)

Here the weights 2/(w − 1) and −1/w together form the order-ε−1 discontinuity of the insertion.

The subtraction at w = 1 and the terms 2γEκ
(0)
2 and −κ(1)2 come from expanding the threshold

factor (w−1)1−2ε of eq. (144) against the double pole of the squared stub propagator. The Laurent
coe�cients and the �xed-ε value at the reference point are

c−2 = −0.04540615882 . . . , c−1 = −0.01534480 . . . ,

c0 = −0.14660534 . . . , c1 = 0.0397158224 . . . ,

IVP

∣∣
ε=2−7 = −746.0449580 . . . .

(148)

Boundary data. Threshold regularity at w = 1 �xes the two-body density, N (ε) is given in
closed form by eq. (145), and the transport of the kernel starts from exact values at w′ = 5. The

coe�cient c−2 = −κ(0)2 is a two-dimensional Feynman-parameter integral with rational integrand,
which we evaluate in ball arithmetic to within 10−72 at the reference point and at P1, . . . , P4.

Checks. We compare the �xed-ε value with three-loop AMFlow evaluations at the eight values ε =
2−6, . . . , 2−13, at the reference point and at P1 = (−1

2 ,−1, 1), P2 = (−3
2 ,−

1
4 , 1), P3 = (−3

4 ,−
1
2 , 1)

and P4 = (−1
4 ,−

1
2 , 1). The agreement is 56�59 digits over the eight values at the reference point

and, at each further point, at least 37 for every ε at the working precision used there, rising to at
least 76 when both our evaluation and the AMFlow run are carried to higher precision. The pole
coe�cients c−2 and c−1 of eq. (148), which depend on (s, t) only through κ2 and KP , agree with the
poles extracted from the same AMFlow values to 45 and 39 digits, the precision of that extraction.
Finally, Appendix A collects the reference values and comparisons of all three entries and gives the
reference-point value of IVP to more �gures.

5.9 Nonplanar two-loop W -pair production

Two-loop master integrals for qq̄ → W+W− with exact dependence on the top-quark mass are an
ingredient of the NNLO QCD corrections to W -pair production in quark�antiquark annihilation.
He, Zhang, Han, Jiang, Li and Wang [75] computed the three planar top-quark branches T1, T2 and
T3. The nonplanar branch T4 of Figure 18 (No. 35 of Table 1), the top sector of their family FC , is
not treated there, and we are not aware of an earlier result for it. Its numerical values at individual
kinematic points can nevertheless be obtained by auxiliary-mass �ow [95]. We compute T4 here on
one kinematic line outside the physical region, eq. (151), and obtain every master integral of the
family on that line in symbolic form together with its boundary constants.
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q̄ (p2)

q (p1)

W+(p3)

W−(p4)

mt

mt

Figure 18: The nonplanar top-quark branch T4 of two-loop qq̄ → W+W−, family FC of Ref. [75]
(their �g. 1d), top sector [1, 1, 1, 0, 0, 1, 1, 1, 1], all momenta incoming. Thin lines are massless, the
two thick lines carry the top-quark mass mt (propagators D8 and D9 of eq. (149)), and the wavy
external lines are the W bosons, p23 = p24 = m2

W . The lines D7 and D9 cross without a vertex.

De�nition. We use the kinematics of Ref. [75]: all momenta incoming, p21 = p22 = 0, p23 = p24 =
m2
W , s = (p1 + p2)

2, t = (p2 + p3)
2 and s+ t+ u = 2m2

W , with loop momenta l1 and l2. The nine
propagators are those of family FC , eq. (2.14) of Ref. [75], and the integrals are normalized as in
eq. (1). The seven that occur in T4 = FC [1, 1, 1, 0, 0, 1, 1, 1, 1] are

D1 = l21, D2 = (l1 + p1)
2, D3 = (l1 − p2)

2, D6 = (l2 − p2)
2,

D7 = (l1 − l2)
2, D8 = (l1 − l2 − p4)

2 −m2
t , D9 = (l2 − p2 − p3)

2 −m2
t ,

(149)

in d = 4 − 2ε, and the planar propagators D4 and D5 of that reference enter only as numerators.
This assignment of propagators to edges follows �g. 1d of Ref. [75], including the crossing of D7

and D9. Family FC contains only T4 and its subtopology T4,1, while the elliptic sector called T3 in
Ref. [75] belongs to their family FB. We label a sector by the integer

∑
νi>0 2

i−1, which gives the
top sector the number 487 and the sector [1, 0, 0, 0, 0, 1, 1, 1, 1] the number 481. The dimensionless
variables are

x = − s

m2
t

, y = − t

m2
t

, z = −
m2
W

m2
t

. (150)

Reducing the family with Kira [81], we �nd 76 master integrals. Of these, 53 map onto masters
of the planar branches of Ref. [75], and 23, in the sectors 480�487 that contain all four of D6, . . . , D9,
are new. Adding 3 integrals of sector 487 with ISP numerators as auxiliary basis elements, we solve
for a vector f⃗ = (f1, . . . , f79) with 79 components. We �x two of the three variables and work on
the line

(x, z) =
(17
2
,
5

3

)
, 0 < y < 1, u = 2m2

W − s− t =
(31
6

+ y
)
m2
t > 4m2

t . (151)

Every result of this subsection holds on the line of eq. (151) and nowhere else. On this line s < 0 and
m2
W < 0, while u lies above the tt̄ threshold, so the line belongs to a region of analytic continuation

outside the physical scattering region, and 36 of the 79 basis functions are complex on it. We
have reconstructed the exact di�erential equation in y, eq. (152) below, on a second line as well,
(x, z) = (17/2, 7/4), but the dependence on x and z remains open.

Function space. On the line of eq. (151) the basis satis�es

∂f⃗(d, y)

∂y
= A(d, y) f⃗(d, y), (152)
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class of diagonal block blocks sectors

ε-factorized, rational d log letters, eq. (153) 29 all others, including the top
sector 487

algebraic letters, no rational rotation to eq. (153) 6 417, 421, 449, 453, 482, 483
elliptic maximal cut, eq. (154) 1 481

Table 2: Block structure of the exact di�erential equation (152) for the 79 basis functions of the
nonplanar W -pair family on the line (151). The matrix is block lower-triangular with 36 diagonal
blocks. The 29 blocks of the �rst class contain 52 of the 79 functions and the remaining blocks
contain 27, six of them in sector 481. Sector labels are de�ned below eq. (149).

where A is a 79 × 79 matrix of rational functions of d and y with 1240 nonzero entries. It was
determined exactly by rational reconstruction in y and in d from 91 numerical reductions on the
line. Because A is block lower-triangular, with 36 diagonal blocks, each block can be integrated once
the blocks preceding it are known. The class of functions in which a given fi lies is thus set by its
own diagonal block and by every block that enters its inhomogeneous terms. These blocks fall into
the three classes of Table 2. For 29 of them we �nd a rational change of basis g⃗B = TB(ε, y)f⃗B [93]
that brings the diagonal block to the ε-factorized form of eq. (3),

dg⃗B = ε
(∑

i

MB,i d logαi(y)
)
g⃗B, (153)

with constant rational matricesMB,i. The letters αi belong to a 15-letter alphabet on the line: 13 ra-
tional functions of y and a pair r± involving one square root. For the top sector the form of eq. (153)
is reached after the basis element FC [1, 1, 1,−2, 0, 1, 1, 1, 1] is replaced by FC [1, 1, 1,−1,−1, 1, 1, 1, 1],
and the two letters of the block are then 18y2 + 93y + 50 and 18y2 + 93y + 203. The full alphabet
of the family in (x, y, z), which we obtain as in Refs. [74, 97, 63], has 36 letters: 32 rational ones,
among them the pseudo-threshold x + y − z + 1, and 4 square roots. The line letters arise from
these by restriction to eq. (151). For six further blocks, in sectors 417, 421, 449, 453, 482 and 483,
we �nd no rational rotation to the form of eq. (153), and their solutions involve algebraic functions
of y.

Sector 481, the single block in the last class of Table 2, has six master integrals and an elliptic
maximal cut. Computing the maximal cut loop by loop in the Baikov parametrization at d = 4, we
�nd the integrand

dz4 dz5√
g1(z4, z5)G2(z4, z5)

, z4 = l22, (154)

where g1 and G2 are the Baikov polynomials of the two loops and z5 is the remaining ISP. The
product g1G2 is cubic in z4. At �xed z5 the cut is therefore an elliptic curve Ez5 , distinct from
the T3 curve of Ref. [75] (their eq. (3.32)). Over the z5 line the family {Ez5} is a rational elliptic
surface with singular �bers 2 I1 + 5 I2, Mordell�Weil rank 3 and Euler number 12. The j-invariant
varies with z5, the Picard�Fuchs operator in z5 has order two, and the curve is neither of complex-
multiplication type nor attached to a congruence subgroup. At the same time, Ez5 has a rational
2-torsion point, and j therefore factors through the Hauptmodul h of X0(2),

j =
(h+ 256)3

h2
. (155)
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On the line, however, the order-ε0 part of the rank-six block of sector 481 is reducible. Its asso-
ciated di�erential operator L(0)

481 in y factorizes into �rst-order operators with rational coe�cients,

L
(0)
481 =

( d

dy
− r6(y)

)( d

dy
− r5(y)

)
· · ·

( d

dy
− r1(y)

)
, (156)

and accordingly two of its six homogeneous solutions are rational functions of y and four are iterated
integrals of algebraic functions. The local exponents of the full ε-dependent block lie in Z+ Zε at
every singular point except the zeros of the two quadratics

Q1 = 225y2 + 5370y + 19801, Q2 = 900y2 − 12180y − 7751, (157)

where the exponent is −3/2 for every d. This block therefore has no ε-factorized form with rational
letters on the line, although one over the function �eld extended by

√
Q1 and

√
Q2 may exist [65,

118].

Result. We solve eq. (152) order by order in ε, from ε−3 to ε1 (the ε−4 coe�cients vanish
identically), by variation of parameters using the exact matrix A, block by block down the triangular
structure [105]. For 40 functions the diagonal block and every block entering the inhomogeneous
terms belong to the �rst class of Table 2, and these functions are MPLs on the line. Each of their
Laurent coe�cients has the form of eq. (5), with rational cj and with ϕj the GPLs of eq. (4) in
y whose indices are zeros of the 15 line letters. The �fteen functions of sectors 417, 421, 449, 453
and 482 belong to blocks of the second class of Table 2, and their Laurent coe�cients are instead
iterated integrals whose kernels involve, besides the line letters, two quadratic polynomials in y
with complex roots. The homogeneous solutions of sector 483 are three rational functions and two
algebraic functions of y built from the letters

3y − 5, 6y + 41, 18y2 + 93y + 67, 18y2 + 93y + 305, (158)

and those of sector 481 are the six solutions of eq. (156). Both sectors are then solved by variation
of parameters with the sources from the preceding blocks. Sectors 483 and 487, which contain sector
481 as a subsector, carry no new transcendental functions of their own, and sector 481 enters them
only through their source terms.

The matrix A(d, y), the symbolic expressions of the 79 functions at each order and the 79
boundary constants are too long to print. They are supplied, together with A(d, y) on the second
line (x, z) = (17/2, 7/4), as data �les with the evaluation code for this entry [106] (Appendix G).
Only the expressions for the six functions of sectors 421 and 453, which are much larger than the rest,
are omitted from these �les, and those six functions are evaluated instead by integrating eq. (152)
along the line from their values at the point y0 = 1/3. Appendix D gives the block content sector
by sector and the local data of sector 481.

Boundary data. The residue matrix of A at y = 0 has spectrum{
0×76, −1, −2 + ε, −2− ε

}
, (159)

with no resonances, and is semisimple. Every basis function therefore has a �nite limit as y → 0,
and these limits can serve as the 79 integration constants. We �x 39 of them directly at y → 0. Of
these, 23 are y → 0 limits of the planar GPL expressions of Ref. [75], taken from their ancillary �les
and continued to our line, and 11 are closed forms in Γ functions and hypergeometric values of the
family's vacuum and bubble integrals. A further 5 are de�ned by convergent integral representations.
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The remaining 40 constants, which include all those of the six sectors with algebraic letters and of
sector 481, are de�ned instead by the values of the corresponding functions at the reference point
y0 = 1/3 of the line, given by the written transport integral of eq. (161) in an auxiliary mass. We
searched for integer relations between them and the Γ-function and algebraic constants of the family
and found none at the heights that the available precision allows (Appendix D). That search used
the values of the constants at �xed ε. For the leading Laurent coe�cient, however, we �nd a closed
form: a rational number for 22 of the 40 and a combination of logarithms for two more. These two
are the constants of the sector-487 functions f75 and f78 in the basis of the data �les, with leading
coe�cients

c75 =
45 ln 2− 27 ln 3

2006
, c78 =

−189 ln 2 + 432 ln 3

10148
. (160)

To evaluate the 40 constants de�ned at y0 we give the propagators an auxiliary mass η at that
point, as in the auxiliary-mass-�ow method [95], and reduce the η-dependent family with Kira.
We then integrate the resulting exact rational system from large η, where the solution is �xed by
Γ-function vacuum integrals, down to η → 0,

∂f⃗(ε, η)

∂η
= B(ε, η) f⃗(ε, η), f⃗(ε, η) → f⃗vac(ε, η) (η → ∞), f⃗(ε, y0) = lim

η→0
f⃗(ε, η), (161)

with the limit taken on the branch prescribed in Ref. [95]. The 40 constants therefore depend
on the auxiliary-mass method through these reductions and this integration of eq. (161), although
no numerical output of the AMFlow program itself enters them. In particular, for sector 481 the
de�nition by eq. (161) is forced, since the regularity conditions at y → 0 place no constraint on its
integration constants.

Checks. We compared all 79 functions, in real and imaginary parts and at every order from ε−3

to ε1, with AMFlow [95] values at two points of the line used nowhere in the construction, y = 1/2
and y = 3/5. The weakest agreement over all functions and orders is 37 digits at a working precision
of 40. In addition, the dictionary that maps the 53 shared functions onto the planar masters of
Ref. [75] reproduces the values of their ancillary expressions at their benchmark point to 47�49
digits. Finally, the code of Appendix G integrates eq. (152) along the line by high-order Taylor
steps as in Ref. [78], starting from stored values of the 79 functions at y0 = 1/3 for 24 �xed values
of ε, and returns the Laurent coe�cients at a requested point of the line with 40-digit accuracy.
Higher accuracy requires regenerating the stored values from eq. (161), for which the code is also
supplied.

6 K3 and Calabi�Yau integrals

The banana graphs are the simplest Feynman integrals whose maximal cuts are periods of varieties
of dimension greater than one. In two dimensions the maximal cut of the L-loop banana, the two-
point function with L+ 1 massive lines joining two vertices, is a period of a Calabi�Yau variety of
dimension L− 1 [24, 28, 82, 27] (section 2.2). At the MUM point of its Picard�Fuchs operator the
Frobenius basis, with logarithms up to logL−1, takes the place of the pair of elliptic periods, and
ε-factorized di�erential equations built on it were derived for the equal-mass graphs [101, 100, 59].
Of the �ve entries in this section the two equal-mass bananas, Nos. 19 and 34, are known. The
new entries are the threshold coe�cients of two banana periods at mass con�gurations where the
monodromy around a threshold is not unipotent, Nos. 31 and 32, and a three-loop four-point integral
whose top sector couples to a K3 banana subsector, No. 21.
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Figure 19: The three-loop equal-mass banana, No. 19 of Table 1. Four propagators of mass m
(thick, red) join the two vertices, and a single momentum p �ows through the graph; t = p2/m2.
The maximal cut in d = 2 is a period of a K3 surface, the symmetric square of the sunrise elliptic
curve.

6.1 The three-loop equal-mass banana

The three-loop equal-mass banana, No. 19 of Table 1 and Figure 19, is the two-point function
with four propagators of equal mass in d = 2 − 2ε. Its maximal cut is a period of a K3 surface,
the symmetric square of the equal-mass sunrise curve, and the modular variable τ and the group
Γ1(6) are those of the sunrise [101, 28, 24]. The integral was brought to ε-factorized form with
meromorphic modular forms in [101], and its value in two dimensions has been analyzed in terms of
Bessel moments [24, 31, 16]. We recompute it here, taking one input from [101], the inhomogeneity
of the Picard�Fuchs equation. We add a two-term closed form for the �nite part of the top master,
with a single boundary constant, and continue it past the threshold.

De�nition. With m2 = 1, t = p2/m2, and line momenta k1, . . . , k4 constrained by
∑

i ki = p, the
top master is

m1(t; ε) = I1,1,1,1(d; t) =

∫ 3∏
l=1

ddkl
iπd/2

4∏
i=1

1

k2i −m2 + i0
,

k4 = p− k1 − k2 − k3 ,

d = 2− 2ε ,
(162)

in the convention of eq. (1), with no factor of eγEε removed. On the Euclidean axis t < 0 the four
propagators in position space give a one-dimensional representation, exact in d [24, 31],

m1(t; ε) = 23−3ε

∫ ∞

0
r1+2ε (ar)εJ−ε(ar)Kε(r)

4 dr , a =
√
−t . (163)

In particular m1(0; 0) = 8
∫∞
0 rK0(r)

4 dr = 7ζ3 [16, 24]. The closed form of eq. (169) holds on
the disk |t| < 4 around the MUM point t = 0, both on the Euclidean side and on the segment
0 < t < 4 below the pseudo-threshold. Written as a single Taylor series it converges up to the
threshold t = 16, and for t > 16 we continue it with the di�erential equation.

