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Abstract

Over the last two decades, generalized polylogarithmic Feynman integrals went from exotic
research problems to core knowledge for scattering amplitudes: the mathematics of iterated
integrals, symbols, and canonical differential equations was absorbed and translated by the
physics community into a mainstream methodology. Elliptic and Calabi–Yau integrals are the
current frontier, but knowledge and methodology are fragmented and not at all standardized.
The relevant mathematics runs deep into algebraic and arithmetic geometry, beyond what most
physicists are comfortable with. From the bootstrap point of view, however, elliptic integrals
have much in common with polylogarithmic ones and can be approached the same way: fix
the space of possible answers, cut it down with analytic constraints, pin the last constants, and
check everything against values held out from the derivation. The ingredients for the bootstrap
change: the function space comes from the geometry of the maximal cut, an elliptic curve or
Calabi–Yau manifold in place of an alphabet of logarithms, constraints act on periods, and the
boundary constants live in rings set by the geometry’s arithmetic, not among the familiar zeta
values. The main challenge is that, unlike the polylogarithmic case where mature tools exist
at every step, here we had to build much of the toolkit ourselves. Some of it ported straight
from mathematics, not yet arrived in physics: Eichler integrals, the Kodaira classification of
degenerating elliptic surfaces, the arithmetic of period rings. With these tools the bootstrap
yields closed forms for many new integrals. In addition, this approach can yield more general
insights such as that the sunrise and banana-family geometry degenerates non-semistably at a
mass threshold and that the threshold constants close in classical rings, the lemniscatic Γ( 14 )
ring among them. One worked example, the generic-mass ice-cream cone, is described here;
further applications appear in a companion note.
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1 Introduction

Twenty years of work have turned generalized polylogarithmic Feynman integrals from research prob-
lems into a routine part of scattering-amplitude computations. Much of the underlying mathematics,
in particular Chen's iterated integrals [25] and Goncharov's multiple polylogarithms with their
motivic coproduct [37], predates most of the physics that now relies on it. With the symbol calculus
the coproduct became a practical tool for simplifying amplitudes [38], and canonical di�erential
equations reduced the computation of many multi-loop integrals to iterated integration from a
boundary value [42, 24]. These methods are now textbook material [29, 43, 66, 69]. Today a
physicist computing a polylogarithmic amplitude has a method for every step and rarely consults
the mathematical literature.

Elliptic and Calabi�Yau Feynman integrals are the present frontier. The integrals themselves
have a long history: the two-loop sunrise graph with massive lines has required elliptic integrals since
Sabry's calculation in 1962 [62, 18, 8]. Its higher-loop relatives (the banana graphs) involve a K3
surface at three loops and a Calabi�Yau (L−1)-fold at L loops [59, 14, 58]. A common methodology,
however, has not yet emerged. The equal-mass sunrise alone has been expressed in terms of elliptic
dilogarithms [12], elliptic generalizations of Clausen and Glaisher functions [3], iterated integrals of
modular forms [4] and elliptic polylogarithms on the torus [21], and has been computed through
dispersion relations [61]. Relating these representations to one another is a research problem in its
own right [20] (for reviews see refs. [16, 1]). Moreover, the mathematics underlying these integrals lies
deeper in algebraic and arithmetic geometry than the theory of polylogarithms does, and physicists
have absorbed much less of it. This mathematics includes degenerations of elliptic surfaces, limiting
mixed Hodge structures, complex multiplication (CM) and the modularity of K3 surfaces.

Most of what is known about the sunrise and banana families has been obtained in one of two
settings. At the point of maximal unipotent monodromy the Frobenius basis and the methods of
mirror symmetry apply [11, 14, 13], and on modular �brations the integrals are iterated integrals of
modular forms [4, 20]. Di�erential equations in ε-factorized form (with ε the dimensional regulator)
are known for the equal-mass sunrise and banana integrals through four loops [4, 59, 58]. At the
threshold and pseudo-threshold singularities of the equal-mass banana integrals with an odd loop
number the periods have a square-root branch with local monodromy of order two, as shown in
refs. [13, 23]. The transcendental lattices of the three-loop banana K3 surfaces have been classi�ed
by mass con�guration [30], and for three equal masses the maximal cut factorizes into a product
of two equal-mass sunrise cuts [32, 31]. The Landau singularities of the two-loop ice-cream cone
graph were analyzed in ref. [41], and in two dimensions its top sector has a Picard�Fuchs operator
of order two with algebraic solutions [50, 28]. Less attention appears to have been paid to the mass
con�gurations studied here, in which a pseudo-threshold of a banana graph collides with the point
of vanishing momentum, and to the periods there.

In this paper we take the bootstrap point of view. By a bootstrap we mean the following
procedure. One �xes a space of functions in which the answer must lie and imposes analytic
constraints until a few constants remain. These are determined at a boundary point, and the result
is compared with numerical values not used in its derivation. For the integrals considered here the
space of functions comes from the geometry of the maximal cut (which may be an elliptic curve or
a higher-dimensional Calabi�Yau manifold) instead of an alphabet of logarithms. Concretely, in a
suitable basis the vector of master integrals I, which depends on a kinematic variable x, satis�es a
di�erential equation in ε-factorized form,

dI(x; ε) = εA(x) I(x; ε) , (1)

in which the entries of A are d log forms of algebraic letters together with kernels built from the
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periods of the maximal cut (for an elliptic curve, its period pair ψ1, ψ2; Sec. 2).
The analytic constraints of the bootstrap act on periods. Local exponents and monodromy at

the degenerate �bers of the family (together with the regularity of the complete integral there) take
the place of �rst-entry and branch-cut conditions. The degenerate �ber studied here occurs for the
(L+1)-line banana graph with momentum p when the heaviest mass equals the sum of the others,

mL+1 = m1 + · · ·+mL , t = p2 = 0 , (2)

a mass condition that we refer to as the threshold con�guration. We call the point t = 0 of the
threshold con�guration its coalescence point: there the pseudo-threshold t = (mL+1 −

∑
i≤Lmi)

2

meets t = 0, whereas the normal threshold t = (
∑

imi)
2 is a di�erent singular point. The boundary

constants that remain to be �xed lie in rings set by the arithmetic of the geometry (in general not
zeta values). The mathematical tools we use are the Kodaira classi�cation [49] and Tate's algorithm
for the singular �bers, Eichler integrals for quasi-periods and L-values [34], and the Chowla�Selberg
formula and Livné's theorem for CM periods [65, 54].