Function space. Because the K3 surface is the symmetric square of the sunrise curve, its holo-
morphic period is the square of the sunrise period,

ϖ0(t) =
(
ψsunrise
1 (t)

)2
=

∑
n≥0

Dn

( t

64

)n
, Dn = 1, 4, 28, 256, . . . , (164)

where the Dn are the Domb numbers (OEIS A002895). The Picard�Fuchs operator, of order three,
is the symmetric square of the sunrise operator and coincides with the operator of [101]; in the form
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given in [24] it reads

L3 = t2(t− 4)(t− 16) ∂3t + 6t (t2 − 15t+ 32) ∂2t + (7t2 − 68t+ 64) ∂t + (t− 4) ,

L3ϖ0 = 0 .
(165)

Its regular singular points t ∈ {0, 4, 16,∞} are the MUM point, the pseudo-threshold (2m)2, the
threshold (4m)2 and in�nity. At t = 0 the indicial equation is θ3 = 0, and the Frobenius basis is
{ϖ0, ϖ0 log t + σ1,

1
2ϖ0 log

2 t + σ1 log t + σ2} with σ1, σ2 rational power series. In the modular
variable the ε-factorized connection is built from six kernels on Γ1(6),

{ 1, f2a, f2b, f4a, f4b, f6 } , modular weights (0, 2, 2, 4, 4, 6) ,

f2a 2πidτ = d ln(t− 4) + d ln(t− 16) .
(166)

These are the weight-doubled images of the sunrise kernels, and the weight-two kernel f2a reproduces
the rational d log forms on the singular set [101, 37, 11].

Result. We normalize the top master by the K3 period, g1 = m1/ϖ0 on the maximal cut. The
four-master system then reduces to an ε-factorized form whose matrix does not depend on ε [93, 101],

m1[ε
0](t) = ϖ0(t) g1(t) , dg = ε Ã g , Ã = 2πiM(τ) dτ , (167)

M(τ) =


0 0 0 0
0 −f2a − f2b 1 0
0 f4b −f2a + 2f2b 1
f4a f6 f4b −f2a − f2b

 . (168)

SinceM is independent of ε, the εn coe�cient of the canonical top integral is a �nite sum of length-n
iterated integrals of these kernels with integer coe�cients, and the only transcendental constants
are the boundary values of g.

In the canonical basis of [101] the top integral appears with a factor ε3, as ε3(π2/ϖ0)m1, so
that order ε0 of m1 is built from iterated integrals of length at most three. At this order the general
solution contains four terms: the period, the two logarithmic solutions at the MUM point, and one
length-three iterated integral through which the leading coe�cient of the sub-banana (the graph
with one line contracted) enters the top sector. However, m1 is analytic at p2 = 0, because eq. (163)
at ε = 0 is a power series in t with Bessel moments as coe�cients. The two logarithmic solutions
therefore cannot appear, and the result is the two-term formula

m1[ε
0](t) = 7ζ3ϖ0(t)− Partreg(t) , Partreg(t) =

∑
n≥1

bn

( t

64

)n
, b1 = 24 . (169)

The full integral obeys L3m1 = −24 [24], and Partreg is the solution of L3f = 24 that vanishes at
t = 0; the sequences Dn and bn satisfy the same recurrence,

n3un = 2(2n− 1)(5n2 − 5n+ 2)un−1 − 64(n− 1)3un−2 ,

(D0, D1) = (1, 4) , (b0, b1) = (0, 24) .
(170)

We identi�ed the coe�cient of ϖ0 by an integer-relation �t, which also returns zero for the coe�-
cients of the two logarithmic solutions, as analyticity requires. Taken separately, the series for ϖ0

and Partreg converge only for |t| < 4, whereas the combined series
∑

n(7ζ3Dn−bn)(t/64)n converges
for |t| < 16, since m1 is analytic up to the threshold.
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Similarly, at the next order m1[ε
1](t) = α1ϖ0(t)+Part(1)(t), with Part(1) the regular particular

solution of the same recursion at order ε1. The one new constant is the ε1 coe�cient of eq. (163)
at t = 0,

α1 = m1[ε
1](0) = 16

∫ ∞

0
r ln rK0(r)

4 dr − 7ζ3 (2 ln 2 + γE) . (171)

The kernels f2a and f2b �rst enter at this order, f4b at ε2 and f6 at ε3. We have not found a closed
form for α1 in terms of zeta values, ln 2, γE and the L-values of the weight-three modular form
attached to the K3 surface.

Boundary data. The �rst of the three inputs that �x eq. (169) is the inhomogeneity of the top-
sector equation, which comes from the sub-banana; we take its leading coe�cient m0[ε

−3] = −1
from [101]. At that order the two remaining top-sector masters, which we denote m2 and m3, are
rational, m2[ε

−3] = −(4 + t) and m3[ε
−3] = −16+4t

3 . The second is the constant 7ζ3 = m1(0; 0),
Broadhurst's Bessel moment 8

∫∞
0 rK0(r)

4 dr [16, 24]. It should not be confused with the cusp
constant 4

3ζ3 of the canonical integral ε3(π2/ϖ0)m1 of [101], which is de�ned with a di�erent
prefactor. The third input is the analyticity of m1 at t = 0, which sets the two logarithmic
coe�cients to zero.

Checks. We compared eq. (169) with AMFlow [95] at 18 points in the disk |t| < 4, on both sides
of t = 0. They agree to at least 110 digits, and to 119 at t = −3, where

m1[ε
0](−3) = 7ζ3ϖ0(−3)− Partreg(−3) = 8.0002891 . . . , ϖ0(−3) = 0.85621843 . . . . (172)

Past the disk we transport the four-master system along a path in the upper half plane, t→ t+i0.
Between the pseudo-threshold and the threshold the continued function is real, and above t = 16
it is complex. It agrees with AMFlow at t = 5, 8, 12, 31/2 and at t = 18, 25, 40, 100, 200, imaginary
parts included, to at least 99 digits. For example,

m1[ε
0](18) = 16.0134447 . . .+ 6.20325251 . . . i . (173)

The order-ε1 form with α1 from eq. (171) and no �tted parameter agrees with AMFlow at the same
18 points to at least 109. Finally, eq. (163) expanded in ε at t = −8, outside the disk, reproduces
the AMFlow coe�cients through ε5 to 41 or more.

6.2 The four-loop equal-mass banana

The four-loop equal-mass banana, No. 34 of Table 1 and Figure 20, has �ve propagators of equal mass
in d = 2− 2ε. Its maximal cut is the holomorphic (3, 0)-period of the one-parameter Hulek�Verrill
family of Calabi�Yau threefolds, annihilated by the fourth-order operator AESZ 34 [14, 28, 82].
The analytic structure of the integral is described in [28, 27], an ε-factorized di�erential equation
is derived in [100], and the periods are evaluated as Bessel moments in [31]. We recompute the
integral, imposing the classical large-momentum limit of [27, 100] as a boundary condition, and give
all �ve master integrals through order ε0 as one log-Frobenius series at the MUM point with every
boundary constant in the ring of zeta values.

De�nition. With m2 = 1, line momenta k1, . . . , k4 and k5 = p− k1 − k2 − k3 − k4, the family is
that of eq. (1) with

Di = k2i −m2 + i0 (i = 1, . . . , 5) , d = 2− 2ε , z = − 1

p2
, mj = e4γEε Ij , (174)
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Figure 20: The four-loop equal-mass banana, No. 34 of Table 1. Five propagators of mass m
(thick, red) join the two vertices and one momentum p �ows through; z = −1/p2 with m2 = 1.
The maximal cut in d = 2 is the holomorphic period of the Hulek�Verrill family of Calabi�Yau
threefolds.

where Ij runs over the �ve master integrals of the reduction [81], namely the tadpole product m0,
the top integral m1 = e4γEεI1,1,1,1,1 and three further top-sector integrals m2,m3,m4. The results
hold on the Euclidean axis p2 < 0, that is z > 0. The Frobenius series converges near the MUM
point z = 0, and we reach any p2 < 0 by Taylor transport of the di�erential equation along the
Euclidean axis, which meets no singular point.

Function space. We assemble the ε-dependent connection of the �ve masters from the reduction
alone. We �nd that its denominator factorizes as p2(p2−1)(p2−9)(p2−25), the point p2 = 0 and the
thresholds (m)2, (3m)2 and (5m)2, with no spurious singularity. Eliminating m2,m3,m4 from its ε0

maximal-cut block, we obtain an order-four operator that is the AESZ 34 operator exactly [14, 88].
In θ = z d/dz,

L4 = θ4 + z (35θ4 + 70θ3 + 63θ2 + 28θ + 5)

+ z2(θ + 1)2(259θ2 + 518θ + 285) + 225 z3(θ + 1)2(θ + 2)2 ,
(175)

with the MUM point at z = 0, where the indicial equation is θ4 = 0, and the three thresholds at
z = −1,−1

9 ,−
1
25 . Its holomorphic solution at z = 0 is the Hulek�Verrill period [28, 82],

ϖ0(z) =
∑
n≥0

An(−z)n , An =
∑

k1+···+k5=n

( n!

k1! · · · k5!

)2
= 1, 5, 45, 545, 7885, . . . . (176)

Result. We set ℓ = log z and rescale the masters by powers of z, M̂ = (m0, z
−1m1, z m2,

z m3, z
2m4). The rescaled system θM̂ = C(z, ε) M̂ has polynomial numerators over the common

denominator 20(1+ z)(1+ 9z)(1+ 25z). It is regular at z = 0, and its residue matrix C0, acting on
the Laurent coe�cients ε−4, . . . , ε0 of the �ve masters taken together, is nilpotent of index eight.
All �ve masters through ε0 are therefore given by one log-Frobenius series,

M̂(z) =
∑
n≥0

zn
7∑
j=0

Fn,j ℓ
j , F0(ℓ) = eC0ℓ v . (177)

We generate the coe�cients Fn,j from C(z, ε) by an exact recursion over the integers once the
boundary vector v is �xed; the matrix C(z, ε) itself is supplied with the evaluation code of Ap-
pendix G.

63



PR
EL
IM
IN
AR
Y

For the top master alone, eqs. (175) and (177) at ε0 amount to an inhomogeneous fourth-order
equation with a MUM boundary condition. With s = p2 and I(0) the ε0 coe�cient of m1,

D I(0) = 5! ,

D = s2(s− 1)(s− 9)(s− 25) ∂4s + 2s(5s3 − 140s2 + 777s− 450) ∂3s

+ (25s3 − 518s2 + 1839s− 450) ∂2s + (3s− 5)(5s− 57) ∂s + (s− 5) ,

(178)

which is L4[(−s)I(0)] = −120 in the variable z, and at the MUM point

(−s) I(0) = −5ℓ4 + 80ζ3 ℓ+O(z) . (179)

The coe�cients of ℓ0, . . . , ℓ4 are thus (0, 80ζ3, 0, 0,−5), all in Q[ζ3], with no ζ2 or ζ4 in this
normalization.

Boundary data. The boundary vector v of eq. (177) collects, master by master, the coe�-
cients of ε−4, . . . , ε0 at n = 0. Its tadpole block follows from m0 = Γ(ε)4e4γEε and is vm0 =
(1, 0, 2ζ2,−4

3ζ3, 6ζ4), while the top master is �nite at d = 2 and has no free boundary constant,
vm1 = 0. For the remaining three masters

vm2 =
(
− 1, −2, −2− 2ζ2, −2− 4ζ2 +

4
3ζ3, −50− 4ζ2 +

104
3 ζ3 − 6ζ4

)
,

vm3 =
(
− 3

2 , −1, −3ζ2, −2ζ2 + 2ζ3, −60 + 52
3 ζ3 − 9ζ4

)
,

vm4 =
(
1, 3, 9

2 + 2ζ2,
21
4 + 6ζ2 − 4

3ζ3,
453
8 + 9ζ2 − 52ζ3 + 6ζ4

)
.

(180)

We obtain eq. (180) by imposing on the general solution the exact tadpole, the vanishing of vm1

in all �ve orders, and agreement of the n = 0 logarithmic tower with the large-momentum limit
of [27, 100]. That limit is an alternating sum of products of Γ functions over hard and soft regions.
Since the logarithms at n = 0 are generated by powers of C0 acting on v, these conditions become
a linear system of 50 equations for 25 unknowns, with rational coe�cients and right-hand sides in
the zeta ring. Its rank is 25, and eq. (180) is its unique solution in exact arithmetic.

Checks. At the two Euclidean points p2 = −2 and p2 = −7, neither used in the construction,
the top master at ε0 agrees to 116 digits with an independent Bessel-moment quadrature and to
67 with AMFlow [95], the latter limited by the precision of the AMFlow values. The worst of the 21
Laurent coe�cients of the �ve masters that were compared agrees with AMFlow to the same 67. For
the Bessel comparison we use the Euclidean position-space integral

I1,1,1,1,1
∣∣
ε0
(p2) = −16

∫ ∞

0
xJ0

(
x
√
−p2

)
K0(x)

5 dx , (181)

which is independent of the reduction and of AMFlow and can be evaluated at any Euclidean point.

6.3 Banana threshold coe�cients

Nos. 31 and 32 of Table 1 are constants with no kinematic dependence, namely connection coe�cients
of the holomorphic periods of two banana families at mass con�gurations where the local monodromy
at a threshold is no longer unipotent. When the heaviest mass of a banana graph equals the sum of
the others,

√
MN =

∑
i<N

√
Mi, the pseudo-threshold p2 = (

√
MN −

∑
i<N

√
Mi)

2 coincides with
p2 = 0, and the monodromy of the period around p2 = 0 acquires a part of �nite order [28, 101, 107].
The order is two for the three-loop con�guration (1, 1, 1, 9), whose maximal cut is a K3 period, and
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Figure 21: Banana graphs at a mass coalescence, one momentum p �owing through. (a) No. 31:
three lines of mass m (red) and one of mass 3m (blue), squared masses (1, 1, 1, 9). (b) No. 32: four
lines of mass m (red) and one of mass 4m (blue), squared masses (1, 1, 1, 1, 16). In both graphs the
heavy mass equals the sum of the light masses, and the pseudo-threshold, at which the heavy line
can decay into the light lines, is therefore at p2 = 0.

four for the four-loop con�guration (1, 1, 1, 1, 16), a Calabi�Yau threefold period. Continued to
p2 = 0, the holomorphic MUM-point period is a combination of the local solutions there, some of
fractional exponent. Its coe�cients on the fractional-exponent solutions are derived in closed form
in the companion paper [107] by applying a spectral projector onto the non-unipotent eigenspace
of the local monodromy to the Bessel representation of the period. Here we de�ne them, give the
closed form for No. 31, and recover them from the maximal-cut di�erential operator obtained from
the reduction of each family. We are not aware of a previous computation of these coe�cients.

De�nition. Both families are two-point functions of eq. (1) in d = 2 with one external momentum
p (Figure 21). No. 31 has four lines of squared masses (M1, . . . ,M4) = (1, 1, 1, 9) and No. 32 has �ve
lines of squared masses (M1, . . . ,M5) = (1, 1, 1, 1, 16); we write J31 and J32 for the top integrals,
with all indices equal to one. With z = −1/p2 the MUM point is z = 0. The holomorphic period
there, normalized to ϖ0(0) = 1, is [28, 82]

ϖ0(z) =
∑
n≥0

(−z)n
∑

k1+···+kN=n

( n!

k1! · · · kN !

)2
N∏
i=1

Mki
i =

{
1− 12z +O(z2) , (1, 1, 1, 9) ,

1− 20z +O(z2) , (1, 1, 1, 1, 16) .
(182)

We continue ϖ0 along the Euclidean axis z > 0 to the neighborhood of p2 = 0. There we decompose
it on a local basis made of a unipotent block, with integer exponents and logarithms, and of solutions
with fractional exponents,

ϖ0 =
∑
k

uk ϕk(p
2) +

{
c3/2Φ3/2(p

2) , (1, 1, 1, 9) ,

c5/4Φ5/4(p
2) + c7/4Φ7/4(p

2) , (1, 1, 1, 1, 16) ,
Φα(p

2) = (p2)α hα(p
2) .

(183)
The ϕk span the unipotent block, of rank three and four respectively, hα is a power series with
hα(0) ̸= 0, and the branch of (p2)α is arg p2 = −π as reached from the Euclidean axis. We
normalize hα and the ϕk as in [107]. The threshold coe�cients are the numbers cα of eq. (183);
they depend only on the mass con�guration, since the p2 dependence is carried by the functions ϕk
and Φα.

Function space. Reducing with Kira [81], we �nd at symbolic d seven master integrals (�ve in
the top sector) for the (1, 1, 1, 9) family and nine (seven in the top sector) for the (1, 1, 1, 1, 16)
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family. In both cases the di�erential operator of the maximal cut of the top integral at d = 2
has the order of the Picard�Fuchs operator of ϖ0, four and six respectively. We �nd that the two
operators agree up to a unit shift of the Euler operator,

Lcut
d=2(z, θz) = LPF(z, θz − 1) , so that Lcut

d=2

(
zϖ0

)
= 0 . (184)

The maximal cut is thus Π0 = zϖ0, and the local exponents at p2 = 0, including the fractional ones
of eq. (183), are properties of each Feynman family's own di�erential equation. The geometry of
the two families, a one-parameter family of K3 surfaces and one of Calabi�Yau threefolds, and the
degeneration at the coalescence are discussed in [107, 27, 57, 58].

The (1, 1, 1, 9) three-loop banana (No. 31)

Result. We write M0 for the local monodromy matrix of the rank-four system around p2 = 0.
The projector onto its eigenvalue −1 is a polynomial in M0,

P−1 = −1
8 (M0 − ⊮)3 , (185)

because (M0 − ⊮)3 annihilates the rank-three unipotent block and acts as −8 on Φ3/2. Applied
to the transported ϖ0 it isolates c3/2Φ3/2 algebraically, free of the logarithmic solutions that would
otherwise dominate a numerical �t. The coe�cient is an elementary number,

c3/2 = −
√
3

36π
= −0.0153146915 . . . . (186)

We identi�ed it by an integer-relation �t of height 36 [16]. The sign corresponds to the branch
arg p2 = −π and is reversed by the order-two monodromy, which makes |c3/2| the convention-
independent quantity. We note that 36 = (

∑
i

√
Mi)

2 is the normal threshold of the family and√
3 =

√
M4, and that no L-value or CM Γ-period of the K3 surface enters c3/2.

Boundary data. On the full family the top integral J31 is �nite at d = 2. Near the MUM point
its ε0 coe�cient J (0)

31 is a particular solution plus a combination of the Frobenius basis {Π0, . . . ,Π3}
of Lcut

d=2 at z = 0. We take Π0 = zϖ0, Π1 = Π0 log z+ . . . and Π2 =
1
2Π0 log

2 z+ . . . with correction
series free of z and z2 terms, and Π3 = z2(1+ . . . ). The particular solution is taken free of z, z log z,
z log2 z and z2 terms. Then

J
(0)
31 = J

(0)
31,part +

3∑
i=0

aiΠi ,

a0 = 19.2329104 . . . , a1 = 0, a2 = −13.1833474 . . . , a3 = −38.5332202 . . . ,

(187)

with the three nonzero coe�cients determined to 31 signi�cant �gures and |a1| < 10−31. We
obtained these coe�cients from AMFlow [95] values of J31, computed at two working precisions.

Checks. Auxiliary-mass �ow does not apply to a connection coe�cient, and the checks are of a
di�erent kind. Transport of ϖ0 in ball arithmetic determines c3/2 to 195 digits, and an independent
transport in ordinary multiple-precision arithmetic, which di�ers in the integration variable and
contour as well as in the series algorithm, agrees to 195. Moreover, the coe�cient recomputed from
the maximal-cut operator Lcut

d=2 of the family's own reduction, eq. (184), reproduces the �rst 47 digits

of eq. (186). On the full family the coe�cient of the (p2)3/2 branch in J (0)
31 at d = 2 is bounded

by 10−32 and no logarithm appears at p2 = 0. To this accuracy the non-unipotent monodromy is
therefore con�ned to the maximal cut.
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The (1, 1, 1, 1, 16) four-loop banana (No. 32)

Result. At four loops the non-unipotent part of the monodromy around p2 = 0 has order four.
Besides a rank-four unipotent block, the local system has the two exponents 5

4 and 7
4 of eq. (183),

with monodromy eigenvalues e2πiα = ±i. The same construction with the projector onto those
eigenvalues yields the conjugate pair c5/4, c7/4, the result of this entry. Both coe�cients lie in the
ring generated by the lemniscatic constant Γ(14) and π. Their closed forms and the derivation from
the Bessel representation of the period are given in [107] and are not reprinted; below we determine
the two coe�cients numerically and recover them from the reduction of the family. As in the sunrise
graph at the analogous mass con�guration [107], the lemniscatic period thus enters a banana family
as a local connection coe�cient of the holomorphic period at a degenerate threshold.

Boundary data. The top integral J32 is again �nite at d = 2. The Frobenius basis {Π0, . . . ,Π5}
of the order-six operator at z = 0 has Π0 = zϖ0, Π1,2,3 its logk z/k! partners, Π4 = z2(1 + . . . )
and Π5 = z2 log z + . . . , and the particular solution is taken free of z logk z for k ≤ 3, of z2 and of
z2 log z. Then

J
(0)
32 = J

(0)
32,part+

5∑
i=0

aiΠi ,
a0 = 53.3249506 . . . , a1 = 96.1645522 . . . , a2 = 0 ,

a3 = −66.5421293 . . . , a4 = −3210.34993 . . . , a5 = −1818.61697 . . . ,

(188)
with the nonzero coe�cients determined to 31 signi�cant �gures and |a2| < 10−31. These come from
an AMFlow [95] value of J32 at one point inside the disk of convergence, computed at two working
precisions.

Checks. In ball arithmetic we determine c5/4 and c7/4 to 197 digits, and two independent trans-
ports agree to 71. The coe�cients recomputed from the family's maximal-cut operator, eq. (184)
at order six, reproduce the �rst 45 digits of each. No auxiliary-mass-�ow computation exists at
this mass con�guration. On the maximal cut the transported period has no logarithms at p2 = 0:
its coe�cients on the logarithmic partners of the unipotent block are zero to within 10−89 in ball
arithmetic. On the full family the coe�cients of the 5

4 and 7
4 branches of J (0)

32 at d = 2 are bounded
by 10−23 with no logarithms, and here too the non-unipotent monodromy is con�ned to the maximal
cut to that accuracy.

6.4 The three-loop crossed light-by-light box

Entry No. 21 of Table 1, the three-loop crossed light-by-light box (LBL3X), is the four-point integral
of Figure 22. A closed loop of mass m runs around the four sides of a box, two massless lines join
opposite corners and cross, and four massless on-shell momenta enter at the corners. The graph is
the complete graph K4, and the crossing of the diagonals makes it nonplanar. Three-loop light-by-
light amplitudes with a massive fermion loop reduce onto this topology. The massless three-loop
amplitudes are known [17], and the two-loop amplitudes with a massive loop are polylogarithmic [1].
To our knowledge, the three-loop family with the massive loop has not been computed before. The
same graph is also one sector of a ten-propagator three-loop light-by-light family that we do not
compute here. Its top sector has thirty masters on the maximal cut, which is an elliptic curve
intrinsic to that topology.
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p1

p4

p2

p3

m

Figure 22: The three-loop crossed light-by-light box (LBL3X), No. 21 of Table 1. Thick (red) lines
are the four perimeter propagators D1, . . . , D4 of mass m; thin lines are the two massless diagonals
D5, D6, which cross without a vertex. The external momenta p1, . . . , p4 are massless and on shell,
with s = (p1 + p2)

2, t = (p2 + p3)
2 and u = (p1 + p3)

2 = −s− t.

De�nition. With qj the momentum of line j in Figure 22 (perimeter lines j ≤ 4, diagonals
j = 5, 6) and m2 = 1, the family is

LBL3X[ν1, . . . , ν6](s, t) =

∫ 3∏
l=1

ddkl
iπd/2

6∏
j=1

1

D
νj
j

, d = 4− 2ε ,

Dj = q2j −m2 (j ≤ 4) , Dj = q2j (j = 5, 6) ,

(189)

with +i0 propagators. No factor of eεγE is removed, and γE therefore appears in the expansion
coe�cients. The external momenta obey p2i = 0, with s = (p1 + p2)

2, t = (p2 + p3)
2 and u =

(p1 + p3)
2 = −s− t, and the crossing s↔ t acts on the family as (D1 ↔ D2)(D3 ↔ D4).

Reducing by integration by parts [81, 89] at �xed rational (s, t), we �nd thirty-nine master
integrals m0, . . . ,m38. Seventeen lie in subsectors, among them the three masters m13,m14,m15

of the sector with both diagonals contracted, and twenty-two in the top sector, m17, . . . ,m38. We
write the di�erential equations in a basis of forty-one integrals, the thirty-nine masters together
with two top-sector integrals that are linear combinations of the others, and refer to it as the forty-
one-element basis. The integral evaluated here is the top-sector master m18. Our result is the value
of its ε0 coe�cient m(0)

18 at s, t < 0, obtained by transporting the di�erential equation in m2 at �xed
(s, t). The evaluation code works on the curve 1/s + 1/t = −3/8, on which we quote the value at
one point and compare at a second, and we have also integrated to the six points (s, t) listed under
Checks. We give no evaluation of m18 o� this curve and these points.

Function space. The maximal cut of the top sector is rational, because the Gram polynomial of
the loop momenta factors into a hyperplane and a smooth quadric. On the cut the connection is in
d log form [76, 77] over the eight letters

Atop
LBL3X =

{
s, t, s+ t, s+ t+ 4, s+ t+ 16, s− 4, t− 4, 2s+ t

}
, (190)

and the leading singularities of two subsectors contain the square roots
√
s(s− 4) and

√
t(t− 4),

which rationalize. The letter 2s + t, with its crossing image s + 2t in the t-derivative, comes from
the numerators of the forty-one-element basis, which are not crossing symmetric. From this cut
alone one would expect m18 to evaluate to multiple polylogarithms [70, 54].

However, the family as a whole is not polylogarithmic. Contracting both diagonals leaves the
four massive perimeter lines joining two vertices, which is the three-loop equal-mass banana of
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No. 19 (section 6.1) at momentum squared P 2 = u. The maximal cut of that sector is a family of
K3 surfaces with singular �bers at u ∈ {0, 4, 16} [24, 101, 28]. No algebraic change of basis brings
the full connection to ε-factorized d log form, since at s = 0 its residue matrix has eigenvalues that
are roots of the irreducible cubic 11λ3 − 175λ2 − 326λ+ 760.

The K3 periods enter the top sector through the coupling of m18 to the banana master m13.
Partial-fractioning the s-derivative at d = 4 and t = −5, we �nd for that entry of the connection

As
[
m18→ m13

]∣∣∣
d=4, t=−5

=
9743

660 s
− 8

15u
+

21

u− 4
+

35

2(u− 4)2
− 87

22(u− 16)
, (191)

with the Picard�Fuchs letters {u, u − 4, u − 16} of the banana and a pole at s = 0. When the
equation is integrated in s at �xed t, that pole generates

∫ u
m13(u

′) du′/(u′+ t), and the K3 part of

m
(0)
18 therefore depends on s and t separately. This K3 part involves the crossing-symmetric iterated

integrals

I
(k)
st (s, t) =

∫ u

u0

mk(u
′)−mk(−t)
u′ + t

du′ + (s↔ t) , k ∈ {13, 14, 15} , (192)

together with single d log(u− 4) and d log(u− 16) iterations of the mk, and the term mk(u)/(u− 4)

that the double pole in eq. (191) produces on integration by parts. These functions enter m(0)
18

through the variation-of-parameters integral over the coupled top-sector block, in whichm13 appears
as an inhomogeneous term.

Moreover, the top-sector block carries a second local system, of rank nine, singular along a curve
P7(s, t) = 0 of degree seven. The polynomial P7 is neither among the letters (190) nor a function
of u alone. Transporting the di�erential equation in m2 at �xed (s, t) moves the dimensionless
point (s/m2, t/m2) along a ray through the origin. Restricted to that ray, the monodromy of the
second system, generated by loops around every component of its singular locus, acts irreducibly
and preserves a nondegenerate symmetric bilinear form of signature (5, 4). The system may underlie
a polarized variation of Hodge structure. If it does, the polarization is this bilinear form, and a
K3-type structure with Hodge numbers (1, 7, 1), whose polarization has signature (2, 7), is excluded.
We have not determined its Hodge type.

An exact constraint on m
(0)
18 itself follows from the m2 connection, in which the derivative of

m18 at m2 = 1 involves only two other masters,

Am2

[
m18→ mj

]∣∣∣
d=4,m2=1

= 2 δj,34 + 2 δj,35 , (193)

an entry independent of ε and of (s, t). Combined with Euler's relation for the homogeneous function
m18 of (s, t,m2), it gives

(s∂s + t∂t)m
(0)
18 (s, t) = −2∆(s, t) , ∆(s, t) ≡ m

(0)
34 (s, t) +m

(0)
35 (s, t) + 3ζ3 . (194)

Crossing relates the two masters on the right, m35(s, t) = m34(t, s), and numerically m(0)
34 (0, 0) =

m
(0)
35 (0, 0) = −3

2ζ3. Hence ∆ vanishes at the origin, and eq. (194) determines m(0)
18 from ∆ and the

boundary value m(0)
18 (0, 0) given under Boundary data, with no further constant.

Result. We integrate the m2 connection of the thirty-nine masters at �xed (s, t), order by order
in ε, from the limit m2 → ∞ to m2 = 1. In that limit every master reduces to the vacuum integrals
of eq. (199). The path runs in the complex m2 plane around the poles of the connection, and we
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continue the solution by matching Taylor expansions from one disk to the next. The pole part of
m18 does not depend on the kinematics,

m18(s, t) =
c18
ε

+m
(0)
18 (s, t) +O(ε) , c18 = 2ζ3 , (195)

where c18 is also the pole coe�cient of the tetrahedral vacuum integral V4N [29] to which m18

reduces as m2 → ∞.
On the curve 1/s+ 1/t = −3/8 we �nd at (s, t) = (−7,−56/13), where u = 147/13,

m
(0)
18

(
−7,−56

13

)
= −10.41519682 . . . (196)

in the normalization of eq. (189). The second point on the curve, used only for comparison with

an independent evaluation, is (s, t) = (−8,−4), where u = 12. Along the curve, m(0)
18 is an iterated

integral of �nite length, which we call its word form: a linear combination, with exact coe�cients,
of words in thirteen integration kernels on the curve, several of them modular forms pulled back
from the banana K3 [101]. The general solution of the top block branches at one further locus on

the curve. We �nd that the coe�cients of the branched words in m
(0)
18 vanish, and the physical

combination is single valued there. The kernels and the word list are long, and we supply them as
a data �le accompanying the code for this entry (Appendix G) [106]. Appendix F describes the
two-variable connection in the forty-one-element basis from which they are built.

We obtain the thirteen polylogarithmic subsector mastersm0, . . . ,m12 in closed form, as multiple
polylogarithms through order ε3. In terms of the invariant x on which each block depends, the
banana-type blocks among these polylogarithmic masters have the two-letter alphabet {x, x − 4}
and the triangle blocks the alphabet {x, x ± 1, x2 − 3x + 1}, whose quadratic letter has roots in
Q(

√
5). Their boundary constants lie in the ring of zeta values with denominators 6w+4 at weight

w. We identify most of them by integer-relation �ts and carry the rest numerically. The banana
master with both diagonals contracted, LBL3X[1, 1, 1, 1, 0, 0], has a pole part polynomial in u,

c−3 = 2 , c−2 =
23
3 − 6γE − u

3 ,

c−1 =
35
2 − 23γE + 9γ2E + π2

2 −
(
3
2 − γE

)
u+ u2

36 ,
(197)

where ck denotes its coe�cient of εk.
Besides the value of m(0)

18 on the curve, we can make two statements about its functional form.

The �rst concerns the alphabet (190): m(0)
18 is not a combination of multiple polylogarithms over

the letters of its maximal cut. This exclusion follows from four facts: �rst, the banana block of the
connection is an irreducible K3 system, coupled to m18 at ε0 by eq. (191). Second, the point u = 16

enters the equation for m(0)
18 only through the Picard�Fuchs equation of the period, since the residue

of the connection at u = 16 vanishes in the polylogarithmic part of the top block. Third, when we
�t ∆ in eq. (194) to weight-four polylogarithms over the admissible letters {s, t, u, s−4, t−4, u−4},
the residual is the iterated integral of the K3 period. Finally, on the curve 1/s+1/t = −3/8 the ε0

solution vector, continued around u = 16 and then around a zero of P7, does not return to itself,
and the change lies in the top block alone. These facts show that an iterated integral of the K3
period enters m(0)

18 with nonzero coe�cient. They say nothing about polylogarithmic alphabets in
other bases.

The second statement about the functional form of m(0)
18 concerns the di�erential system in the

forty-one-element basis before any ε-dependent change of basis, which we call the raw frame. We
order the integrals by the support of the ε0 part of the exact two-variable connection, which de�nes a
directed dependency graph among them. Its strongly connected components form a directed acyclic

70



PR
EL
IM
IN
AR
Y

graph of depth four, whose top component is a block f⃗ of twenty-four integrals (the twenty-two
top-sector masters and the two additional elements of the basis) coupled irreducibly at ε0:

df⃗ = B(s, t; ε) f⃗ +
(
lower components

)
, B rational in ε , B

∣∣
ε0

⊃ irreducible 23× 23 block .
(198)

In the raw frame the equations are thus a coupled Volterra system, whose evaluation needs the
fundamental matrix of that 23×23 block, and it becomes a Chen iterated integral of �nite length [41]
only after an ε-factorizing rotation of the block [76, 93]. We attempted that rotation by Moser�
Lee reduction [93]. All 529 entries of the block carry ε in the denominator, and the reduction
stalled at pole-order excess 5 without reaching an ε-form, which is not a proof that none exists.
Appendix F describes the exact connection data from which the dependency graph and its strongly
connected components can be recomputed. Of the entries of the two-variable connection, 40 remain
undetermined and are absent from those data.