We �nd that at the coalescence point the local monodromy of the maximal-cut periods of the
sunrise and banana graphs is not unipotent. For the two-loop sunrise in the threshold con�guration
we show that the �ber at t = 0 is of Kodaira Type III (an additive �ber with local monodromy of
order four); the corresponding elliptic surface is therefore not modular. At three loops the period of
the banana K3 surface acquires a half-integer local exponent in addition to a rank-three unipotent
block, at a point where the local monodromy is unipotent for generic masses. Through �ve loops (the
last on a single-variable two-mass slice) the �nite part of the local monodromy alternates between
order four and order two (Sec. 3, Table 1). From the non-oscillatory tail of the Bessel representation
we derive in closed form the connection coe�cients of the holomorphic period at the coalescence
point, that is, its components along the local solutions with fractional exponents (Sec. 4). These
coe�cients are rational multiples of

√
3/π at three loops, elements of the lemniscatic Γ(14) ring

(Laurent polynomials in π and the lemniscate constant with rational coe�cients) at four loops, and√
2 times such elements for the two-loop sunrise. We �nd numerically that the complete two- and

three-loop integrals, unlike their maximal cuts, remain analytic at the coalescence point.
For the equal-mass and the three-equal-mass three-loop banana graphs, a short argument from

the factorization of refs. [32, 31], the lattice classi�cation of ref. [30] and Livné's theorem [54] shows
that no non-CM weight-3 period can occur (Proposition 5.1). Finally, we apply the bootstrap to a
complete integral, the two-loop ice-cream cone in d = 2 − 2ε dimensions on a one-scale kinematic
slice (Sec. 6). At equal mass we obtain the order-ε0 top integral in closed form, as a single integral
of algebraic kernels against the period pair of its sunrise subgraph. The boundary constants of this
closed form are �xed by two conditions at the large-momentum cusp. At one generic mass point
(where the cut curve is not modular) we again derive the kernels and the boundary vector, and
integrate the top block numerically. The one new constant at equal mass and order ε0 is a period
of the sunrise curve, of transcendental weight three, that matches no classical constant in the rings
we searched.

This paper is organized as follows. In Sec. 2 we review the periods of the banana family, their
local monodromy and Kodaira �bers, the iterated integrals built on them and the rings of constants
that appear, and state the bootstrap in these terms. In Sec. 3 we identify the degenerate �bers at the
coalescence point from two through �ve loops, and in Sec. 4 we derive the connection coe�cients of
the holomorphic period there. In Sec. 5 we give the CM criterion, prove Proposition 5.1, and recover
quasi-periods and L-values from the Picard�Fuchs operator alone. In Sec. 6 we work through the
ice-cream cone from its kinematics to the closed form and its order-ε1 analog, ending with numerical
comparisons. We conclude in Sec. 7. Appendices A�C contain the �ber identi�cations and operators,
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further formulas for the cone, and the numerical methods. The reduction to master integrals, the
numerical evaluations used for comparison and the software are described in a companion paper [63].
Further integrals computed in the same way, among them four-point functions involving the banana
periods studied here, are collected in a companion note [64].

2 Periods, monodromy and rings

In this section we collect the objects used below and �x notation, following refs. [14, 13, 49]; none
of the material is new.

2.1 The banana family and its periods

The L-loop banana graph has two vertices joined by L+1 massive lines (Fig. 1). The sunrise is its
L = 2 member. With external momentum p and loop momenta k1, . . . , kL we de�ne, in d = 2− 2ε
dimensions [14, 59, 58],

IL(t) =

∫ L∏
j=1

ddkj

iπd/2
1(

q2 −m2
L+1

)∏L
j=1

(
k2j −m2

j

) , q = p−
L∑

j=1

kj , t = p2 , (3)

and we write Mi = m2
i . On the maximal cut we take residues loop by loop in the Baikov

representation at d = 2, leaving an (L − 1)-fold period integral. For the sunrise one variable y
survives and the cut is a period of an elliptic curve,

ϖ(t) =

∮
dy

Y
, Y 2 = P (y; t) , (4)

with P (y; t) a quartic in y, polynomial in t and the Mi (Eq. (15) below). At three loops the cut
variety is a one-parameter family of K3 surfaces, and at L loops a family of Calabi�Yau (L − 1)-
folds [14, 13, 47].

The periods are annihilated by the Picard�Fuchs operator obtained from the cut integrand by
Gri�ths�Dwork reduction [50],

LLϖ = 0 , LL =

n∑
k=0

pk(t) ∂
k
t , (5)

with polynomial coe�cients pk(t). The singular points of LL include t = 0, t = ∞, and the
thresholds and pseudo-thresholds t = (m1 ± m2 ± · · · ± mL+1)

2. All plus signs give the normal
threshold. The large-momentum point z = −1/t = 0 has maximal unipotent monodromy (MUM
point), where we normalize the holomorphic period by ϖ0 = 1 + O(z). At t = 0 we read the local
exponents o� the indicial polynomial, the coe�cient of the lowest power of t in LL t

r. An exponent
α isolated modulo Z gives a power-series solution, and an exponent of multiplicity ru a logarithmic
tower,

Φα(t) = tα
(
1 +O(t)

)
, Φ(k)(t) =

k∑
j=0

logj t

j!
tαfk−j(t) , k = 0, . . . , ru − 1 , (6)

with f0 = 1 + O(t) and fj analytic; Φ(k) has log depth k. For equal masses L3 = Sym2(L2)
up to a change of variable, and the holomorphic K3 period is the square of an elliptic period,
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...

m1

m2

mL

mL+1

p p

Figure 1: The banana family. Two vertices are joined by L+1 internal lines of massesm1, . . . ,mL+1;
the external momentum is p, with t = p2, and L = 2 is the sunrise. At the threshold con�guration
mL+1 = m1 + · · · + mL of Eq. (2) the pseudo-threshold t = (mL+1 −

∑
i≤Lmi)

2 coincides with

t = 0; the normal threshold t = (
∑

imi)
2 is a di�erent point.

with the Domb numbers 1, 4, 28, 256, . . . as Taylor coe�cients [59, 14, 47]. Local exponents add
under symmetric powers: SymL−1 sends the exponent pair {α, β} of L2 at a singular point to
{(L− 1)α, (L− 2)α+ β, . . . , (L− 1)β}. At d = 2 the banana integrals and their cuts have Bessel
representations in position space [39, 40, 14], which we use in Sec. 4.

2.2 Local monodromy and Kodaira �bers

Continuing the solutions once around t = 0 we obtain the local monodromy M0, which acts on the
basis of Eq. (6) by

Φα

(
e2πit

)
= e2πiαΦα(t) , Φ(k)

(
e2πit

)
= e2πiα

k∑
j=0

(2πi)j

j!
Φ(k−j)(t) , (7)

with eigenvalues e2πiα. By the monodromy theorem (see e.g. ref. [13]) M0 is quasi-unipotent,

M0 = MsMu = MuMs , MN
s = 1 , (Mu − 1)m = 0 , (8)

with N = 1 (unipotent) at a MUM point and m = 1 (�nite order) when all exponents are rational
and no logarithm occurs.

For a family of elliptic curves we determine the Kodaira type [49] of the �ber at t = 0 from the
valuations v(·) of the Weierstrass invariants c4, c6 and ∆ = (c34− c26)/1728, by Tate's algorithm; two
types occur below,

In : v(c4) = 0 , v(∆) = n , M0 ∼
(
1 n
0 1

)
,

III : v(c4) = 1 , v(c6) ≥ 2 , v(∆) = 3 , M 2
0 = −1 , M 4

0 = 1 , j = 1728 .

(9)

Type In is multiplicative with unipotent monodromy; Type III is additive (c4 and c6 both vanish),
with monodromy of order four and j-value 1728, the point of complex multiplication by Z[i]. Of
the other additive types only the cuspidal Type II enters below, in Sec. 3.1 and App. A.

A surface with only In �bers is called semistable. The sunrise surfaces studied to date are
semistable: the equal-mass surface is the universal family over X1(6) = H/Γ1(6) with �bers
I2, I3, I1, I6 and a level-six η-quotient as period [12, 4]. For generic masses the four thresholds
and pseudo-thresholds carry I1 �bers [11]. We call a surface modular when t is a Hauptmodul for
a torsion-free congruence subgroup Γ and the holomorphic period is a weight-one modular form for
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Γ, as in the equal-mass case [20, 67]. The singular �bers of a modular surface lie over the cusps of
Γ, each with unipotent shear monodromy up to sign. In particular, a modular surface has no �ber
with monodromy of order four; we use this in Sec. 3.1.