Boundary data. The boundary values from which we integrate are known in closed form. As
m2 → ∞ at �xed (s, t), equivalently (s, t) → (0, 0), the thirty-nine masters reduce rationally to a
six-line vacuum family with three masters. With the measure of eq. (189) and m2 = 1 these are

T = −Γ
(
1− d

2

)3
, S =

22d−3 Γ(d2 − 1)2

Γ(d2)

√
π Γ(3− d) Γ(2− d

2) Γ(4−
3d
2 )

4 Γ(72 − d)
,

B =
2d+1

Γ(d2)

∫ ∞

0
x3−dKd/2−1(x)

4 dx ,

(199)

two products of Γ functions and one convergent Bessel moment [16]. The ε expansion of B lies in
the ring of zeta values through ε1 and is de�ned by the integral beyond that order. We express
every boundary value in terms of {T, S,B} by an integration-by-parts reduction exact in d.

The top master itself tends to the tetrahedral vacuum integral V4N of Ref. [29], with four massive
and two non-adjacent massless lines on K4. In the normalization of that reference,

V4N (ε) =
2 ζ3
ε

+
(
6 ζ3 − 14 ζ4 − 16U3,1

)
+ O(ε) , U3,1 =

∑
m>n>0

(−1)m+n

m3 n
, (200)

with U3,1 =
1
2ζ4 +

1
2ζ2 ln

2 2− 1
12 ln

4 2− 2Li4(
1
2), and in the normalization of eq. (189)

c18 = 2 ζ3 = 2.4041138 . . . ,

6 ζ3 − 14 ζ4 − 16U3,1 = −6.0541678 . . . ,

m
(0)
18 (0, 0) = V

(0)
4N − 6γEζ3 .

(201)

Similarly, the boundary values of the banana master m13 at its point of maximal unipotent
monodromy lie in the Q-span of {1, π2, ζ3}. The word form of m(0)

18 on the curve contains four
constants c7, . . . , c10, which we �rst �x numerically by the integration and then identify in the ring
of zeta values of weight at most three,

c7 = ζ3− 673
72 , c8 =

11203
1152 − π2

32 +
31
32ζ3 , c9 =

3587
144 −ζ3 , c10 = −19103

1152 − 3π2

32 + 67
32ζ3 . (202)

Ten of the boundary constants Rj of the individual kernel components at (s, t) → (0, 0) lie in the
same ring and are listed in eq. (229) of Appendix F. For those of the components coupled to the
banana block we have found no closed form.
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Checks. We compared our values with AMFlow [95] evaluations used nowhere in the construction.
At the six points (s, t) = (−25,−25), (−11,−2), (−14,−3), (−23,−10), (−25,−11) and (−19,−18)
the ε0 coe�cients of the top-sector masters m17, m34 and m35 agree with AMFlow to between 33
and 46 digits (Appendix A). Five of these points lie above the threshold u = 16m2 of the diagonal

channel, where the masters are complex, and there we compare real and imaginary parts. For m(0)
18

itself, the values at (s, t) = (−8,−4) and at (−7,−56/13) on the curve each agree with an AMFlow

evaluation at the same point to 72 digits, limited by the precision of those reference values.
Furthermore, the thirteen polylogarithmic subsector masters agree with AMFlow to at least 52

digits over ε−3, . . . , ε3 at a point not used in their �ts, and the pole coe�cients c−3, c−2, c−1 to at
least 113 at nineteen points on the line s = −3. The constants of eq. (202) agree to at least 38 digits
with reference values derived from an independent AMFlow computation of the subsector masters at
(s, t) = (−6,−24

5 ) on the curve.

7 Scope of the results

Each result holds on the kinematic domain stated in its entry and in Table 1, and for several new
entries that domain is a slice, a line, a set of path segments or one mass assignment. The function
classes of the results range from multiple polylogarithms to Calabi�Yau periods. Section 7.2 lists
closely related integrals that remain uncomputed.

7.1 Kinematic domains and function classes reached

The Sudakov form factor, the three double boxes, the C5 ladder and the pentagon are functions on
their whole Euclidean region. So are the sunrise family, the equal-mass kite, the gg → H functions,
the two equal-mass bananas and the light-by-light box with a sunrise insertion. For the boxes with
self-energy insertions we give dispersion integrals over closed-form densities and evaluate them only
at the Euclidean points listed in Table 1. The (1, 1, 2) sunrise, the equal-mass kite and the three-
loop banana are also continued above threshold, as are the unequal-mass kite and the equal-mass
ice-cream cone among the entries on restricted kinematics.

All entries on restricted kinematics are new. We evaluate the unequal-mass kite and the four-
mass kite with a massless rung at one mass assignment each, and reproduce independent values at
a second. The ice-cream cone results hold on a symmetric slice of the external virtualities, and the
sector-125 pair of gg → Zγ is given at one value of m2

Z/m
2
t , on the lines stated in its entry. Along

straight path segments in the six-scale space, the hexa-box masters are functions of the segment
parameter, and the nonplanar W -pair masters are given on one line outside the physical region.
We give the crossed light-by-light box as a transported value on one (s, t) curve and at the points
listed in its entry; the banana threshold coe�cients are period-level constants with no kinematic
dependence.

The polylogarithmic entries have rational or algebraic d log alphabets. For the hexa-box the
alphabet is known only along the path segments, where we give the masters as iterated integrals.
Most elliptic entries involve the Γ1(6) curve of the equal-mass sunrise, either directly or through a
sunrise subgraph, as in the equal-mass kite, the equal-mass cone and the light-by-light insertions.
This curve also appears in the three-loop banana, whose K3 surface is its symmetric square. In
the gg → Zγ family the solutions of the homogeneous block involve an Eichler integral on Γ0(4).
On non-modular curves, the unequal-mass sunrise integrals are Kronecker elliptic polylogarithms
at marked points, the gg → H functions are one-fold integrals over the holomorphic period, and
the unequal-mass kite and the generic-mass cone are written with the period pair by variation of
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parameters. One W -pair sector has a �berwise elliptic maximal cut. We give the four-loop banana
as a Frobenius solution at the point of maximal unipotent monodromy, and the threshold coe�cients
as connection data at singular points with non-unipotent monodromy. The di�erential equation of
the crossed light-by-light box couples its top block to polylogarithmic subsectors, to the K3 banana
and to a second rank-nine local system.

7.2 Integrals not computed here

Of the inequivalent placements of the two massive legs on the nonplanar hexa-box graph, we solve
the simplest in section 4.8. The placement with the massive legs adjacent carries in its alphabet
the two-mass threshold root r34 of the diboson-plus-jet amplitudes [3]. We have not solved its 154-
master family, although its three top-sector masters have been evaluated with AMFlow [95] through
ε0 at two Euclidean points. For the generic-mass hexa-box and double-pentagon families, with 219
and 190 masters, we have the lower bound of eq. (221) on the symbol space and a double-precision
value of one top-sector master at one point.

For the nonplanar W -pair masters (section 5.9) we do not yet know the dependence on the
kinematics away from the unphysical line, the continuation to the physical region or closed forms
for the forty boundary constants left as transport integrals. Boundary values for the masters of
sector 127, the seven-propagator parent of sector 125 in the gg → Zγ family, are taken only from
AMFlow. An external momentum enters sector 127 through a propagator, so its masters lack the
polynomial dependence on t that we use to determine the sector-125 pair. It remains to �nd a
boundary condition for sector 127 not taken from AMFlow and to obtain that pair at other values
of m2

Z/m
2
t . Giving the crossed light-by-light box as a function of (s, t) away from the curve of

section 6.4 requires the undetermined entries of the two-variable connection of its top block. With
an ε-form of that block, which the Moser�Lee reduction did not reach, the box would in addition
become an iterated integral of �nite length in both variables. A natural next step in the three-loop
light-by-light family is to compute the crossed box's ten-propagator parent graph, whose maximal
cut is an elliptic curve intrinsic to the topology. Among Calabi�Yau integrals we expect the unequal-
mass four-loop banana as a function of p2 to be the next case.

Several classes of known results lie outside the reach of the method [105]. For closed forms exact
in d, such as those for bubble chains and one-loop N -point functions [85, 46], we obtain only the
expansion in ε. Because the method proceeds order by order in the loop expansion, it does not
apply to all-order results at �nite coupling, such as the Basso�Dixon �shnet determinant [19, 55].
Moreover, maximal cuts of genus two or higher lead to Siegel modular forms, which do not belong
to the elliptic function spaces used here [61, 21], and near an irregular singular point of a di�erential
equation the solutions are not iterated integrals. Finally, we assume throughout that an alphabet
taken from a Landau analysis is complete with respect to second-type singularities. We have tested
this assumption for the hexa-box and W -pair families with the Euler-characteristic criterion of [42],
and for the W -pair family we found four letters missing from the Landau analysis (Appendix D).

8 Conclusions

We have presented thirty Feynman integrals, most with internal masses and several scales. They
span the three function classes encountered in precision collider calculations: multiple polyloga-
rithms, functions on elliptic curves, and periods of K3 surfaces and Calabi�Yau threefolds. Fifteen
reproduce results from the literature without using published values in any �t, and the other �fteen
are new on the kinematic domains stated in Table 1. All thirty satisfy the acceptance criterion
of eq. (7), the BootLoops standard. For each integral we give the de�nition, the function space,
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and the result in closed form, as a Picard�Fuchs operator with boundary data, or as a di�erential
equation with boundary data solved along a stated path. Reference values at rational points and a
standalone evaluation code accompany each result.

The construction of the results is the same in all three classes, and apart from the function class
the integrals di�er mainly in the arithmetic nature of their boundary constants. For the one- and
two-scale integrals the boundary data reduce to a few classical constants or a single new one. These
constants range from rational multiples of zeta values, for the massless polylogarithmic integrals
and the three-loop banana at ε0, to numbers that we can de�ne only by a convergent integral of
their own, for the ice-cream cones. For the cone constants we �nd no shorter classical expression
by integer-relation searches, as expected for periods at generic moduli [60, 107]. Between these
extremes lie a Clausen value for the box with a sunrise insertion, Catalan's constant in the vacuum
data of the unequal-mass kite, and values in the lemniscatic Γ(14) ring for the threshold coe�cients
of the four-loop banana. However, the boundary value of the unequal-mass kite on the negative s
axis is again a period that we could not reduce to classical constants. For the integrals with the
most scales the boundary data consist of many constants. We give each constant in closed form
where we found one and otherwise de�ne it by transporting analytic initial values with a di�erential
equation; for two of these integrals the values so de�ned are available only as high-precision decimal
strings. Several of the new results, including all of those with the most scales, hold on a restricted
domain, stated for each of them in Table 1 and discussed in section 7.

The method is documented in the companion paper [105], including the choice, for each integral,
between an ansatz �t and direct integration of the di�erential equation, and the part taken by the
language model that ran the computations. The elliptic and Calabi�Yau constructions we rely on
are derived in [107]. Several integrals closely related to those computed here remain open, and
section 7.2 lists them. The �rst of these is the hexa-box with the two massive legs adjacent, whose
alphabet contains the two-mass threshold of the diboson amplitudes and for which we have the
reduction and top-sector reference values. Two others are the nonplanar W -pair masters away from
the unphysical line on which we give them, in particular in the physical region, and the crossed
light-by-light box away from the curve on which we transport its di�erential equation. These
computations will be the subject of future work, and we expect the same combination of Landau
singularity analysis and direct integration of the di�erential equations to apply to them.

A Reference values

In this appendix we collect numerical values of the thirty integrals at �xed kinematic points, against
which an independent implementation can be tested, together with the comparisons quoted in
sections 4�6. Tables 3, 4 and 6 follow the order of Table 1. Each line gives the kinematic point
in the variables of the entry's De�nition display, the order in ε, the value of our result in the
normalization of that display, what we compared it with, and the number of digits to which the
two agree. Where the �compared with� column reads AMFlow, the comparison value is an auxiliary-
mass-�ow evaluation [95] of the same family at that point, used in no �t and in no boundary value.
In most cases the agreement is then limited by the precision of that evaluation. A line with a digit
count and an empty value cell refers to a comparison whose values we do not print here. A line
with a value and an empty digits cell gives our result at a �t point, marked as such, or at a point
where no comparison is quanti�ed. Trailing dots indicate that a printed value is truncated, and
further digits can be obtained with the evaluation codes of Appendix G [106]. For the sunrise family,
Table 5 also lists the �nite part J [1, 1, 1](0)(t) computed in ball arithmetic from the coordinate-space
representation eq. (68), and this determination uses neither the di�erential equation nor AMFlow.
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Table 3: Reference values and comparisons for the polylogarithmic entries of section 4, in the order of Table 1. The
columns give the entry number, the kinematic point in the variables of the entry's De�nition display, the order in ε
(the weight w for Nos. 1 and 7, the loop order L for No. 4), the value of our result in the normalization of that display,
what it was compared with, and the number of digits to which the two agree. AMFlow denotes an auxiliary-mass-�ow
evaluation [95] of the same family at that point, used in no �t. An empty comparison cell marks a value that entered
no comparison, and an empty last cell a comparison whose agreement is not quanti�ed here.

No. point order value compared with digits

6 s = −1 ε−4 to ε6 e2εγE I[1, 0, 1, 1, 1, 1, 1](−1): exact
ζ values, eq. (13) through ε3; the
ε6 coe�cient is −1235.936250 . . .

AMFlow ≥ 78

2 s = −1, t = − 2
5

(x = 2
5
)

ε−4 to ε0 J(j) of eq. (203) AMFlow ≥ 89

2 s = −1, t = − 3
4

(x = 3
4
)

ε−4 to ε0 J(j) of eq. (203) AMFlow ≥ 89

2 x = 2
5
, 3

4
ε−4 to ε0 closed form of [109],

independent
polylogarithm
implementation

≥ 142

4 x = 11
20

L = 3 f3 = −87.265091 . . ., eq. (27) two-variable
representation
through Φ(3)

80

4 x = 1
50

L = 3 f3 = −11.953531 . . . same 80

4 x = 7
25

L = 3 f3 = −60.574737 . . . same 80

4 x = 1
3
, 2

9
, 7

9
L = 1, 2, 3 closed form of

[114, 49]
≥ 461
(working
precision
462)

4 (X,Y ) = ( 2
3
, 3
4
) ε0 Φ(3)(X,Y ); every pole coe�cient

zero
AMFlow, nine-line
family

72

4 (X,Y ) = ( 421
1225

, 596
1225

),
( 424
225

, 109
225

)
Φ(3)(X,Y ) two independent

representations
≥ 60

5 (v1, . . . , v5) =
(−1,−2,−3,−4,−5)

ε−2 I5 = − 3
8

AMFlow 68

5 same ε−1 I5 = 0.1798058444 . . . AMFlow 68

5 same ε0 I5 = 0.2872248726 . . . AMFlow 68

5 same ε−2 to ε0 the more precise of
the two AMFlow runs

107

5 twelve further
Euclidean points

ε−2 to ε0 AMFlow 67

1 (u, v) = ( 16
3
, 10

3
) w = 4 g10 = 0.043932114 . . . AMFlow ≥ 86

1 (u, v) = (4, 4) w = 4 g10 = 0.053038629 . . . value quoted in [40]

1 (u, v) = ( 10
3
, 16

3
),

( 23
4
, 9
4
), ( 5

2
, 4)

w = 4 AMFlow ≥ 86

7 eight lines of �xed s,
four not used in the
�t; m2 = 1

w ≤ 2 eqs. (46)�(48), exact AMFlow 108

7 twenty points on
s = − 7

2
,−3,− 5

2
,− 3

2

w = 3;
w = 4

AMFlow 109�112;
109�111

7 (s, t) = (−4,−2),
m2 = 1

ε−4 to ε0 AMFlow ≥ 129

23 t = −1 ε0 TOPε0 = −0.27540984 . . . AMFlow 110

23 t = −2 ε0 TOPε0 = −0.26163647 . . . AMFlow 109
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Table 3: Reference values, polylogarithmic entries (continued).

No. point order value compared with digits

23 t = −3 ε0 TOPε0 = −0.24936351 . . . AMFlow 109

23 t = −4 ε0 TOPε0 = −0.23833892 . . . AMFlow 97

23 t = −5 ε0 TOPε0 = −0.22836711 . . . AMFlow 97

23 t = −6 ε0 TOPε0 = −0.21929335 . . . AMFlow 97

23 t = −8 ε0 TOPε0 = −0.20336554 . . . AMFlow 81

23 t = 0 ε0 TOP(0) = −0.2910157568 . . ., the
boundary value as a
one-dimensional Bessel integral

analytic vacuum
value at p2 = 0

49 (�fty
working
digits)

23 masses2 (1, 4, 9, 3, 0),
t = 0

ε0 TOP(0) = −0.2694310421 . . . analytic vacuum
value at p2 = 0

49 (�fty
working
digits)

23 masses2 (1, 4, 9, 3, 0),
t = −2, − 7

3

all orders,
22
masters

AMFlow 98

24 segment I, endpoint
t = 1

ε−4 three top-sector masters, eq. (66):
− 571

1079925
, 46591

8639400
, − 854177

8639400
, exact

24 segment I, second
point

ε−4 to ε0 �fteen top-sector coe�cients AMFlow ≥ 66

24 segment I, second
point

through
ε2

�ve subsector orbits AMFlow 31�40

24 segment I, second
point

ε1; ε2 top sector AMFlow 40; 35

24 segment III, endpoint
P3

d = 13
3
, 9

2
,

11
2

all 98 masters at
P3 = (−5,−7,−9,−2,−11, 1)

AMFlow ≥ 61

For No. 2, with J(s, t) of eq. (20) expanded as J =
∑

j≥−4 ε
jJ (j) at s = −1, the �ve coe�cients at

the two comparison points are

t = −2
5 : J (−4) = −10 ,

J (−3) = 0.09067914960371889733615165454791022771692 . . . ,

J (−2) = 64.04595960510805886174900575972947050167 . . . ,

J (−1) = 144.4970281128598286908858147869941258584 . . . ,

J (0) = 144.4685602580476639353903694670894283350 . . . ,

t = −3
4 : J (−4) = −5.333333333333333333333333333333333333333 . . . ,

J (−3) = 4.239086609271144330208002254253443054426 . . . ,

J (−2) = 31.33814886659520062442414284478247726645 . . . ,

J (−1) = 37.46122097596412058979186786637886567224 . . . ,

J (0) = −7.244798182559349287848013151756462832364 . . . .

(203)

The leading coe�cients are the exact values K(−4)/x = −4/x of eq. (21).
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Table 4: Reference values and comparisons for the elliptic entries of section 5, in the order of Table 1; columns as
in Table 3. For the sunrise family, E(k)(t) = J [1, 1, 1](k)(t)/ψ̂1(t) as in section 5.1, and the �nite parts J [1, 1, 1](0)

themselves are in Table 5. �Fit point� marks a value at a point used to determine coe�cients. Points with t + i0,
s+ i0 or x+ i0 lie above threshold and the comparison includes the imaginary parts.

No. point order value compared with digits

8 (1, 1, 1), t = −3 ε0 Table 5 AMFlow 140

8 (1, 1, 1), t = −9 ε0 Table 5 AMFlow 159

9 (1, 1, 2), t = −1 ε0 E(0) = −2.3471191 . . . �t point

9 (1, 1, 2), t = −5 ε0 E(0) = −3.2711938 . . . �t point

9 (1, 1, 2), t = −3, −7 ε0 Table 5 AMFlow 159

9 (1, 1, 2), t = 16, 20
(t+ i0)

ε0 AMFlow ≥ 71

10 (1, 2, 3), t = −3, −9 ε0 Table 5 AMFlow 159

11 (1, 1, 4), t = −3 ε0 Table 5 AMFlow 289

11 (1, 1, 4), t = −9, −11 ε0 Table 5 AMFlow 159

11 (1, 1, 4), t = −7 ε0 E(0) = −3.3260720 . . . AMFlow 160

11 (1, 1, 4), t = − 5
2

ε0 Table 5 AMFlow 159

9�11 (1, 1, 3), t = −3 ε0 E(0) = −2.7788109 . . ., the
per-puncture formula eq. (73) at a
�fth mass assignment

AMFlow 160

9�11 (1, 1, 3), t = −6 ε0 Table 5 AMFlow 159

12 (1, 1, 2), t = −5 ε1 E(1) = 12.166814 . . ., eq. (74) AMFlow 291

12 nine points, three per
mass assignment

ε1 AMFlow 288�308

13 t = −1 ε0 Ikite = −1.3317114 . . ., eq. (78) representation of [5]
(�t point)

∼ 180

13 t = −3 ε0 Ikite = −0.88550175 . . . AMFlow 160

13 t = −10 ε0 AMFlow 130

18 (s,M2) = (− 1
2
, 9
10
) ε0 G1 = −0.006031453047 . . .,

G2 = −0.04436252545 . . ., eq. (80)

18 (s,M2) = (− 7
4
, 3
5
) ε0 G1; G2 AMFlow values

rotated into the
canonical basis of
[96]

57; 48

14 (1, 1, 2), s = −4 ε0 I
(0)
kite = −0.66865601 . . ., eq. (94)

14 (1, 1, 2), s = − 5
2
, −3,

−15
ε0 AMFlow 125

14 (1, 1, 2), s = 16
(s+ i0)

all orders,
40
nonzero
compo-
nents

AMFlow 64

14 (1, 1, 3), s = − 5
3
, − 10

3
all orders,
14
masters

AMFlow 128

15 x = −2 ε0 AMFlow 134

15 x = −3 ε0 AMFlow 110

15 x = −1 ε0 T (−1) = 0.60984239 . . . two-dimensional
quadrature of
eq. (97)

284
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Table 4: Reference values, elliptic entries (continued).

No. point order value compared with digits

15 x = 12 (x+ i0) all orders,
14 compo-
nents

AMFlow 57

16 masses2 (1, 2, 3, 5),
x = −2

ε0 AMFlow 118

16 masses2 (1, 2, 3, 5),
x = −1

ε0 T (−1) = 0.13489705 . . . two-dimensional
quadrature of
eq. (97)

≥ 110

16 masses2 (1, 3, 2, 7),
x = −2

ε0 T (−2) = 0.10288957 . . . AMFlow ≥ 86

16 masses2 (1, 5
2
, 1
2
, 3),

x = −2
ε0 T (−2) = 0.27115618 . . . AMFlow 51 (sixty

working
digits)

17 x = −2 ε1 AMFlow 134

17 x = −1 ε1 f4,1(−1) = −0.67751873 . . . one-dimensional
transport integral
from x = −2,∫ −1

−2
R4 dx

′ =
0.0072214198 . . .

119

20 (s, t) = (− 1
4
,− 1

3
),

M = 7
25
, m2

t = 1
ε0; ε1 Ra = 0.55129454 . . .;

Ra = 0.90052626 . . . (no factor
eεγE )

AMFlow, all 22
masters, ε−2 to ε4

109

20 (s, t) = (− 1
5
,− 1

2
),

(− 1
10
,− 1

2
),

(− 1
20
,− 5

4
),

(− 9
40
,− 5

4
),

(− 3
20
,− 5

6
)

fourteen
masters

AMFlow ≥ 47

27 (s, t,m2) =
(− 7

3
,− 11

10
, 1)

ε−2; ε−1;
ε0

Ibox of eq. (130) AMFlow 52; 53; 46

27 (s, t,m2) =
(− 3

2
,− 9

5
, 1)

ε−2; ε−1;
ε0

eq. (204) AMFlow 52; 52; 45

27 (s, t,m2) =
(− 5

4
,− 12

5
, 1)

ε−2; ε−1;
ε0

eq. (205) AMFlow 52; 52; 45

27 sunrise insertion,
w = − 7

3
, −4

AMFlow 71; 69

28 (s, t,m2) =
(−1,− 1

3
, 1)

ε0 I = 0.52495777 . . . AMFlow 59

28 (s, t,m2) =
(− 1

2
,−1, 1)

ε0 I = 0.55006901 . . . AMFlow 59

29 (s, t,m2) =
(−1,− 1

3
, 1)

ε0 IKP; IK1 AMFlow 68; 68

29 (s, t,m2) =
(− 1

2
,−1, 1)

ε0 IKP = 0.12675212 . . .;
IK1 = −0.23637432 . . .

AMFlow 50; 50

33 (s, t,m2) =
(−1,− 1

3
, 1)

�xed
ε = 2−7

IVP of eq. (206) AMFlow 58

33 (s, t,m2) =
(−1,− 1

3
, 1)

�xed
ε = 2−6,
2−8, . . . ,
2−13

AMFlow 56�59

33 (s, t,m2) =
(−1,− 1

3
, 1)

ε−2; ε−1 c−2 = −0.04540615882 . . .;
c−1 = −0.01534480 . . .

pole coe�cients
extracted from the
AMFlow values

45; 39
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Table 4: Reference values, elliptic entries (continued).

No. point order value compared with digits

33 (s, t,m2) =
(−1,− 1

3
, 1)

ε0 c0 = −0.14660534 . . . extrapolation to
ε→ 0 of the �xed-ε
dispersive values

39

33 (s, t,m2) =
(−1,− 1

3
, 1)

ε1 c1 = 0.0397158224 . . .

33 (− 1
2
,−1, 1),

(− 3
2
,− 1

4
, 1),

(− 3
4
,− 1

2
, 1),

(− 1
4
,− 1

2
, 1)

�xed
ε = 2−6,
. . . , 2−13

AMFlow ≥ 37

35 line (x, z) = ( 17
2
, 5
3
),

y = 1
2
, 3

5

ε−3 to ε1,
all 79
functions

AMFlow ≥ 37
(forty
working
digits)

The values of Ibox (No. 27) at its second and third points in Table 4, where our dispersive repre-
sentation eq. (127) and AMFlow agree to the accuracy given there, are

(−3
2 ,−

9
5 , 1) : ε−2 : −0.75475405 . . . , ε−1 : −0.91371298 . . . , ε0 : −0.13338047 . . . (204)

(−5
4 ,−

12
5 , 1) : ε−2 : −0.76608418 . . . , ε−1 : −0.96830417 . . . , ε0 : −0.05036791 . . . (205)

in the measure of eq. (1) without the factor eLγEε. All three points lie below the cuts at s = 4m2

and t = 16m2 and the values are real. For No. 33 the �xed-ε value listed in Table 4 is

IVP

∣∣
ε=2−7(−1,−1

3 , 1) = −746.0449580903059722133921540492037419884 . . . . (206)

Table 5: The �nite part J [1, 1, 1](0)(t) of the sunrise integral of section 5.1, eq. (67) in d = 2 with no factor e2γEε,
from the coordinate-space representation J [1, 1, 1](0)(t) = −4

∫∞
0
r J0(

√
−t r)K0(m1r)K0(m2r)K0(m3r) dr evaluated

in ball arithmetic. Each value is enclosed to at least 103 digits and truncated here to forty �gures. The fourth column
indicates whether the point was used to determine coe�cients of the closed form (�t) or only for comparison. The
last column repeats from Table 4 the agreement of the closed form with AMFlow at the comparison points.

(m2
1,m

2
2,m

2
3) t J [1, 1, 1](0)(t) role digits

(1, 1, 1) −3 −2.058976697925491872418279969148844904995 . . . comparison 140

(1, 1, 1) −9 −1.697946461195426121941926194883505305703 . . . comparison 159

(1, 1, 2) − 1
2

−1.798157570767659926681502888104678862374 . . . �t

(1, 1, 2) −1 −1.766120078874611770098817442459191586722 . . . �t

(1, 1, 2) −2 −1.706678728845436215329563616943060744682 . . . �t

(1, 1, 2) −5 −1.557651229351457426731311771769945612570 . . . �t

(1, 1, 2) −3 −1.652616990806520655424150564273537185703 . . . comparison 159

(1, 1, 2) −7 −1.476584679023782856973196584499586861445 . . . comparison 159

(1, 2, 3) − 1
3

−1.243506262771417933387193245599882919058 . . . �t

(1, 2, 3) −1 −1.222999405866538014484513662682718992185 . . . �t

(1, 2, 3) −3 −1.166861129923008182967470991079174908746 . . . comparison 159

(1, 2, 3) −5 −1.117499381893597773066147567586307132147 . . . �t

(1, 2, 3) −7 −1.073624319028161941046716411279482557507 . . . �t

(1, 2, 3) −9 −1.034270487719838397538544632285308095890 . . . comparison 159

(1, 1, 4) − 1
2

−1.367358498588526055258498706505854763966 . . . �t
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Table 5: Sunrise �nite parts from the Bessel representation (continued).

(m2
1,m

2
2,m

2
3) t J [1, 1, 1](0)(t) role digits

(1, 1, 4) −1 −1.349147168117671049175430282381298431701 . . . �t

(1, 1, 4) − 5
2

−1.298417041347428472465588808239440386531 . . . comparison 159

(1, 1, 4) −3 −1.282679360193139967170265801918034297182 . . . comparison 289

(1, 1, 4) −7 −1.173612885903721499321535413304259348989 . . . comparison 160

(1, 1, 4) −9 −1.128038676179431861924871184562074727194 . . . comparison 159

(1, 1, 4) −11 −1.087064137816296680859645059334558943383 . . . comparison 159

(1, 1, 3) −3 −1.431084999013572201927873528803922517955 . . . comparison 160

(1, 1, 3) −6 −1.326823625357249315293622645103073273364 . . . comparison 159

Table 6: Reference values and comparisons for the K3 and Calabi�Yau entries of section 6, in the order of Table 1;
columns as in Table 3. For Nos. 31 and 32 no auxiliary-mass-�ow computation applies to a connection coe�cient,
and the comparisons are between independent determinations of the same number. The Bessel-moment quadrature
of No. 34 evaluates I11111|ε0 = −16

∫∞
0
xJ0(x

√
−p2)K0(x)

5 dx. For No. 21, u = −s− t and m2 = 1 throughout, and
the points marked �on the curve� satisfy 1/s+ 1/t = −3/8.

No. point order value compared with digits

19 t = −3 ε0 m1 = 8.0002891 . . ., eq. (169),
with ϖ0(−3) = 0.85621843 . . .

AMFlow 119

19 18 points, t = − 7
2
, −3

and t = 1
8
, 1

4
, . . . , 7

2

ε0 AMFlow ≥ 110

19 same 18 points ε1 AMFlow ≥ 109

19 t = 18 (t+ i0); the
same at t = 25, 40,
100, 200

ε0 m1 =
16.0134447 . . .+ 6.20325251 . . . i
at t = 18

AMFlow ≥ 99

19 t = 5, 8, 12, 31
2

(t+ i0)
ε0 real values AMFlow ≥ 99

19 t = −8 ε0 to ε5 Bessel moment eq. (163)
expanded in ε

AMFlow ≥ 41

34 p2 = −2; p2 = −7 ε0 m1 AMFlow 67; 67

34 p2 = −2; p2 = −7 ε−4 to ε0,
�ve
masters

worst of the 21 nonzero Laurent
coe�cients

AMFlow 67; 67

34 p2 = −2; p2 = −7 ε0 m1 Bessel-moment
quadrature

116; 116

31 masses2 (1, 1, 1, 9),
threshold branch at
p2 = 0

period c3/2 = −
√
3/(36π), eq. (207) ball-arithmetic

transport;
independent
transport

195; 195

31 same period c3/2 coe�cient from the
maximal-cut
operator of the
family

47

31 MUM point
z = −1/p2 = 0

ε0 a0 = 19.2329104 . . ., a1 = 0,
a2 = −13.1833474 . . .,
a3 = −38.5332202 . . ., eq. (187)

AMFlow value of J31,
second working
precision

31

32 masses2

(1, 1, 1, 1, 16),
threshold branches at
p2 = 0

period c5/4, c7/4, closed forms in [107] ball-arithmetic
transport; two
independent
transports

197; 71
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Table 6: Reference values, K3 and Calabi�Yau entries (continued).

No. point order value compared with digits

32 same period c5/4; c7/4 coe�cients from the
maximal-cut
operator of the
family

45; 45

32 MUM point z = 0 ε0 a0 = 53.3249506 . . .,
a1 = 96.1645522 . . ., a2 = 0,
a3 = −66.5421293 . . .,
a4 = −3210.34993 . . .,
a5 = −1818.61697 . . ., eq. (188)

AMFlow value of J32,
second working
precision

31

21 (s, t) = (−25,−25),
u = 50

ε0 m17, m34, m35 AMFlow 36

21 (s, t) = (−11,−2),
u = 13

ε0 same AMFlow 34

21 (s, t) = (−14,−3),
u = 17

ε0 same AMFlow 33

21 (s, t) = (−23,−10),
u = 33

ε0 same AMFlow 38

21 (s, t) = (−25,−11),
u = 36

ε0 same AMFlow 38

21 (s, t) = (−19,−18),
u = 37

ε0 same AMFlow 46

21 (s, t) = (−8,−4), on
the curve

ε0 m18 AMFlow 72

21 (s, t) = (−8,−4), on
the curve

ε−1 m18: 2ζ3 = 2.4041138 . . . exactly AMFlow 82

21 (s, t) = (−7,− 56
13
), on

the curve
ε0 m

(0)
18 = −10.41519682 . . . in the

normalization of eq. (189)
AMFlow 72

The threshold coe�cient of No. 31 to forty �gures is

c3/2 = −
√
3

36π
= −0.01531469153949422359753684717536026226103 . . . , (207)

on the branch arg p2 = −π of section 6.3.