Below we continue ϖ0 from the MUM point to the coalescence point t = 0 of the threshold
con�gurations (2) and expand it in the local basis. When the local exponents at t = 0 are non-
integer values α and one integer of multiplicity ru, we write

ϖ0(t) =
∑
α/∈Z

cαΦα(t) +

ru−1∑
k=0

Ak Φ
(k)(t) , (10)

and call the cα the connection coe�cients and the Ak the unipotent companions. The values of the
cα and Ak quoted in Sec. 4 refer to the rotated local variable t = e−iπs de�ned there.

2.3 Iterated integrals and the ε-form

For a complete integral one can choose master integrals I obeying the ε-form system of Eq. (1) [42].
The matrix A is block lower triangular by sectors. In such a basis each master is normalized by a
period of its own sector: ψ1 for the master of the cut curve, the second-kind quasi-period for its
partner, and a third-kind period for a master with a marked point [5, 36, 59]. Let ψ1, ψ2 denote
the periods of the cut curve (as functions of x), W = ψ1ψ

′
2 − ψ′

1ψ2 their Wronskian, and κa(x) the
algebraic letters of the period-normalized connection. The solutions of Eq. (1) are iterated integrals

Γ̃
(
a1 a2 · · · ar

)
(x) =

∫ x

x0

κa1(x
′) Γ̃

(
a2 · · · ar

)
(x′) dx′, Γ̃( ) = 1, (11)

with kernels built from the κa, ψ1, ψ2 and W ; every master integral is then a �nite combination
(with rational-function coe�cients) of products ψi Γ̃(· · · ).

When the cut curve is modular, as for the equal-mass sunrise on Γ1(6), we pass to τ = ψ2/ψ1,
which turns the κa into modular forms and Eq. (11) into iterated integrals of modular forms with
known q-expansions. These iterated integrals can be expressed in terms of the elliptic polylogarithms
ELi and E [4, 21] on Kronecker�Eisenstein kernels [9], and have a �nite symbol alphabet [20, 70].
When the cut curve is not modular there is no such q-expansion, and we keep Eq. (11) in the variable
x, with the periods appearing explicitly, as for the sunrise curve of the generic-mass ice-cream cone
(Sec. 6). In either case the products ψi Γ̃(· · · ) are D-�nite. We evaluate them to any precision by
series solution of their di�erential equation from a known value, with rigorous error bounds when
the series are summed in ball arithmetic. Public implementations of this series method include
DiffExp [44] and SeaSyde [7]. Where we need numerical values of complete master integrals we
take them from AMFlow [53].

2.4 Rings of constants and Eichler integrals

The boundary constants below lie in rings determined by the arithmetic of the cut geometry. For
the equal-mass banana integrals at the MUM point this ring is the ζ-ring predicted by the Γ̂-
class [13, 59, 58],

Rζ = Q
[
(2πi)±1, ζ(3), ζ(5), . . .

]
. (12)

Two other kinds of ring occur at the coalescence points of Sec. 4: the Q-span of
√
3/π and its

products with logarithms of rationals (on the �ve-loop slice, with
√
5/π2 in place of

√
3/π), and

the lemniscatic ring. The lemniscatic curve y2 = x3 − x has CM by Z[i] and j = 1728, the j-value
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of the Type III �ber in Eq. (9). Its real period for dx/2y is the lemniscate constant ϖlem, and we
de�ne the lemniscatic Γ(14) ring as the Laurent polynomials over Q in ϖlem and π,

ϖlem =

∫ ∞

1

dx√
x3 − x

= 2

∫ 1

0

dt√
1− t4

=
Γ(14)

2

2
√
2π

= 2.6220575 . . . , Rlem = Q
[
ϖ±1

lem, π
±1

]
.

(13)
The name refers to Bernoulli's lemniscate (x2 + y2)2 = x2 − y2, whose half arc length is ϖlem.
Through Γ(14)

2 = 2
√
2πϖlem the monomials of Rlem become rational monomials in Γ(14)

±2, π±1/2

and
√
2, which is the form used in Eq. (41). By the Chowla�Selberg formula, periods of elliptic

curves and K3 surfaces with CM are, up to algebraic factors and powers of π, products of Γ-values
at rational arguments [65]. The constant ϖlem is the simplest case, and such a period for Q(

√
−15)

appears in Eq. (59) below.
For a modular form f(τ) =

∑
n≥0 anq

n of weight k (with q = e2πiτ ) we de�ne the Eichler integral
by

f̃(τ) =
∑
n≥1

an
n k−1

qn , D k−1f̃ = f − a0 , D = q
d

dq
=

1

2πi

d

dτ
, (14)

a (k−1)-fold integral of f in τ [34]. It has modular weight 2−k up to a period polynomial of degree
k−2, and is the length-one case of the iterated integrals of modular forms above. In Sec. 5.3 we use
two Eichler integrals. The �rst expresses the equal-mass sunrise quasi-period (proportional to the
quasimodular series E2) through Ramanujan's identity for DE2; the second is the Eichler integral
of the weight-three form of the three-loop banana.

2.5 The bootstrap for periods

The bootstrap set out in the introduction, and in more detail in ref. [63], has four steps. First, we
take the function space from the cut geometry: the curve or operator of Sec. 2.1 with its periods
or Frobenius basis, and the kernels of Eq. (11). Second, we impose the analytic constraints on
this space: the local exponents and monodromy at each singular �ber, regularity of the complete
integral where the cut degenerates, and the localization of each letter to the sectors of its Landau
singularity. Third, we �x the remaining constants analytically at a boundary point, or identify them
by an integer-relation search in the appropriate ring of Sec. 2.4. Fourth, we compare the result with
numerical evaluations at points used in none of these steps (Sec. 6.10).

3 Degenerations at a mass threshold

When the heaviest mass of a sunrise or banana graph equals the sum of the others, Eq. (2), the
maximal cut has two properties at the coalescence point t = 0 that we have not found elsewhere
in the literature. The sunrise elliptic surface acquires an additive Kodaira �ber there, and through
�ve loops the local monodromy of the cut period has a nontrivial �nite part (Table 1).

3.1 The threshold sunrise

The sunrise elliptic surfaces in the literature are semistable: every singular �ber is multiplicative,
both for the equal-mass family over X1(6) [12, 4] and for three distinct masses [11]. At the threshold
con�guration

√
M3 =

√
M1 +

√
M2, Mi = m2

i , the �ber at t = p2 = 0 becomes instead an
additive �ber of Kodaira Type III, with local monodromy of order four, and the surface is then not
modular (Sec. 2.2). We have found no report of an additive Kodaira �ber, or of any non-semistable
degeneration, for a sunrise or banana at any mass point.
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In the loop-by-loop Baikov representation the sunrise cut is the genus-one curve

Y 2 = λ(y,M1,M2)λ(t,M3, y), λ(a, b, c) = a2 + b2 + c2 − 2ab− 2bc− 2ca, (15)

whose right-hand side P (y; t) is a binary quartic in the residual cut variable y. A double root of P
is a node of the curve and gives a multiplicative In �ber; a triple root is a cusp and forces additive
reduction. At t = 0 the second Källén function is a perfect square, λ(0,M3, y) = (y −M3)

2, and

P (y; 0) = λ(y,M1,M2)(y −M3)
2 . (16)

A triple root forms precisely when λ(M3,M1,M2) = 0, at the threshold con�guration or its pseudo-
threshold analog m3 = |m1 −m2|.