B Word lists of the central-mass double box

In this appendix we list the weight-three and weight-four coe�cients of the central-mass double
box of section 4.6 (No. 7 of Table 1). For the massless planar double box (No. 2) all coe�cients
through order ε0 are given in the main text, eq. (21). We set m2 = 1 and use the pure function
g(ε) =

∑
w g

(w)εw with g(0) = 1, whose coe�cients at weights one and two are eqs. (47) and (48).
We write the coe�cients at weights three and four in the variables

x = −t, y = −s, ℓ = log(−s), σ =
s

1− s
, (208)

as combinations of the polylogarithms G(⃗a;x) of eq. (4) with letters ai ∈ {0,−1, s, σ} and G(⃗b; y)
with letters bi ∈ {0, 1,−1}. The four letters in x are the zeros of the alphabet letters t, 1− t, s+ t
and s + t − st of eq. (45), and the three letters in y are the zeros of s, s + 1 and 1 − s. Every
word ends in a nonzero letter, and powers of logarithms are kept as separate factors. In the result
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these factors are powers ℓk/k! of log(−s) alone, and t enters only through the words G(⃗a;x). The
weight-three coe�cient has 39 terms,

g(3) = 14G(0, 0, 1; y)− 6G(0, 1, 1; y) + 8G(0,−1,−1; y)− 6G(1, 0, 1; y)

− 8G(1, 0,−1; y)− 10 ℓG(0, 1; y) + 6 ℓG(1, 1; y) + 6 ℓ2

2! G(1; y)

− 8 ℓ3

3! − 8G(−1;x)G(0, 1; y) + 8G(−1;x)G(0,−1; y) + 8 ℓG(−1;x)G(1; y)

− 16 ℓ2

2! G(−1;x) + 8G(s;x)G(0, 1; y) + 4G(s;x)G(0,−1; y)

− 8 ℓG(s;x)G(1; y)− 8G(σ;x)G(0,−1; y) + 8G(σ;x)G(−1,−1; y)

+ 16 ℓG(0,−1;x)− 12G(0, σ;x)G(−1; y)− 32 ℓG(−1,−1;x)

+ 8G(−1, σ;x)G(−1; y) + 8 ℓG(s,−1;x)− 4G(s, σ;x)G(−1; y)

+ 8G(σ, σ;x)G(−1; y)− 8G(0, 0,−1;x) + 40G(0,−1,−1;x)− 12G(0, σ,−1;x)

+ 40G(−1, 0,−1;x)− 64G(−1,−1,−1;x) + 8G(−1, σ,−1;x)− 4G(s, σ,−1;x)

− 16G(σ, 0,−1;x) + 8G(σ,−1,−1;x) + 8G(σ, σ,−1;x)− 2 ζ2G(1; y) + 2 ζ2 ℓ

+ 4 ζ2G(−1;x)− 14
3 ζ3 (209)

with coe�cients in Q[ζ2, ζ3]. The weight-four coe�cient is the sum

g(4)(s, t) = g
(4)
t (s, t) + g(4)y (s) (210)

of a part g(4)t with 123 terms, each of which contains a word in x, and a remainder g(4)y that depends
on s alone. The �rst part is

g
(4)
t = −56G(−1;x)G(0, 0, 1; y) + 24G(−1;x)G(0, 1, 1; y)− 32G(−1;x)G(0,−1,−1; y)

+ 24G(−1;x)G(1, 0, 1; y) + 32G(−1;x)G(1, 0,−1; y) + 40 ℓG(−1;x)G(0, 1; y)

− 24 ℓG(−1;x)G(1, 1; y)− 24 ℓ2

2! G(−1;x)G(1; y) + 32 ℓ3

3! G(−1;x)

+ 36G(s;x)G(0, 0, 1; y) + 12G(s;x)G(0, 0,−1; y)− 24G(s;x)G(0, 1, 1; y)

− 16G(s;x)G(0,−1,−1; y)− 24G(s;x)G(1, 0, 1; y)− 24G(s;x)G(1, 0,−1; y)

− 28 ℓG(s;x)G(0, 1; y) + 24 ℓG(s;x)G(1, 1; y) + 20 ℓ2

2! G(s;x)G(1; y)

− 12G(σ;x)G(0, 0,−1; y) + 32G(σ;x)G(0,−1,−1; y) + 12G(σ;x)G(−1, 0,−1; y)

− 32G(σ;x)G(−1,−1,−1; y)− 16G(0,−1;x)G(0, 1; y) + 12G(0,−1;x)G(0,−1; y)

+ 16 ℓG(0,−1;x)G(1; y)− 28 ℓ2

2! G(0,−1;x) + 16G(0, s;x)G(0, 1; y)

+ 40G(0, s;x)G(0,−1; y)− 16 ℓG(0, s;x)G(1; y)− 48G(0, σ;x)G(0,−1; y)

+ 48G(0, σ;x)G(−1,−1; y) + 32G(−1,−1;x)G(0, 1; y)− 32G(−1,−1;x)G(0,−1; y)

− 32 ℓG(−1,−1;x)G(1; y) + 64 ℓ2

2! G(−1,−1;x)− 32G(−1, s;x)G(0, 1; y)

− 16G(−1, s;x)G(0,−1; y) + 32 ℓG(−1, s;x)G(1; y) + 32G(−1, σ;x)G(0,−1; y)

− 32G(−1, σ;x)G(−1,−1; y)− 8G(s,−1;x)G(0, 1; y) + 12G(s,−1;x)G(0,−1; y)

+ 8 ℓG(s,−1;x)G(1; y)− 20 ℓ2

2! G(s,−1;x) + 8G(s, s;x)G(0, 1; y)

+ 4G(s, s;x)G(0,−1; y)− 8 ℓG(s, s;x)G(1; y)− 16G(s, σ;x)G(0,−1; y)

+ 16G(s, σ;x)G(−1,−1; y)− 20G(σ, s;x)G(0,−1; y) + 32G(σ, σ;x)G(0,−1; y)

− 32G(σ, σ;x)G(−1,−1; y) + 20 ℓG(0, 0,−1;x)− 20G(0, 0, σ;x)G(−1; y)

− 64 ℓG(0,−1,−1;x) + 12G(0,−1, σ;x)G(−1; y) + 16 ℓG(0, s,−1;x)
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− 40G(0, s, σ;x)G(−1; y) + 48G(0, σ, σ;x)G(−1; y)− 64 ℓG(−1, 0,−1;x)

+ 48G(−1, 0, σ;x)G(−1; y) + 128 ℓG(−1,−1,−1;x)− 32G(−1,−1, σ;x)G(−1; y)

− 32 ℓG(−1, s,−1;x) + 16G(−1, s, σ;x)G(−1; y)− 32G(−1, σ, σ;x)G(−1; y)

+ 20 ℓG(s, 0,−1;x)− 24G(s, 0, σ;x)G(−1; y)− 32 ℓG(s,−1,−1;x)

+ 12G(s,−1, σ;x)G(−1; y) + 8 ℓG(s, s,−1;x)− 4G(s, s, σ;x)G(−1; y)

+ 16G(s, σ, σ;x)G(−1; y) + 12G(σ, 0, σ;x)G(−1; y) + 20G(σ, s, σ;x)G(−1; y)

− 32G(σ, σ, σ;x)G(−1; y) + 32G(0, 0,−1,−1;x)− 20G(0, 0, σ,−1;x)

+ 100G(0,−1, 0,−1;x)− 160G(0,−1,−1,−1;x) + 12G(0,−1, σ,−1;x)

+ 64G(0, s, 0,−1;x)− 40G(0, s, σ,−1;x)− 96G(0, σ, 0,−1;x)

+ 48G(0, σ,−1,−1;x) + 48G(0, σ, σ,−1;x) + 32G(−1, 0, 0,−1;x)

− 160G(−1, 0,−1,−1;x) + 48G(−1, 0, σ,−1;x)− 160G(−1,−1, 0,−1;x)

+ 256G(−1,−1,−1,−1;x)− 32G(−1,−1, σ,−1;x) + 16G(−1, s, σ,−1;x)

+ 64G(−1, σ, 0,−1;x)− 32G(−1, σ,−1,−1;x)− 32G(−1, σ, σ,−1;x)

+ 20G(s, 0, 0,−1;x)− 24G(s, 0, σ,−1;x) + 8G(s,−1, 0,−1;x)

+ 12G(s,−1, σ,−1;x)− 4G(s, s, σ,−1;x)− 32G(s, σ, 0,−1;x)

+ 16G(s, σ,−1,−1;x) + 16G(s, σ, σ,−1;x)− 36G(σ, 0, 0,−1;x)

+ 64G(σ, 0,−1,−1;x) + 12G(σ, 0, σ,−1;x) + 12G(σ,−1, 0,−1;x)

− 32G(σ,−1,−1,−1;x)− 40G(σ, s, 0,−1;x) + 20G(σ, s, σ,−1;x)

+ 64G(σ, σ, 0,−1;x)− 32G(σ, σ,−1,−1;x)− 32G(σ, σ, σ,−1;x)

+ 8 ζ2G(−1;x)G(1; y)− 8 ζ2 ℓG(−1;x)− 12 ζ2G(s;x)G(1; y)

− 6 ζ2G(σ;x)G(−1; y) + 6 ζ2G(0,−1;x)− 16 ζ2G(−1,−1;x) + 12 ζ2G(s,−1;x)

− 6 ζ2G(σ,−1;x) + 56
3 ζ3G(−1;x) (211)

and the remainder, with 29 terms, is

g(4)y = 38G(0, 0, 0, 1; y)− 34G(0, 0, 1, 1; y)− 28G(0, 1, 0, 1; y)− 8G(0, 1, 0,−1; y)

+ 18G(0, 1, 1, 1; y) + 12G(0,−1, 0,−1; y)− 32G(0,−1,−1,−1; y)

− 22G(1, 0, 0, 1; y)− 12G(1, 0, 0,−1; y) + 18G(1, 0, 1, 1; y)

+ 32G(1, 0,−1,−1; y) + 18G(1, 1, 0, 1; y) + 8G(1, 1, 0,−1; y)

− 30 ℓG(0, 0, 1; y) + 22 ℓG(0, 1, 1; y) + 16 ℓG(1, 0, 1; y)

− 18 ℓG(1, 1, 1; y) + 22 ℓ2

2! G(0, 1; y)− 10 ℓ2

2! G(1, 1; y)

− 14 ℓ3

3! G(1; y) + 16 ℓ4

4! − 12 ζ2G(0, 1; y)− 6 ζ2G(0,−1; y)

+ 14 ζ2G(1, 1; y) + 4 ζ2 ℓG(1; y)− 4 ζ2
ℓ2

2! − 4 ζ3G(1; y)

+ 28
3 ζ3 ℓ−

21
4 ζ4 . (212)

For s, t < 0 the words in x are real, and so are the words in y when −s < 1. When −s > 1 we
continue the words that contain the letter 1 past their branch point at y = 1, above or below the
real y axis, and for either choice the resulting imaginary parts cancel in g(3) and in g(4). At s = −1,
where the letter s + 1 vanishes, the words that begin with the letter 1 diverge while g(3) and g(4)

remain �nite and are obtained as limits. On that slice σ = −1
2 , and both reduce to polylogarithms in

x with letters {0,−1,−1
2} and constant coe�cients. The three lists, with exact rational coe�cients,

are also supplied as a data �le [106] (Appendix G).
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C Data for the elliptic entries

In this appendix we collect supplementary data for the ice-cream cone integrals, Nos. 15�17 of
Table 1, and for the gg → Zγ masters, No. 20.

C.1 The cone alphabet for generic masses

We keep the squared masses µi ≡ m2
i of eq. (95) symbolic, with µ1 = 1, on the slice p212 = p234 = x,

p256 = −1. The family then has nineteen master integrals, the 132 nonzero entries of its connection
matrix in x are rational functions of (d, x, µ2, µ3, µ4), and every denominator among them is a
product of letters from an alphabet of nine. Three do not depend on the masses, {x, 2x+1, 4x+1}.
Two are the threshold quartics of the scoop sunrise [1, 0, 1, 1] and of the sunrise [0, 1, 1, 1],

Qscoop(x;µ3, µ4) =
∏
±±

(
x− (1±√

µ3 ±
√
µ4)

2
)
,

Q14(x;µ2, µ3, µ4) =
∏
±±

(
x− (

√
µ2 ±

√
µ3 ±

√
µ4)

2
)
.

(213)

The sixth is the bubble locus Lbub(x;µ2, µ3, µ4), a quartic in x with polynomial coe�cients in the
masses. Its equal-mass limit

Lbub

∣∣
µi=1

= (x− 1)2 (x2 − 10x+ 5) (214)

is the letter x2 − 10x + 5 of No. 15, denoted Lbub there, times a square whose zero coincides with
the sunrise threshold x = 1. The seventh is the quadratic

Lr(x;µ2) = x2 − (µ22 − µ2 + 2)x+ µ2 , (215)

which depends on the bubble mass µ2 alone and degenerates to (x − 1)2 at equal masses. Hence
the zeros of Lr are singularities of the generic-mass cone with no equal-mass counterpart. The last
two letters, d− 1 and d+ 4x, occur only in the d-dependent denominators.

We have checked the completeness of this alphabet in exact arithmetic at 336 rational mass
points, chosen on the mass axes, on a mass diagonal and at generic tuples. At every point each
x-denominator of the 132 entries divides the product of the nine letters and therefore has no
factor outside the alphabet. We supply the 132 entries of the connection and the mass-dependent
coe�cients of Lbub as a data �le with the evaluation code of Nos. 15�17 (Appendix G) [106].

C.2 Resonant boundary constants of the generic-mass cone

For No. 16 the boundary values of the nineteen masters at x = −1 follow from their expansions
about u = 1/x = 0, as for No. 15. Four subsector masters with numerators have a resonant pair of
indicial exponents at u = 0. They are [1, 0, 1, 1,−1, 0, 0] and [1,−2, 1, 1] in the sector of the scoop
sunrise and [0, 1, 1, 1,−1, 0, 0] and [−2, 1, 1, 1] in the sector of the (m2,m3,m4) sunrise, numbered
7, 8, 13 and 14 among the nineteen masters. The resonance occurs at order u1 for masters 7 and 13
and at order u0 for masters 8 and 14, and the recursion leaves one coe�cient free in each. We write
y
(j)
(n,0) for the coe�cient of un without a logarithm in the expansion of master j. In this notation
the four free coe�cients at (µ1, µ2, µ3, µ4) = (1, 2, 3, 5) are, with g ≡ γE ,

y
(8)
(0,0) = 6g2 + 4g + 6g ln 15 + 3ζ2 +

5
2 ln

215− ln23− ln25 + 4 ln 15 + 2,

y
(14)
(0,0) = 12g2 + 4g + 12g ln 15 + 6ζ2 + 4 ln215− ln23− ln25 + 4 ln 15 + 2, (216)

y
(7)
(1,0) = 2 ln 3 ln 5, y

(13)
(1,0) = 2 ln 2 ln 3 + ln 2 ln 5 + 2 ln 3 ln 5,
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Table 7: Checks of the equal-mass ice-cream cone connection away from the slice p212 = p234, at
p256 = −1 and m2 = 1; points are (p212, p

2
34). On each line we integrate the stated connection from

AMFlow values of the nine masters at the �rst point to the second point. The last column gives the
smallest number of digits, over all masters and the orders in ε shown, to which the result agrees
with an independent AMFlow evaluation at the second point (lines 1�7) or with the on-slice values
(lines 8�9, six masters); on line 3 the comparison value has lower precision.

connection from to orders digits
1 (Ax, Ay) (−3,−4) (−3,−15/4) ε−2, . . . , ε1 64
2 (Ax, Ay) (−3,−4) (−5/2,−15/4) ε−2, . . . , ε1 64
3 (Ax, Ay) (−3,−4) (−15/4,−5/2) ε−2, . . . , ε1 48
4 Ay on p212 = −2 (−2,−3) (−2,−4) ε−2, . . . , ε0 57
5 Ay on p212 = −3 (−3,−4) (−3,−5) ε−2, . . . , ε0 57
6 Ay on p212 = −2 (−2,−3) (−2,−4) ε1 47
7 Ay on p212 = −3 (−3,−4) (−3,−5) ε1 47
8 Ay on p212 = −3 (−3,−4) (−3,−3) ε−2, . . . , ε1 47
9 Ay on p212 = −2 (−2,−3) (−2,−2) ε−2, . . . , ε1 48

all in the ring Q[γE , ln 2, ln 3, ln 5, ζ2].

C.3 Ice-cream cones away from the slice

Away from the slice p212 = p234 the equal-mass family has nine master integrals (seven on the slice),
because the two sunrise subgraphs, which coincide on the slice, become distinct and the second
one contributes two masters. With Kira [81] we obtain the connection matrices Ax and Ay in
(x, y) = (p212, p

2
34) at p

2
56 = −1, m2 = 1, as rational 9 × 9 matrices in (d, x, y). They satisfy the

integrability condition dA = A ∧A identically, and at �xed p212 = −3 or p212 = −2 the matrix Ay is
the connection in p234 that we use in lines 4�9 of Table 7.

Table 7 lists the checks. In each line we take the nine masters from AMFlow [95] at the �rst
point, integrate the connection to the second point, and compare there with an independent AMFlow
evaluation. At �xed p212 = −2 the real path meets the singular point p234 = −(2 +

√
3) of the letter

(p234 + 2)2 − 3, and we integrate along rectangles in the complex p234 plane below and above the
axis, with the same result on both sides. The path of line 3 to (−15/4,−5/2) crosses the diagonal
p212 = p234, where the connection is singular, on a detour in the complex plane.

The diagonal p212 = p234 is an apparent singularity of the nine-master system, with integer local
exponents and no logarithms. We obtain the values on the slice as the mean of the continued
solution over a circle of radius 1/16 about the diagonal point. Six of the nine masters coincide
on the diagonal with elements of the seven-master slice basis, and in lines 8 and 9 we compare
their values with the on-slice values from AMFlow and from the slice connection. For reference, at
(p212, p

2
34, p

2
56,m

2) = (−2,−3,−1, 1) the order-ε0 coe�cient of the top integral [1, 1, 1, 1] computed
with AMFlow is 0.541202970 . . . .