For the reference point (M1,M2,M3) = (1, 1, 4) we �nd P (y; 0) = y (y − 4)3. The short
Weierstrass model η2 = ξ3+A(t) ξ+B(t) of the Jacobian of the curve (15) at this point is given by

A(t) = −27t4 + 648t3 − 3888t2 − 20736t ,

B(t) = 54t6 − 1944t5 + 23328t4 − 217728t3 + 1492992t2 ,

∆(t) ∝ t3(t− 16)2(t− 4)4 ,
(
vt=0(c4), vt=0(c6), vt=0(∆)

)
= (1, 2, 3) , (17)

so both coe�cients vanish at t = 0, with the valuation triple of a Type III �ber [49], Eq. (9). From
Tate's algorithm we obtain the full con�guration of singular �bers,[

III (t=0), I4 (t=4), I2 (t=16), I3 (t=∞)
]
, (18)

with Euler numbers summing to 12. The total space is a rational elliptic surface, with an ordinary
I2 �ber at the normal threshold t = 16 (Fig. 2). We �nd the same Type III �ber at t = 0 for (1, 4, 9)
and (1, 9, 16), with con�guration [ III, I2, I2, I2, I3 ], and for the pseudo-threshold point (4, 9, 1). In
the family (1, 1,M) with M ̸= 4 the �ber at t = 0 is a multiplicative I1, as we �nd atM = 2, 3, 5, 9.
The Weierstrass coe�cients A and B of that family, as polynomials in t and M , have resultant

Rest(A,B) ∝M9(M − 4)3 , (19)

whose only non-degenerate zero is M = 4.
The local monodromy follows from the Picard�Fuchs equation. By Gri�ths�Dwork reduction

on the model (17) we obtain, for the period Π =
∮
dξ/η,

Π′′ +
3t2 − 40t+ 64

t3 − 20t2 + 64t
Π′ +

t2 − 6t− 4

t4 − 20t3 + 64t2
Π = 0 , (20)

with regular singular points at t = 0, 4, 16,∞. Its indicial equation at t = 0 and the corresponding
Frobenius solutions read

r2 − 1
16 = 0 , P±(t) = t±1/4

(
1 +O(t)

)
; (21)

the exponents ±1
4 di�er by 1

2 /∈ Z and no logarithm appears. Under t → e2πit the two solutions

acquire the phases e±iπ/2 = ±i, and we obtain the local monodromy

M0 = diag(i,−i) ∼ S =

(
0 −1
1 0

)
∈ SL2(Z), S2 = −1, S4 = 1, (22)

of order four, the monodromy class of a Type III �ber, in place of the unipotent shear
(
1 n
0 1

)
of an

In �ber. The central �ber has j(0) = 1728, the j-invariant of the curve with complex multiplication

9
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(1, 1,M), M ̸= 4:
I1 I2 I4 I2 I3

0 (
√
M − 2)2 M (

√
M + 2)2

∞

(1, 1, 4):

t = 0

III I4

t = 4

I2

t = 16

normal threshold

I3

t = ∞

M → 4

Figure 2: Singular �bers of the (1, 1,M) sunrise curve (15) on the t-line: at the threshold
con�guration M = 4 (lower row, Eq. (18), positions to scale) the pseudo-threshold �ber has merged
with the �ber at t = 0 into an additive �ber of Kodaira Type III (open circle), while the �ber at
the normal threshold t = 16 remains an ordinary I2. The upper row shows a generic member of the
family, all of whose �bers are multiplicative (�lled circles, In), with an I1 �ber at t = 0 and an I2
�ber at the pseudo-threshold t = (

√
M − 2)2; its positions are schematic. Here t = p2 and (1, 1,M)

lists the squared internal masses.

by Z[i], whose order-four automorphism generates the monodromy. Tate's algorithm applied to a
secondWeierstrass model of the curve gives the same �ber type (App. A, Table 3). The Type III �ber
at the threshold con�guration is to our knowledge the �rst non-semistable degeneration identi�ed
for a Feynman elliptic surface.

Type III is also the deepest additive �ber in the family (15). A quadruple root would require
the two quadratic factors of P to be proportional, which makes ∆ ≡ 0. In a scan over 364 rational
mass triples, extended to 936 curves, we �nd no �ber of Type IV, I∗0 , IV

∗, III∗ or II∗. Moreover,
the triple-root collision forces the valuation v(c6) to be even, and in particular this family can never
reach the cuspidal Type II �ber, whose signature is v(c6) odd. We do �nd a Type II �ber on an
irreducible cubic pencil outside the family (App. A). Non-modularity is a property of the �bration
and not of the �ber at �xed generic t, which is a smooth elliptic curve on which the ε0 sunrise
integral is an elliptic multiple polylogarithm [22]. It obstructs only a global description by iterated
integrals of modular forms through t = 0.

3.2 The three-loop banana

At equal mass the three-loop cut is a family of K3 surfaces whose Picard�Fuchs operator is L3 =
Sym2(L2) [14, 59, 47]. Applied to the threshold sunrise exponents {−1

4 ,+
1
4} of Eq. (21), the

symmetric square would give {−1
2 , 0,+

1
2}, in which the half-integer exponents have eigenvalue −1.

The half-integer exponent and the order-two (−1) monodromy of the equal-mass banana K3 are
already in the literature. As shown in ref. [13], the odd-loop equal-mass bananas have square-root
branches at their �nite singular points, and ref. [23] gives the local basis there, with exponents
{0, 12 , 1} and monodromy diag(1,−1, 1), which is semisimple.

In this paper we extend these results to the unequal-mass threshold con�guration. At
√
M4 =√

M1 +
√
M2 +

√
M3, with reference point (Mi) = (1, 1, 1, 9) (since 3 = 1+1+1), the maximal-

cut period satis�es a Picard�Fuchs equation of (order, z-degree) = (4, 5) (App. A), whose indicial
polynomial and local exponents at t = 0 are

1
2 (r − 1)3(2r − 3) , {1, 1, 1, 32} , (23)

with local monodromy spectrum {1, 1, 1,−1} (det = −1). A 1/t pole in the lowest coe�cient shows
that t = 0 is not an apparent singularity. The unit exponents form one unipotent Jordan block
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of rank three. The Frobenius solution with exponent 3
2 carries the eigenvalue −1 and has rational

coe�cients,
Φ3/2(t) = t3/2

(
1 + 19

216 t+
181

17280 t
2 + · · ·

)
, (24)

and we reproduce this eigenvalue by a numerical continuation of the period vector around t = 0
(App. A). For generic masses the monodromy there is unipotent. At (1, 1, 4, 9) we �nd a minimal
operator of order �ve, with exponents {1, 1, 2, 2, 3} at t = 0 and all eigenvalues +1; the eigenvalue
−1 at t = 0 thus requires the coalescence of the pseudo-threshold with that point. A second
coalescence, m1 +m4 = m2 +m3 at (Mi) = (1, 4, 4, 9), also produces a half-integer exponent: the
minimal operator there has order �ve, with indicial polynomial and exponents

(r − 2)(r − 1)3(2r − 3) , {1, 1, 1, 2, 32} (25)

at t = 0. There, however, the holomorphic period has no component on the t3/2 branch and carries
a log2 term instead, for the parity reason given in Sec. 4.2.