C.4 The gg → Zγ masters at �xed s

Reducing the sector-125 family at �xed s = −1/4, with M = 7/25 and m2
t = 1, we obtain the

fourteen master integrals of Table 8, normalized as in eq. (1). Only entries 8, 11 and 13 carry the
numerator D2 = (k1 − p1)

2. They are the three t-dependent masters M8, M11 and Rb of eq. (122),
where Rb enters as g32 = e2γEεRb, and entry 12 is Ra. The matrix At de�ned by ∂tI = At I on this
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Table 8: The fourteen master integrals Iν1···ν7 of the gg → Zγ sector-125 family at �xed s = −1/4,
with M = 7/25, m2

t = 1 and the propagators D1, . . . , D7 of eq. (114). Sectors are labeled by the
binary code of the positive indices; negative indices denote numerators. The last column gives the
symbol used for the entry in eq. (122), where Ra and Rb enter through g31 and g32. Only entries 8,
11 and 13, which contain the numerator D2 = (k1 − p1)

2, depend on t.
entry sector (ν1, ν2, ν3, ν4, ν5, ν6, ν7) in eq. (122)
0 40 (0, 0, 0, 1, 0, 1, 0)
1 44 (0, 0, 1, 1, 0, 1, 0)
2 44 (−1, 0, 1, 1, 0, 1, 0)
3 49 (1, 0, 0, 0, 1, 1, 0)
4 49 (1, 0, 0,−1, 1, 1, 0)
5 56 (0, 0, 0, 1, 1, 1, 0) K5

6 60 (0, 0, 1, 1, 1, 1, 0) K6

7 60 (−1, 0, 1, 1, 1, 1, 0) K7

8 60 (0,−1, 1, 1, 1, 1, 0) M8

9 108 (0, 0, 1, 1, 0, 1, 1)
10 121 (1, 0, 0, 1, 1, 1, 1)
11 121 (1,−1, 0, 1, 1, 1, 1) M11

12 125 (1, 0, 1, 1, 1, 1, 1) Ra
13 125 (1,−2, 1, 1, 1, 1, 1) Rb

basis has nonzero entries in rows 8, 11 and 13 alone. Row 8 reads

∂tM8 =
200M8 − 100K5 − 25K6 − 100K7

200 t− 53
, (217)

where K5, K6 and K7 are entries 5�7 of the table. The general solution of this equation is the
expression for M8 in eq. (122). The diagonal entries of rows 11 and 13 are ∂t logL1 and ∂t logD2q,
and the entry (13, 12), the coupling of Ra into Rb, is the lower-left entry of eq. (119) at s = −1/4.
We supply the remaining 23 entries of rows 11 and 13, rational functions of (ε, t), with the evaluation
code of No. 20 (Appendix G) [106].

D Nonplanar W -pair data on the line

For the nonplanarW -pair family, No. 35 of Table 1 (section 5.9), this appendix describes the diagonal
blocks of eq. (152) by sector, the alphabets, the local data of sector 481, the boundary constants
together with the integer-relation searches, and A(d, y) on the second line, (x, z) = (17/2, 7/4).
Unless the second line is speci�ed, every statement refers to the line of eq. (151).

D.1 Block content and alphabets

Table 9 lists the 36 diagonal blocks of A(d, y) by class. Twenty-one of the 79 functions have
identically vanishing derivative in eq. (152) and are constant on the line.

We generated candidate letters in (x, y, z) from the Landau singularities of the graph and its
contractions [74, 97] and from the Symanzik polynomials [63, 64], in both cases face by face over the
Newton polytopes. However, these face-by-face scans missed four of the 36 letters, among them the
pseudo-threshold x+y−z+1, and we identi�ed those four as loci on which the Euler characteristic
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class blocks sectors and functions letters and local behavior

ε-factorized,
rational d log
letters, eq. (153)

29 all sectors other than the
seven below; 52 functions,
among them the 40 MPLs (34
coupled through their
sources, 12 of these in one
tower, six decoupled) and the
four functions of the top
sector 487 in the basis with
FC [1, 1, 1,−1,−1, 1, 1, 1, 1]

the 15 line letters, 13 rational in y and
the pair r±; for sector 487 the letters
18y2 + 93y + 50 and 18y2 + 93y + 203
(on the second line 16y2 + 80y + 49
and 16y2 + 80y + 185), regular at
y = ∞

algebraic letters,
no rational
rotation to
eq. (153)

6 417 (three functions), 421 and
453 (f33–f35 and f48–f50),
449, 482, 483; fifteen
functions in the five sectors
other than 483

two quadratic polynomials in y with
complex roots (sectors 417, 421, 449,
453, 482); for sector 483 the letters
3y − 5, 6y + 41, 18y2 + 93y + 67 and
18y2 + 93y + 305; blocks of 417, 449
not Moser-reducible by a rational
transformation, those of 421, 453, 482,
483 obstructed in the ε0 part

elliptic maximal
cut, eq. (154)

1 481 = [1, 0, 0, 0, 0, 1, 1, 1, 1],
six functions f54–f59

ε0 block factorized as in eq. (156);
local exponents in Z+ Zε except −3/2
at the zeros of Q1 and Q2 of eq. (157)

Table 9: The 36 diagonal blocks of the exact di�erential equation (152) for the 79 basis functions
f1, . . . , f79 of the nonplanar W -pair family (No. 35) on the line (151), by class. The third column
names the sectors, whose labels are de�ned below eq. (149), and some of the functions fi they
contain, with indices referring to the basis of the data �les. The 27 functions of the last two classes,
and every function whose source terms involve them, lie outside the MPLs. Sectors 483 and 487
contain sector 481 as a subsector, which enters their blocks only through the source terms.

of the hypersurface complement drops [63]. On a line of constant x and z the 11 letters independent
of y drop out of eq. (152). No integrability condition in (x, y, z) can therefore be tested on such
lines. The 15 line letters arise from the (x, y, z) alphabet by restriction, and both alphabets are in
the data �les described below.

D.2 Local data of sector 481

The family of curves Ez5 of eq. (154) has seven singular �bers over the z5 line, of Kodaira types
2 I1 + 5 I2. The point (y, z) = (0, 1) used as the boundary point in Ref. [75] is not a degeneration
point of Ez5 , which degenerates instead as z → 0. Because the ε0 block factorizes completely
into the �rst-order operators of eq. (156), its six solutions are d'Alembertian, two rational in y
and four iterated integrals of algebraic functions. We �nd the same factorization along the ray
(s, t,m2

W ) = λ (−17/2,−1/3,−5/3)m2
t , which meets the line at y0 = 1/3 for λ = 1, and along the

ray λ (67/8,−25/9, 13/60)m2
t . On the line and on the �rst ray the full ε-dependent block is regular

singular at every singular point, and at generic �xed d we bring it to Fuchsian form by an exact
rational gauge transformation. The exponent −3/2 at the zeros of Q1 and Q2 of eq. (157) recurs
along the �rst ray at the zeros of

46225λ2 + 35190λ+ 5049 and 1600λ2 − 18360λ+ 5049. (218)

As the homogeneous basis for the variation of parameters we use the two rational solutions, two
Lefschetz-thimble integrals of the maximal cut (154), and two further solutions �xed by numerical
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number how the constant is fixed remarks

23 y → 0 limit of the planar GPL expression of Ref. [75],
taken from their ancillary files and continued to the
line

the function is among the 53
shared with the planar branches

11 closed form in the Γ-function and hypergeometric
values of the vacuum integrals of the family

5 convergent integral representation
40 value of the function at y0 = 1/3 from the

auxiliary-mass transport of eq. (161), stored at the 24
values ε = 1/q with q prime from 1013 to 10037; no
closed form known

includes all functions of sectors
417, 421, 449, 453, 481, 482 and
483; leading Laurent coefficient
rational for 22, logarithmic for 2
(f75, f78), neither for 16

Table 10: The 79 boundary constants of the nonplanar W -pair family (No. 35) on the line (151), by
the way they are �xed. The residue matrix of eq. (152) at y = 0 is semisimple with no resonance, so
that every function has a �nite y → 0 limit. The �rst three classes give that limit directly, and the
fourth gives the value at the reference point y0, to which the limit is related by integrating eq. (152)
along the line.

initial conditions at y0.

D.3 Boundary constants

Table 10 lists the boundary constants by class. The basis is normalized such that the square of the
one-loop tadpole with the top-quark mass equals Γ(ε− 1)2. The 36 functions that are complex on
the line are given on the branch u → u + i0, as determined from the u-channel functions f19 and
f20. Of the 40 constants of the last class, 23 have imaginary parts, of relative size between 7× 10−7

and order one. The other seventeen are real to working precision. For the constants of f42 and f69
we also have Mellin�Barnes representations, which we did not use to �x their values.

For the 40 constants without closed form we searched for integer relations of the form of eq. (6) at
ε = 1/1013, where they are known to 128�141 digits, treating real and imaginary parts separately,
and found none. For the 16 constants whose leading Laurent coe�cient is neither rational nor
logarithmic, the candidate set has twelve elements, the family's Γ-function vacuum products and
algebraic letter constants. We exclude relations over this full set with coe�cients below 104, and
the remaining precision margin of 12�25 digits is too small to test larger coe�cients. Within the
subsets of six algebraic and of �ve Γ-function constants we exclude coe�cients below 106. For all 40
constants we exclude relations with coe�cients below 104 to the eleven closed-form constants and
below 106 within three eight-element sets assembled by block, with the same precision margin. The
�rst set consists of the square roots of the algebraic letters' radicands and of the constants 67 and
305 of the sector-483 letters. The second set contains these two roots and the �ve vacuum products.
For the polylogarithmic functions, the third set contains the vacuum products, the massless double
bubble and the massive�massless bubble at the same ε.

D.4 The second line and the data �les

On the second line, (x, z) = (17/2, 7/4), we obtained A(d, y) by rational reconstruction from 89 of
91 reductions and found the same 79 functions and 1240 nonzero entries. Twenty of these entries, all
in the equations of f75, . . . , f78, require on either line a second �t, in which we set each denominator
to the least common multiple of those already found for the same function. At d = 7/3, outside the
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27 values of d used in the reconstruction, all 1240 entries agree as exact rational numbers with the
reductions at the two points left out of the �t, y = 296/101 and y = 306/103. The 29 blocks that
admit the form of eq. (153) are the same on both lines, as are the six sectors whose blocks do not.
For the 28 blocks other than that of the top sector, the ε-factorized forms on the two lines are related
by constant rotations once the 36 letters are restricted to each line. In 23 of these cases the residue
matrices MB,i are identical. At one point o� both lines, (x, y, z) = (8, 1/3, 3/2), we compared these
28 blocks of the exact reduction with the residue matrices of the �rst line, continuing each rotation
TB o� the line letter by letter. The 15 blocks whose TB is a product of letters agree exactly, 12 of
them with TB unchanged, whereas the rotations of the other 13 blocks do not continue o� the line
in this way.

The data �les of this entry (Appendix G) [106] contain A(d, y) on both lines in exact form,
together with the rotations TB and residue matrices MB,i of the 29 ε-factorized blocks and the two
alphabets. They include the symbolic expressions of the functions on the �rst line at orders ε−3

to ε1, their values at y0 for the 24 �xed values of ε, and the y → 0 limits taken from the ancillary
�les of Ref. [75]. Moreover, they contain the auxiliary-mass systems B(ε, η) of eq. (161) with their
Γ-function boundary tables, from which the 40 constants �xed at y0 can be recomputed at any
precision. The expressions for the six functions of sectors 421 and 453 are much larger than the rest
and are not included. These six functions are evaluated by integrating eq. (152) along the line from
the stored values at y0.

E Five-point alphabet and symbol-space bound

This appendix supplements section 4.8 with the generic-mass sub-alphabet, its symbol-space counts
and the layered forms of the hexa-box.

E.1 The sub-alphabet of the generic-mass families

We take the candidate letters of each family from the principal A-determinant of its Lee�Pomeransky
polynomial G = U + F [94, 97, 63]. Every irreducible kinematic factor of the discriminant of G
restricted to a face of its Newton polytope is a candidate letter. On the faces of codimension four and
higher we �nd 22 distinct letters for the hexa-box of Figure 9(a) and 25 for the double-pentagon (b).
A partial scan at codimension three raises these counts to 27 and 32, and the top-sector faces
are beyond our computation. Restricting to the seven physical invariants s12, s23, s34, s45, s15 and
M3,4 = p23,4, we retain a multiplicatively independent set of twenty letters common to the two
families, nineteen of them parity-even,{

s12, s23, s34, s45, s15, M3, M4, s34 − (
√
M3 +

√
M4)

2, s34 − (
√
M3 −

√
M4)

2,

s45 −M4, s23 −M3, s34 − s12, s34 − s15, M4 + s12 − s34 − s45,

M3 + s15 − s34 − s23, M3 +M4 + s12 − s34 − s45, M3 +M4 + s15 − s34 − s23,

s23 + s34 + s45 −M3 −M4, s12 + s15 − s34
}
,

(219)

and one parity-odd letter built from ∆5 of eq. (61). The pair s34−(
√
M3±

√
M4)

2, with product r234,
corresponds to the two-mass threshold, and the last eight letters vanish on singular hypersurfaces
of the di�erential equations of the 219- and 190-master systems. The only residual symmetry of the
kinematics is the re�ection

σ : s12 ↔ s15, s23 ↔ s45, s34 �xed, M3 ↔M4, (220)

which maps the alphabet to itself and splits each symbol space by σ-parity.
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channel of the �rst entry s12 s15 s23 s45 s34

weight 3 1 1 4 4 10
weight 4 1 1 5 5 15

Table 11: Dimension of the space of integrable symbols of weight three and four with �rst entry
in a given two-particle channel, within the sub-alphabet (219) and subject to conditions 1�4 of
Appendix E. This is the space available to a master integral of the generic-mass hexa-box or double-
pentagon family whose leading discontinuity lies in that channel. Columns related by the re�ection
σ of eq. (220) are equal; s34 is the two-mass threshold channel.

E.2 Symbol-space dimensions

We count integrable symbols of weight w ≤ 4 in the twenty-letter sub-alphabet subject to four
conditions, as in the pentagon-function bootstrap [43, 50].

1. The �rst entry is one of the 9 thresholds: the �ve sij , s34 − (
√
M3 ±

√
M4)

2, s45 −M4 and
s23 −M3.

2. The last entry is one of 15 letters: the �rst-entry set, the two masses and the channel letters
shifted by a threshold.

3. Letters with branch cuts in overlapping channels never occupy adjacent entries, at any
depth [111, 39]. Cluster adjacency [53] forbids no further pair here. These two rules allow 83 of
the 361 ordered pairs of parity-even letters.

4. Integrability [71, 54] is imposed on every pair of adjacent entries by exact linear algebra modulo
the primes 231 − 1 and 1000003 at 6�12 rational kinematic points, with ranks independent of
the prime and the points.

These conditions reduce the 194 = 130321 words of weight four in the parity-even letters to 120 and
give

K = [ 9, 28, 62, 120 ] for w = 1, 2, 3, 4, (221)

split by σ as (even, odd) = (6, 3), (18, 10), (36, 26), (69, 51). Since the alphabet (219) is incomplete,
the Kw bound the symbol spaces of the two families from below, and a more permissive last-entry
set could only raise them.

A master whose leading discontinuity is in one channel has its weight-three and weight-four
symbols in smaller spaces, whose dimensions are given in Table 11. In particular, the s34 subspace is
σ-even, and its dimensions at weights one to four are the triangular numbers 3, 6, 10, 15. Products of
zeta values with functions of lower weight, such as ζ2 log or ζ2 Li2, are �xed by the lower components
of the coproduct, and the only constant beyond the symbol at each weight is

w = 2 : ζ2 =
π2

6 , w = 3 : ζ3, w = 4 : ζ4 =
π4

90 , (222)

all σ-even. The weight-w coe�cient of a master of either family is then

F (w) =
∑

i1,...,iw

c i1···iw
[
ai1⊗ · · · ⊗ aiw

]
+

(
terms in the tower of ζ2, ζ3, ζ4

)
, (223)

where the ai are the 20 letters, the sum may be restricted to a basis of the space counted in (221)
or in Table 11, and the c are rational. We have not determined the c or the accompanying rational
multiples of the constants (222) for any master; a few numerical values of each master would �x
them.
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E.3 Layered forms and boundary constants of the hexa-box

On segment I of eq. (60) the connection of the 98 masters of No. 24, A =
∑

m ε
mA(m)(t), has 8160

nonzero kernels A(m)
ij (t), all rational functions of t over Q. Nine of them, in the row of the third

top-sector master, are expansion coe�cients of entries of A(t, ε) with ε-dependent denominators,
and their degree in t grows with m. We solve eq. (63) block by block and order by order. For a

diagonal block b, with M(t) a fundamental matrix of M ′ = A
(0)
bb M , the order-k solution in that

block is

yk(t) =M(t)
[
Ck +

∫ t

0
M−1(t′)Sk(t

′) dt′
]
, (224)

where Sk collects the m ≥ 1 and lower-sector terms of eq. (63) and Ck is a vector of boundary
constants. In the top block, M contains

√
Q4 of eq. (62). We expand the ε−3 coe�cients fully in

the class (64) and keep the ε−2 to ε0 coe�cients in the nested form (224) with exact kernels. We
take the contour of eq. (224) from t = 0 to t = 1 above �ve points,

t∗ ∈ {0.12625 . . . , 0.34589 . . . , 0.36598 . . . , 2
5 ,

1
2}, (225)

at which some kernels have poles. These poles are apparent singularities, since the masters have no
monodromy around them and a contour below all �ve gives the same values.

The layered top-sector expressions contain 447 boundary constants C. We de�ne them by the
auxiliary-mass method of Ref. [95], implemented independently of AMFlow. With an auxiliary mass
η in the propagators the masters reduce at large η to vacuum integrals given by Γ functions, and
at the boundary point of segment I we transport them in η to η = 0. Regularity of the solution at
the points (225) gives residue conditions of rank 39 on the C that �x ten of them independently of
the auxiliary-mass computation. Finally, the exact kernels and the decimal strings of the constants
are supplied as data �les with the evaluation code of No. 24 (Appendix G) [106], which includes the
transport in η that regenerates the constants.