The geometric label of the point t = 0 at (1, 1, 1, 9), namely a non-semistable degeneration of
the K3 family whose local monodromy has �nite part of order two, is strongly supported but not yet
certi�ed. We corroborate it with a Baikov double-cover model that has an additive Type III �ber
(vt=0(∆) = 3, j = 1728) and Picard�Lefschetz spectrum {1, 1, 1,−1} (App. A), while the order of
the �nite part is inferred from the period monodromy. At the threshold con�guration the known
eigenvalue −1 occurs at t = 0 together with a unipotent block, whereas at the square-root branch
points of the equal-mass family the local monodromy is semisimple. We call a point with such local
exponents, here {1, 1, 1, 32}, a point of mixed type. We derive the connection coe�cient of ϖ0 onto
the branch (24) in Sec. 4. The banana K3 has been analyzed before [33, 60, 32, 31], at the MUM
point or for three equal masses. To our knowledge no Feynman K3 had been expanded around a
point of this mixed type, or had a connection coe�cient closed onto a fractional branch.

3.3 Higher loop orders

At equal mass the L-loop cut is a Calabi�Yau (L−1)-fold [14, 47]. If its operator were the symmetric
power SymL−1(L2), as L3 is up to a change of variable (Sec. 2.1), its local exponents would be sums
of those of L2, and the same power of the threshold sunrise monodromy (22) at the coalescence
point would give a local monodromy with �nite part

SymL−1 diag(i,−i) ∼ diag
(
iL−1, iL−3, . . . , i−(L−1)

)
, (26)

which contains the eigenvalue −1 whenever L− 1 is even and positive. Its order is therefore

ord(L) =

{
4, L− 1 odd,

2, L− 1 even and ≥ 2,
(27)

that is, 4, 2, 4, 2, . . . for L = 2, 3, 4, 5, . . . . This alternation is the parity statement of ref. [13]
(M0 = MsMu as in Eq. (8), with a re�ection in Ms for even �ber dimension), applied at the
coalescence point. Away from equal mass the operator is not a symmetric power of L2 and the
argument is heuristic. In Sec. 4.2 we derive the same alternation from the Bessel representation of
the period, whose non-oscillatory tail is a series in half-integral inverse powers when the number of
propagators is odd and in integral ones when it is even.

We con�rm the alternation of the monodromy order through �ve loops from the exact indicial
polynomials of the threshold operators (Table 1). We obtain these operators without solving any
master integral, from a nullspace �t to the multinomial-squared period series of ref. [14] modulo
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L graph geometry mass condition local data at t = 0 eig. / ord. cα

2 sunrise (1, 1, 4) elliptic (III)
√
4=1+1 (vc4 , vc6 , v∆)=(1, 2, 3), j=1728 ±i / 4 Eq. (43)

3 banana (1, 1, 1, 9) K3
√
9=1+1+1 (r−1)3(2r−3) −1 / 2 Eq. (38)

4 banana (14, 16) CY3

√
16=1+1+1+1 (r−2)2(r−1)2(4r−7)(4r−5) ±i / 4 Eq. (41)

5 banana (15, 25) CY4

√
25=

∑5
1 1 (r−3)2(r−2)3(r−1)2(2r−3) −1 / 2 Eq. (45)

Table 1: Local data of the maximal-cut Picard�Fuchs operator at the coalescence point t = 0 of
the threshold con�guration, L = 2, . . . , 5: the �nite part of the local monodromy has order 4, 2, 4, 2,
while generic masses give integer exponents at the same point. Columns: the loop order L; the graph
with its squared internal masses, where (14, 16) ≡ (1, 1, 1, 1, 16) and (15, 25) ≡ (1, 1, 1, 1, 1, 25); the
geometry of the cut; the mass condition mL+1 =

∑
i≤Lmi written in those masses (so

√
25=

∑5
1 1

abbreviates
√
25 = 1 + 1 + 1 + 1 + 1); for L = 2 the Tate valuations and j-invariant of the �ber,

Eq. (17), and for L ≥ 3 the indicial polynomial of the operator at t = 0 up to normalization; the non-
unit eigenvalues of the local monodromy and the order of its �nite part; the equation in which the
connection coe�cients of the holomorphic period onto the fractional branches are given in closed
form. The CY4 row is computed on a single-variable two-mass slice of the multinomial-squared
period of ref. [14]; no �ve-loop graph realizing this slice as a normal threshold has been exhibited,
so its reading as a physical-threshold rung is conjectural, by analogy with the lower rungs.

31-bit primes with rational reconstruction. We �nd (order, z-degree) = (4, 5) for the K3, (6, 9) for
the CY3 and (8, 14) for the CY4 operator ((5, 11), (6, 9) and (8, 16) for generic masses), with zero
annihilation residual (App. A). The L = 5 operator is computed on a single-variable two-mass slice
of the multinomial-squared period, with no �ve-loop graph yet exhibited that realizes the slice as a
normal threshold.

Beyond the alternation, we �nd a point of mixed type at t = 0 and, at four loops, a pair of
quarter-integer exponents. At the CY3 point (1, 1, 1, 1, 16) we �nd the indicial polynomial

(r − 2)2(r − 1)2(4r − 7)(4r − 5) (28)

at t = 0, with exponents {5
4 ,

7
4}, whose eigenvalues ±i have order four, together with a unipotent

block of rank four. The equal-mass four-loop operator has integer exponents at every singular
point [13, 14], and this pair therefore arises from the coalescence of the pseudo-threshold with
t = 0, whereas the unequal-mass analysis of ref. [55] is carried out at the MUM point. Singular
points whose monodromy has �nite order, with fractional exponents such as {0, 14 ,

3
4 , 1}, occur in

the database of Calabi�Yau operators [6, 68] and at Gepner points [48], but not, so far as we have
found, at the physical threshold of a Feynman family.

3.4 Cut periods and complete integrals

The �nite part of the local monodromy at the coalescence point is carried by the homogeneous
solutions of the di�erential equations, that is, by the cut periods. The complete integrals, which
solve the inhomogeneous system, are analytic at the coalescence point in every case where we could
compute them. For the (1, 1, 4) sunrise, AMFlow evaluations [53] of the master integral I[1, 1, 1] (unit
propagator powers) at ten Euclidean points near t = 0 are reproduced by an integer-power Taylor
series for the ε0 coe�cient,

M (0)(t) = −2 log 2 + a1t+ · · · . (29)

When we include terms t1/4 and t log t in the �tted series, their coe�cients are consistent with
exactly zero (App. C). The two fractional solutions P± of Eq. (21) cancel in the combination that
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the boundary conditions select. We �nd likewise that the three-loop master I[1, 1, 1, 1] at (1, 1, 1, 9),
sampled at nine Euclidean points, is analytic at t = 0, while the cut period carries the t3/2 branch.
Complete four-point integrals in which this K3 period enters at order ε0 are treated in ref. [64].
Above three loops the analyticity of the complete integrals is untested, because no four- or �ve-loop
unequal-mass master solve exists.

Near the coalescence point, a �t of the cut period to the values of the holomorphic SymL−1-of-
sunrise solutions does not determine its fractional component (App. C.2). We therefore integrate
the Picard�Fuchs equation through the point (Sec. 4.1), and in Sec. 4.2 we derive the connection
coe�cients in closed form.

The distinction between unipotent and non-unipotent monodromy has a physical interpretation,
o�ered here as a falsi�able prediction, not a value-�t. Periods of unipotent degenerations, with
M0−1 nilpotent, cancel in conservative observables, while periods of non-unipotent degenerations,
with M0−1 invertible, survive in dissipative ones. We have worked out one example, at a di�erent
point from t = 0: the four-particle normal threshold tthr = (

∑
imi)

2 of the three-loop banana. There
the d = 4 four-body phase space opens as (t− tthr)

7/2, with eigenvalue −1, veri�ed numerically to
�ve digits. Like the cut exponent 3

2 , this exponent lies in
1
2 +Z. The t1/4 branch of the sunrise cut,

by contrast, is not a phase-space edge, since a three-body cut opens with an integer power. That
the half-integer edge survives into a physical dissipative observable is the prediction.

4 Connection coe�cients at the threshold

In this section we determine the connection coe�cients cα of Eq. (10) in closed form, together
with the unipotent companions Ak. They connect the holomorphic period ϖ0, normalized by
ϖ0 = 1 +O(z) at the MUM point, to the local solutions at the coalescence points of Table 1.

4.1 The spectral projector

Solving for cα in the full local Frobenius basis is an ill-conditioned linear problem, because the
unipotent logarithmic tower enters every component of the numerically continued solution vector
with terms ∼ 104 larger than the fractional branch. Instead we project onto the fractional branch
algebraically. The local monodromy M0 at t = 0 is the product of a unipotent block of rank ru,
with nilpotency index at most ru, and a semisimple block with distinct eigenvalues {λ} of �nite
order. We de�ne

Pλ =
1

Nλ
(M0 − 1)ru

∏
µ̸=λ

(M0 − µ1) , Nλ = (λ− 1)ru
∏
µ̸=λ

(λ− µ) . (30)

The operator Pλ annihilates the unipotent block, on which (M0 − 1)ru = 0, and every eigenvector
with eigenvalue µ ̸= λ; on the one-dimensional λ-eigenspace it is the identity. Acting on the local
components of ϖ0 it isolates cαΦα (with λ and α related by Eq. (7)). At the three-loop point
(Mi) = (1, 1, 1, 9) we have ru = 3 and λ = −1, which gives

P−1 = −1
8(M0 − 1)3 , P−1ϖ0 = c3/2Φ3/2 . (31)

We read the eigenvalues entering Eq. (30) o� the factored indicial polynomials of Table 1. We
obtain M0 and the local components of ϖ0 by numerical continuation of the Picard�Fuchs equation
around t = 0 (App. C.2).
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4.2 Closed forms from the Bessel representation

The coe�cients cα also follow analytically from the position-space Bessel representation of the
banana periods [39, 40, 14, 19]. We take the four-loop point (Mi) = (1, 1, 1, 1, 16) as the example.
In what follows s denotes the invariant p2, continued through the upper half-plane from the region
beyond the normal threshold, where the Bessel representation below converges. The corresponding
local variable at the coalescence point is t = e−iπs; it is positive for Euclidean momenta and di�ers
in sign from the variable t = p2 of Sec. 3. For

√
s > 8 the holomorphic period is given by

ϖ0(s) = s

∫ ∞

0
xK0(

√
s x) I0(x)

4I0(4x) dx , (32)

(normalization ϖ0 = 1 +O(z)), and the rotation x = −iy gives

ϖ0(s) = − iπ
2 s

∫ ∞

0
y H

(1)
0 (

√
s y) J0(y)

4J0(4y) dy , Im s ≥ 0 , (33)

with one factor J0(miy) for each of the �ve lines. Fractional powers of s at s → 0 come only from
the non-oscillatory tail of the Bessel product at large y. This tail is the cross term of the �ve
large-argument asymptotics with signed frequencies (+4,−1,−1,−1,−1), which does not oscillate
because these frequencies sum to zero precisely when m5 = m1 +m2 +m3 +m4. For the kernel
J0(y)

4J0(4y) the tail reads

J0(y)
4J0(4y) ⊃ −(8π5/2)−1y−5/2

(
1 + 15

32y
−1 + . . .

)
. (34)

Each tail term is integrated using the Mellin formula∫ ∞

0
yλ−1H

(1)
0 (µy) dy = 2

iπ 2λ−2(−iµ)−λΓ(λ/2)2 , (35)

which converges for Reλ > 0 (with Imµ > 0) and is continued to negative λ through its Γ factors,
with µ =

√
s.

With N Bessel factors the non-oscillatory tail is a sum of powers y−N/2−n (integer n ≥ 0). A
tail term a y−N/2−n of the Bessel product in Eq. (33) is integrated by Eq. (35) at λ = 2−N/2− n,
and with s(−i

√
s)2α−2 = −tα on the branch t = e−iπs we obtain

− iπ
2 s

∫ ∞

0
y H

(1)
0 (

√
s y) a y−N/2−n dy = a 2−2α Γ(1− α)2 tα , α =

N

4
+
n

2
. (36)

Summed over the tail, the right-hand side is the fractional part
∑

α cαΦα(t) of Eq. (10): the lowest
power on each branch gives cα = 2−2αΓ(1− α)2 a, and the higher powers reproduce the Frobenius
expansions of the Φα. When α is an integer, Γ(1−α)2 has a double pole and the tail term produces
logarithms instead. At the second coalescence (Mi) = (1, 4, 4, 9), where m1 +m4 = m2 +m3, the
tail of J0(y)J0(2y)

2J0(3y) has even inverse powers only, so that ϖ0 carries a log2 term there and
has no component on the t3/2 branch. Quarter-integer exponents, and with them Γ(14)

2 and Γ(34)
2,

likewise occur exactly when N is odd, that is, at the loop orders L = 2, 4, . . . , where the �nite
part of the monodromy has order four by Eq. (27). For even N the exponents are half-integers and
Γ(−1

2 − k)2 ∈ Qπ, which together with the radical (
∏

imi)
−1/2 of the tail gives the

√
3/π ring at

three loops and the
√
5/π2 ring on the CY4 slice. We expect this parity rule to persist at all loop

orders.

14



PR
EL
IM
IN
AR
Y

At the three-loop point (Mi) = (1, 1, 1, 9) the Bessel product is J0(y)
3J0(3y), whose tail has odd

inverse powers only,

J0(y)
3J0(3y) ⊃ −

√
3

18π2
y−3 +

19
√
3

432π2
y−5 − · · · . (37)

For the y−3 term we have α = 3
2 , and Eq. (36) gives

c3/2 = −
√
3

36π
. (38)

Here 36 is the normal-threshold momentum squared. The projection (31) of the numerically
continued period reproduces Eq. (38) in ball arithmetic to 195 digits (Table 2). From the y−5

term we obtain the subleading power on the same branch,

19
√
3

7776π
t5/2 = c3/2 ·

(
− 19

216

)
t5/2 , (39)

which is the next term of the Frobenius expansion of Φ3/2. In Eq. (24) the same branch is written
in t = p2, and its odd-order coe�cients therefore have the opposite sign.