F Crossed light-by-light box data

In this appendix we collect supporting material for the crossed light-by-light box, No. 21 of Table 1
(section 6.4). It comprises the two-variable connection in the forty-one-element basis, the depth of
the di�erential system in the raw frame, the kernels of the word form, and the boundary constants
of the kernel components. We write f0, . . . , f40 for the basis, with f0, . . . , f38 the thirty-nine masters
(m0, . . . ,m38 in section 6.4), and As, At for the 41× 41 connection matrices in s and t at m2 = 1.
The two additional elements f39, f40 reduce to the masters by relations independent of d and m2,

f39 = − f18 , f40 = f20 − f19 + 2 f18 − t
2 f17 + f16 , (226)

whose one kinematic coe�cient comes from p2 · p3 = t/2.

F.1 The connection in two variables

We reconstruct every entry of As and At as a rational function of (s, t) from reductions over �nite
�elds at rational kinematic points [81, 89]. Each entry is a rational prefactor plus a sum of such
prefactors times reduction coe�cients c(d, s, t), whose denominators are products of the polynomial
letters of the family, of their images under s ↔ t, and of T2 = t2 + d t + 2(d − 3). We give the
dependence on d by tabulating these rational functions of (s, t) at thirty-four values of d. Of the 2045
nonzero entries, 1989 are determined exactly and 16 modulo two primes, and 40 are undetermined.
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The pair (As, At) is not �at on the (s, t) plane, since ∂tAs−∂sAt+[As, At] is nonzero on a �xed
set of entries at every rational point we tested. This failure of �atness, which we call the defect, is
caused by an o�-shell term involving p24 in the derivative operators used to construct the pair. The
term is absent from the equations of the eleven subsector elements whose sectors cannot depend on
p24, and it can be isolated by Euler's relation for integrals homogeneous in (s, t,m2). With αj the
scaling dimension of fj and Am

2
the connection in m2 at m2 = 1, we de�ne the matrix C by

sAs + t At +Am
2 − diag(α) = uC , (227)

and C would vanish for a pair free of the defect.
Along a leaf of the foliation 1/s+1/t = const one has dt/ds = −t2/s2, and the connection along

the leaf,

V = As − t2

s2
At , (228)

is free of the defect. We integrate V along the curve 1/s+ 1/t = −3/8 to obtain the word form of

m
(0)
18 (section 6.4).
O� the curve we determine C from eq. (227) at seven points, on both sides of the threshold

u = 16, with Am
2
derived anew at each point. On the eleven equations free of the defect, C vanishes

identically. On the six other subsector equations the 28 nonzero entries of C are rational functions
with denominators of the same form as those of As and At. We determine them from �ve of the
seven points, and they reproduce C at the other two exactly. Once corrected for the o�-shell term,
the pair is �at on all of f0, . . . , f16 in exact rational arithmetic at the seven points and at two values
of d. By contrast, the uncorrected pair is not �at on four of the eleven defect-free equations, whose
curvature the correction changes only through the commutator [As, At]. In the top-sector block the
same construction with thirty-seven points determines 790 of the 828 entries of C at each value of d.
All forty undetermined entries of (As, At) lie in this block, and for this reason we give no evaluation

of m(0)
18 as a function of (s, t) away from the curve and the points listed in section 6.4.

F.2 Depth of the system in the raw frame

The statement in section 6.4 on the depth of the system in the raw frame follows from a �nite
computation on (As, At). Since the dependence on (s, t) is complete at each tabulated value of d,
the connection at a single value of d su�ces for this computation, and we use d = 101. The data �le
of No. 21 (Appendix G) [106] gives, at d = 101, the map from the 2045 entries to their prefactors
and reduction coe�cients, the denominator polynomials, and the 4255 reduction coe�cients that
are known exactly, as rational functions of (s, t).

From the tabulated connection we determine which couplings fj → fk are nonzero at order ε0

and contract the strongly connected components of the resulting directed graph, which gives an
acyclic graph of depth four. Its top component consists of the twenty-four elements f17, . . . , f40,
coupled irreducibly at order ε0 through a block of size 23 × 23, and in the raw frame the solution
requires the fundamental matrix of that block [41, 93]. Finally, the data �le yields the exact value
of every determined entry at any rational (s, t). When we integrate along the curve, we use the
two-variable connection only through such values.

F.3 Kernels of the word form

On the curve 1/s+1/t = −3/8 the �nite part m(0)
18 is a combination with exact coe�cients of words

in thirteen kernels, the word form of section 6.4. In the data �le of No. 21 we list these kernels as
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one-forms on the curve, the words with their coe�cients, and the boundary constants. The general
solution of the top block has a branch point on the curve, but the physical combination m

(0)
18 is

single valued there, since the coe�cients cq of the branched words vanish: the transported values
give |cq| ≤ 7.2× 10−146.

The kernels that the banana block contributes are modular. An exact change of basis, rational
in ε and of determinant −1/(6(d− 1)), takes {f13, f14, f15} to the basis of Ref. [101], in which the
connection of the equal-mass banana is ε-factorized [76] with kernels that are modular forms for
Γ1(6). In the rotated basis the block contributes six kernels (the pullbacks of these forms along
u = −s− t) and no further kernels of Eichler-integral type.

The smallest subsystem that contains the banana block and is closed under the di�erential
equation is {f13, . . . , f16}. In particular, f0, . . . , f12 do not couple to the block. In that subsystem
exactly one further kernel appears at order ε0. It is a quadrature of weight one over the same periods
as the six modular kernels, namely the periods of the symmetric square of the sunrise curve [24, 101],
with parity opposite to theirs. Such quadratures are classes in H1 of the symmetric-square local
system, which bounds their number at order ε0 by thirty.

F.4 Boundary constants of the kernel components

The word form of m(0)
18 contains the constants c7, . . . , c10. We obtain their numerical values from the

transport and identify them in {1, π2, ζ3} by integer-relation �ts [18], which gives eq. (202). We call
fj in the gauge of the word form the j-th kernel component and write Rj for its boundary constant
at (s, t) → (0, 0). Ten of these constants lie in the Q-span of {1, π2, ζ3},

R13 =
1
12

(
275 + 23π2 − 24ζ3

)
, R14 =

1
288

(
36143 + 2588π2 − 2880ζ3

)
,

R15 =
1

576

(
37457 + 3236π2 − 4032ζ3

)
, R16 = 60 + π2 − 58

3 ζ3 ,

R18 = −30− π2

2 + 29
3 ζ3 , R21 =

1
48

(
2001 + 48π2 − 460ζ3

)
, R22 = − 1

64

(
413 + 43π2 + 16ζ3

)
,

R23 =
1
96

(
139 + 37π2 + 144ζ3

)
, R30 = 2R23 , R39 = −R18 .

(229)
The residuals of these ten relations, between 10−269 and 10−304, lie roughly 250 to 300 digits below
the precision at which the �ts were made. Moreover, R13 and R14 coincide with boundary values
at the base point of the transport that were �xed independently of these �ts.

We have found no closed form for the boundary constants Rj of the components coupled to the
banana block, j = 17, 34, 35, 37, 38, and they enter the word form as numerical constants determined
by the transport. For j = 34, 35 and 37 an integer relation of height at most 12 expresses Rj as one
further constant of its component plus an element of the zeta ring. The constants that then remain
satisfy no integer relation at 300 digits with zeta values through weight eight, with the boundary
constants of the banana at its point of maximal unipotent monodromy, or with the periods of the
K3 �ber.

G Evaluation codes and data �les

For each of the thirty integrals we provide a standalone code that evaluates the result of its entry to
a requested working precision. Table 12 lists the codes. The codes are on the pages of their integrals
at the BootLoops site [106], bootloops.ai/diagrams/⟨page⟩.html, each with its data �les in that
page's files/ directory.

Several entries share a page. In particular, Nos. 2, 4 and 6 are on the polylogarithmic-suite
page, Nos. 9�12 on the sunrise page, and Nos. 13, 14 and 23 on the kite page. Nos. 15�17 are on
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the ice-cream-cone page, where one code covers the three entries through a con�guration option,
and Nos. 27, 28, 29 and 33 are on the light-by-light page. Nos. 8, 18, 19, 31 and 32 are evaluated
by the general codes of their graphs, which Table 12 names in parentheses.

No code performs an integral reduction or an auxiliary-mass-�ow computation at run time. The
AMFlow values stored with some codes serve only to repeat the comparisons of their entries, except
that the codes of No. 24 and of sector 127 (No. 20) start each solution segment from stored AMFlow

values. Some expressions are too long to print in full, and we distribute them together with the
corresponding codes. They include the word lists of Nos. 7, 17 and 21, the iterated integrals of
No. 23, the layered forms and boundary constants of No. 24, the boundary constants of No. 20, the
dispersion kernel and subtraction terms of No. 27, and the connection matrices and boundary data
of Nos. 14, 34 and 35.

Table 12: Evaluation codes for the thirty integrals, in the order of Table 1. Code is the file name on the
integral’s page of the BootLoops site [106], with the option that selects the entry or the mode when one
code has several. Computes is the object returned at the working precision requested on the command
line. Imports lists the Python packages used beyond the standard library. The last column gives what the
code reads at run time other than the printed formulas, stated limits on its precision, and further modes.
Comparison values stored with a code, AMFlow [95] values or values of the cited closed forms, enter no
computed number unless the last column says otherwise.

No. Code Computes Imports Data read at run time; limits;
modes

Polylogarithmic integrals (section 4)

6 sudakov-evaluate.py eq. (11), order by order in ε mpmath

2 massless-dbox-evaluate.py the closed form in x = t/s
through ε0; an independent
polylogarithm implementation
and a Mellin�Barnes
quadrature for comparison

mpmath AMFlow comparison values in a
data �le

4 c5-ladder-evaluate.py;
c5-ladder-xy-evaluate.py

the one-variable block f3(x);
the two-variable function
Φ(3)(X,Y ), with its two
comparison points

mpmath

5 pentagon-evaluate.py eq. (34) through ε0 at
Euclidean vi

mpmath

1 outer-dbox-evaluate.py g10(u, v) of eq. (41) at
Euclidean (u, v)

mpmath

7 c3-dbox-evaluate.py the coe�cients g(0), . . . , g(4)

of eq. (44) for the scalar
top-sector master in (s, t)

mpmath exact word lists (Appendix B)
as a data �le

23 kite-threshold-evaluate.py;
�masses 1,4,9,3,0 for the
second mass assignment

the 22 master integrals at
masses2 (1, 4, 9, 2, 0), t < 0, by
series solution of the
di�erential equation from the
boundary values at t = 0

mpmath exact connection matrix as a
data �le; boundary values
generated at run time; �check
repeats the AMFlow comparison

24 hexabox-evaluate.py the layered forms of the top
sector and its subsectors along
the path segments of the
entry, the top-sector recursion
rederived at each run

mpmath,
sympy,
python-flint

starts from stored AMFlow

boundary values at the base
points of the segments, to 50
and 70 signi�cant digits, which
limit its precision at the orders
above ε−4; the 447 boundary
constants and the layered
expressions as data �les
(Appendix E)

Elliptic integrals (section 5)

8 sunrise-evaluate.py (code of
the equal-mass sunrise graph)

the equal-mass sunrise at
order ε0, eq. (71), at
Euclidean t

mpmath

continued
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Table 12: Evaluation codes (continued).

No. Code Computes Imports Data read at run time; limits;
modes

9 sunrise-row09-evaluate.py eq. (72) at Euclidean t < 0
and, by continuation, at t > 0

mpmath shared eMPL module
sunrise_empl.py (Nos. 9�12)

10 sunrise-row10-evaluate.py the (1, 2, 3) sunrise at order
ε0, Euclidean t

mpmath

11 sunrise-row11-evaluate.py the (1, 1, 4) sunrise at order
ε0, Euclidean t

mpmath

12 sunrise-row12-evaluate.py the order-ε1 terms E(1) of
eq. (74) for the three mass
sets, together with E(0)

mpmath the 101 rational coe�cients of
the polynomial in eq. (74) from
a data �le

13 kite-equal-evaluate.py eq. (78) at any Euclidean
t < 1, t ̸= 0

mpmath no data �le: periods, nome, E
q-series and harmonic
polylogarithms built from their
de�nitions

18 ggH-evaluate.py (code of the
gg → H graphs)

G1, G2 of eq. (80) at
Euclidean s < 0, 0 < M2 < 4

mpmath

14 kite-evaluate.py; �masses
1,1,3 for the second mass
assignment

the top integral and its
subsectors at
(m2

1,m
2
3,m

2
5) = (1, 1, 2),

Euclidean s < 0, by series
solution from the vacuum
boundary values

mpmath,
python-flint

exact connection matrix A(d, s)
as a data �le;
�boundary-recompute rederives
the boundary values from the
classical constants through
kite-boundary.py

15 icc-evaluate.py, equal-mass
con�guration

the equal-mass cone on the
slice at order ε0 for x < − 1

4
:

series solution for x < − 1
2
,

continuation around x = − 1
2
,

and the integral of eq. (97) for
− 1

2
< x < − 1

4

mpmath, sympy boundary values at x = −1
derived at run time from the
cusp conditions; sympy only in
the generic-mass con�guration

16 icc-evaluate.py �config

generic;
icc-genmass-evaluate.py

the cone at masses2 (1, 2, 3, 5)
on the slice; the same
derivation at any rational
masses, with the (1, 3, 2, 7)
comparison point included

mpmath, sympy of the 46 boundary values, 21
from closed forms and written
integrals and 25 recomputed at
run time (�boundary-recompute
sets the depth)

17 icc-evaluate.py, order-ε1

mode;
icc-offslice-evaluate.py

the order-ε1 terms on the
slice; checks of the
two-variable connection o� the
slice on the lines p212 = −2
and −3

mpmath, sympy all boundary values, including
f4,1(−1), derived at run time;
the 88-word list as a data �le

20 zgamma-evaluate.py;
zgamma-s127-evaluate.py

the sector-125 pair as
functions of s on the line
t = −1/3 at M = 7/25; for
sector 127, the solution of the
t-equation between pairs of
reference points

mpmath boundary constants from their
closed forms where these exist
and otherwise as stored values,
all of which
�boundary-recompute rederives
at a requested precision; the
sector-127 code starts each
segment from AMFlow values at
a reference point

27 lbl3e-master-evaluate.py;
lbl3e-evaluate.py;
lbl3e-box-evaluate.py

the sunrise insertion S111, the
sector-15 master, at orders ε0

through ε2; the period ψ1/π
and the constant B(0) alone;
the box Ibox at orders ε−2

through ε0 from eq. (127) at
the three Euclidean points of
the entry

mpmath the density, subtracted kernel
and triangle integrals of
eq. (127) as data �les

28 lbl3se-evaluate.py, with
lbl3se-w5-seed.py

the ν = 0 member I by the
dispersion relation of the
entry at Euclidean (s, t,m2)

mpmath exact connection read by the
parser module
kite_de_exact_parse.py

29 lbl3kp-evaluate.py the two QED members IKP

and IK1
by the same

dispersion relation

mpmath same parser module

continued
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Table 12: Evaluation codes (continued).

No. Code Computes Imports Data read at run time; limits;
modes

33 lbl3vp-evaluate.py;
lbl3vp-eps0-evaluate.py;
lbl3vp-points-evaluate.py

the vacuum-polarization
insertion at �xed ε at the
reference point; its Laurent
coe�cients c−2, c−1, c0 there;
the �xed-ε values at the four
further (s, t) points of the
entry

mpmath, sympy exact rational
di�erential-equation data,
parsed with sympy; initial values
at w′ = 5 from
Feynman-parameter
representations

35 eval_row35.py the Laurent coe�cients ε−3

through ε1 of the 79 functions
at a point y of the line
eq. (151), by Taylor steps of
eq. (152) from y = 1/3

mpmath,
python-flint

starts from stored values of the
79 functions at 24 values of ε at
y = 1/3, which limits the
accuracy to 40 digits;
�boundary-recompute

regenerates them from eq. (161)
when the archive
row35_chain.tar.gz is present;
the closed-form �les of sectors
421 and 453 are not on the page
because of their size, and the
six functions they cover are
evaluated by the Taylor steps;
A(d, y) and the boundary
constants as data �les
(Appendix D)

K3 and Calabi�Yau integrals (section 6)

19 banana-evaluate.py (code of
the three-loop banana graph)

the top master m1 at order ε0

on the disk |t| < 4, Euclidean
and below threshold

mpmath

34 banana-4loop-evaluate.py the top master at order ε0

from the Frobenius solution at
the MUM point and the
boundary vector of the entry

mpmath exact connection matrix
C(z, ε), boundary vector and
comparison values written into
the �le; �check repeats the
comparisons

31 threshold-banana-evaluate.py

(code of the (1, 1, 1, 9) banana
graph)

the (1, 1, 1, 9) three-loop
banana, covering the
coe�cient c3/2

mpmath, sympy

32 cy3-banana-evaluate.py (code
of the (1, 1, 1, 1, 16) banana
graph)

the (1, 1, 1, 1, 16) four-loop
banana, covering the
coe�cients c5/4, c7/4

mpmath

21 lbl3x-evaluate.py

(�m18-eps0);
row21-offcurve-evaluate.py

the on-curve values of m18 at
order ε0 and the closed-form
pieces of the entry (the K3
component of the banana
master m13 and the four
boundary constants); checks
of the two-variable connection
at the entry's comparison
points o� the curve

mpmath,
python-flint,
gmpy2

boundary values rederived at
each run, stored reference
values used only as checks;
�derive-constants rederives
the four constants;
�theorem-check runs the
�nite-depth computation of
Appendix F on its own data
set; the kernels and word list as
a data �le
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