At the four-loop point the local monodromy spectrum is {14,+i,−i} (ru = 4), and (M0 − 1)4

removes the unipotent block and acts as (±i− 1)4 = −4 on the semisimple pair; the projectors (30)
are

P+i = i
8 (M0 − 1)4(M0 + i1) , P−i = − i

8 (M0 − 1)4(M0 − i1) . (40)

From the two tail terms of Eq. (34), with α = 5
4 and 7

4 (Mellin exponents λ = −1
2 ,−

3
2 in Eq. (35)),

we obtain by Eq. (36) c5/4 = −(8π5/2)−12−5/2Γ(−1
4)

2 and c7/4 = −15
32(8π

5/2)−12−7/2Γ(−3
4)

2, that
is

c5/4 = − 1√
2π Γ(14)

2
= −

Γ(34)
2

2
√
2π5/2

, c7/4 = −
5Γ(14)

2

384
√
2π5/2

, (41)

with the product

c5/4 c7/4 =
5

768π3
, 768 = 12 ·

(∑
i

√
Mi

)2
. (42)

The product identity follows from Γ(14)Γ(
3
4) = π

√
2 and expresses the Wronskian normalization of

the conjugate {+i,−i} pair. In the period presentation of the lemniscatic ring (13) the coe�cients
read c5/4 = −1/(4πϖlem) and c7/4 = −5ϖlem/(192π

2). Both are elements of Rlem. The projec-
tions (40) of the numerically continued period reproduce the two coe�cients in ball arithmetic to
197 digits (Table 2). No auxiliary-mass-�ow evaluation of the unequal-mass four-loop master exists
at this rung to compare with, since such an evaluation is beyond present hardware [64].

The lemniscate constant ϖlem is already present at two loops. The (1, 1, 4) holomorphic period
ϖ0 = 1 + O(z), continued from the MUM point to the coalescence point of its Type III �ber,
has local exponents {3

4 ,
5
4} there, the exponents ±1

4 of Eq. (21) up to the integer shift from the
normalization of the period. It equals c3/4Φ3/4 + c5/4Φ5/4, with a coe�cient c5/4 unrelated to the
four-loop one. Repeating the computation with three Bessel factors, we �nd

c3/4 =
Γ(14)

2

8π3/2
=

√
2ϖlem

4π
, c5/4 = −

3Γ(34)
2

16π3/2
= − 3

√
2

32ϖlem
, c3/4 c5/4 = − 3

64π
, (43)

in agreement with the numerical continuation of the second-order operator in ball arithmetic to
159 digits (Table 2). At two and at four loops ϖlem enters as a local connection coe�cient of the
holomorphic period rather than as a boundary L-value.
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Similarly, on the two-mass CY4 slice (15, 25) of Table 1 (ru = 7, eigenvalue λ = −1, P−1 =
− 1

128(M0 − 1)7) six Bessel factors again give odd inverse powers only,

J0(y)
5J0(5y) ⊃ − 1

4
√
5π3

y−3 + · · · , (44)

whose leading term has α = 3
2 and gives, by Eq. (36),

c3/2 = −
√
5

40π2
. (45)

From the subleading tail term we obtain the ratio of the t5/2 and t3/2 coe�cients as − 11
200 , the

next Frobenius coe�cient of Φ3/2 on the slice. The projected period agrees with Eq. (45) to 248

digits in ball arithmetic (Table 2). The coe�cient (45) lies in the
√
5/π analog of the three-loop

ring, with π−2 in place of π−1 (|c3/2|2 = 1/(320π4)), although here the denominator 40 is not the
normal-threshold momentum squared 100 (compare the 36 of Eq. (38)).

4.3 The unipotent companions

The projector isolates the fractional branches; the complementary data are the coe�cients Ak of
Eq. (10) on the unipotent tower. At the three-loop point the tower is {Φ(0),Φ(1),Φ(2)} (log depth
0, 1, 2), and in the branch convention t = e−iπs we �nd

A0 =

√
3 log 24

12π
, A1 = −

√
3

24π
= 3

2 c3/2 , A2 = 0 . (46)

We can prove the values of A2 and A1 analytically. Indeed, the tail (37) has odd inverse powers
only, because its coe�cients are the real parts of in+1 times rationals. The corresponding Mellin
exponents λ = −n are then odd, and Γ(λ/2)2 is �nite at odd λ; no tail term meets a double pole
of Γ(λ/2)2, and the expansion of ϖ0 at t = 0 has no t log2 t term at any order. Hence A2 vanishes

identically. The s log s term comes only from the small-argument logarithm of H
(1)
0 , with coe�cient

1
2

∫∞
0 y J0(y)

3J0(3y) dy. This moment is Kluyver's three-step random-walk integral at the endpoint
of the walk's range, ∫ ∞

0
y J0(y)

3J0(3y) dy =
p3(3)

3
=

√
3

12π
, (47)

with the density p3(3) taken as the mean of its one-sided limits [15], and it gives the value of A1 in
Eq. (46).

For A0 the small-argument expansion of the Hankel form gives

A0 = −
∫ ∞

0
y log y J0(y)

3J0(3y) dy − (γE − log 2)
√
3

12π , (48)

and the closed form in Eq. (46) is therefore equivalent to the moment evaluation∫ ∞

0
y log y J0(y)

3J0(3y) dy = −
√
3 (log 12 + γE)/(12π) , (49)

which we have not proved. We have con�rmed Eq. (49) numerically, by direct integration to 34
digits, and the numerical continuation of the operator in ball arithmetic gives A0 of Eq. (46) to 153
digits (Table 2). On the branch t = e−iπs the unipotent part of ϖ0 is thus

A0Φ
(0) +A1Φ

(1) = 3
2c3/2

(
Φ(1) − 2 log(24)Φ(0)

)
, (50)
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and the natural logarithmic variable is log(t/576). All three companions lie in the Q-span of
√
3/π

and its products with logarithms of rationals (Sec. 2.4), as does c3/2.
At four loops the unipotent block has rank four. It consists of two analytic solutions, Φ1 =

t+ O(t3) (no t2 term) and Φ2 = t2(1 + O(t)), each with a logarithmic partner. The coe�cients of
ϖ0 on both logarithmic partners vanish,

ϖ0 = c5/4Φ5/4+ c7/4Φ7/4+α1Φ1+α2Φ2 , α1 = 0.1120550986 . . . , α2 = −0.001640947945 . . . ,
(51)

where we obtain α1 and α2 from the numerical continuation of the operator (App. C.2). The small-
argument expansion of the Hankel form gives α1 = −

∫∞
0 y log y J0(y)

4J0(4y) dy (the two sides agree
to 35 digits by direct integration). The s log s term is absent because

∫∞
0 y J0(y)

4J0(4y) dy = 0:
the four-step random-walk density vanishes at the endpoint of its range [15]. The vanishing of the
second logarithmic coe�cient remains a numerical statement (App. C.2).

5 Complex multiplication

The connection coe�cients of Sec. 4 lie in elementary rings such as the Q-span of
√
3/π, or in

the lemniscatic ring (13). The boundary constants of the equal-mass banana periods and integrals
are ζ-values or CM Γ-periods. A non-CM weight-3 motive would instead have two transcendental
periods, conjecturally algebraically independent. We ask whether the banana family contains such
a motive. For the equal-mass and the three-equal-mass three-loop banana, the two con�gurations
analyzed here, the answer is no.

5.1 Frobenius traces and the CM criterion

We write ap for the Frobenius trace of a smooth �ber Xt, computed from its number of Fp-points.
For a singular K3 (one of maximal Picard rank) the trace on the transcendental lattice T (Xt) ⊂ H2

is the Fourier coe�cient of the associated weight-3 newform. Such a newform f has CM by an
imaginary-quadratic �eld K of discriminant dK precisely when

ap(f) = 0 for every prime p with
(
dK
p

)
= −1 , (52)

i.e. at the primes inert in K.
For the sunrise the second Symanzik polynomial de�nes the pencil of cubics

F = − t x1x2x3 + (M1x1 +M2x2 +M3x3)(x1x2 + x2x3 + x3x1), Mi = m2
i , (53)

whose total space S → P1
t is an elliptic surface with e(S) = 12, hence χ(OS) = 1 and pg =

h2,0 = 0. With no holomorphic two-form there is no weight-3 cusp form on this surface. At equal
mass the weight-3 modular forms that enter the sunrise integral are Eisenstein series [4, 20], and
the holomorphic period is the weight-one form of Sec. 2.2. Our point counts show no cusp-form
contribution. We �nd the same �bral trace sum

∑
t aEt(p) = −3p − 1 at every prime 5 ≤ p ≤ 199

for each of the ten mass triples counted.
A weight-3 cusp form �rst appears at three loops, where the maximal cut is a K3 with e = 24

and pg = 1 [59, 32]. At equal mass its Picard�Fuchs operator is the symmetric square of the sunrise
operator, and the K3 at the on-shell point is singular, with transcendental lattice of rank two. Its
newform is

f3 = 15.3.b.a = (η3η5)
3 + (η1η15)

3 , ηN = η(Nτ) . (54)
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Counting points, we �nd that ap vanishes at 23 of the 44 unrami�ed primes p ≤ 200 (zero density
0.523, against the Chebotarev value 1

2), following the inert-prime law

ap = 0 ⇐⇒
(
−15
p

)
= −1, at every unrami�ed prime p ≤ 200. (55)

The point counts thus display, through the criterion (52), the classical CM of f3 by Q(
√
−15). By

contrast, the smallest non-CM weight-3 newform, 12.3.d.a with coe�cient �eld Q(
√
−3), has ap = 0

at one of the �rst 168 primes (the lone a71 = 0), a zero density of 0.006 against 0.523 for f3.

5.2 An inherited-CM obstruction

For unequal masses the transcendental lattice of the three-loop banana cut, of rank four to six, and
the modular forms parametrizing its periods are given in ref. [30] as

T (X) ∼=


H ⊕H(3) three equal masses (ordinary modular forms in two variables),

H ⊕ ⟨2⟩ ⊕ ⟨−6⟩ pairwise-equal masses (Hilbert modular forms over Q(
√
3)),

H ⊕H ⊕ ⟨−6⟩ two equal masses (Siegel modular forms),

H ⊕H ⊕A2(−3) four di�erent masses (Hermitian modular forms).

(56)
As shown in refs. [32, 31], the three-equal-mass periods are products of two copies of the equal-mass
sunrise maximal cut, with two independent moduli τ1, τ2 on Γ1(12)× Γ1(12).

Proposition 5.1 (inherited-CM obstruction). The three-equal-mass three-loop banana K3, with

transcendental lattice H ⊕H(3), has a maximal cut equal to the product of two copies of the equal-

mass sunrise maximal cut. Its weight-3 arithmetic is therefore that of the equal-mass sunrise family,

whose CM �ber carries f3 with CM by Q(
√
−15), and neither the equal-mass nor the three-equal-

mass three-loop banana can realize a non-CM weight-3 Feynman number.

Proof. By the factorization [32, 31], the transcendental motive of the three-equal-mass K3 is assem-
bled from two members of the equal-mass sunrise family, and its weight-3 arithmetic is therefore
that of one elliptic family over Q. The Frobenius traces are rational, whereas a non-CM weight-3
newform has coe�cient �eld of degree ≥ 2. At the �ber where both factors sit at the CM point (the
equal-mass limit) the weight-3 piece is f3 of Eq. (54), with CM by Q(

√
−15) (Eq. (55)). A motive

assembled by tensor or symmetric construction from CM pieces is itself CM. The weight-3 number
produced there is therefore a CM Γ-period. At equal mass the transcendental lattice has rank two
and the K3 is singular. By Livné's modularity theorem [54] its transcendental L-function is that of
a weight-3 newform with CM by an imaginary-quadratic �eld, here f3. Hence neither con�guration
realizes a non-CM weight-3 period.

The proposition is exactly as strong as its ingredients, so we state their status. The factorization
is a theorem of refs. [32, 31]; the lattices are those of ref. [30]; the CM of f3 is classical (Eq. (55)); the
closure step is elementary. Our toric point count (App. C.3) shows the same CM pattern, but the
conclusion follows from the proposition, which does not rely on the point count. This rules out the
equal-mass and three-equal-mass rungs, and only those. For unequal masses the rank of T (X) in
Eq. (56) exceeds two, and a non-CM weight-3 newform could occur only as a Galois-conjugate pair
of rank-two pieces. Whether the Hilbert-modular pairwise-equal banana contains such a non-CM
pair is not settled by the factorization argument, which applies to three equal masses only, and the
records of this program do not analyze it.
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Two candidate homes remain in the records, neither analyzed to a verdict. One is the pairwise-
equal banana. The other is a graph whose maximal-cut surface carries a nebentypus character
on its transcendental H2, as do the elliptic modular surfaces attached to weight-3 newforms with
imaginary-quadratic coe�cients. The two-curve geometries we examined [57, 71] have non-CM
curves but rational-integer Frobenius traces, and realize weight-2 and weight-4 modular forms
without such a character. The question of a non-CM weight-3 period thus has a negative answer
for the con�gurations of Proposition 5.1; for the pairwise-equal banana and for a character-carrying
surface it is open.

5.3 Quasi-periods and L-values from the operator

A representation of the periods by Eichler integrals (14) involves a quasi-period and a boundary
constant. We �nd that both follow from the Picard�Fuchs operator alone. For the equal-mass
sunrise the quasi-period is

Π2(t) = (π2/3)E2(τF ) , (57)

with τF the modular parameter of the �ber, and by Ramanujan's identity

DE2 = (E2
2 − E4)/12 , D = q

d

dq
, (58)

E2 is, up to its constant term, the onefold integral D−1 of a weight-4 quasimodular form. At �ve
Euclidean points we recover its constant of integration and normalization (both equal to 1) by an
integer-relation search among Π2, this integral and unity. The relation holds to 99 digits at the
worst point, against two digits for a �t to holomorphic modular forms.

The boundary constant of the Eichler integral is a critical L-value, determined by the Frobenius
traces, which in turn follow from the operator: for the (1, 1, 4) surface the truncated p-adic Frobenius
of the operator reproduces ap at every prime we tested. For f3 we then identify L(f3, 2), by integer-
relation search, with the Chowla�Selberg form [65]

Pnum = Γ( 1
15) Γ(

2
15) Γ(

4
15) Γ(

8
15), L(f3, 2) =

Pnum

120
√
3π

, (59)

which an independent evaluation con�rms to 70 digits. The identity (59) is known; here we obtain
it using only the Picard�Fuchs operator and its Frobenius traces. The quasi-period and L-value
constructions lift to the equal-mass three-loop banana: an Eichler-integral representation �xed in
the same way reproduces its quasi-period block to 159 digits, and the two critical L-values of its
newform f3 are Chowla�Selberg monomials, matched to 70 digits. A degree-one period-polynomial
bootstrap was attempted at this rung and did not pass, for lack of the exact multiplier system of
the level-15 form; the failure is multiplier-system-limited, not precision-limited.

The complete equal-mass banana integrals have simpler boundary constants: at three loops
the ε0 constant of the top master is a rational multiple of ζ3 [59], and at four loops those of all
�ve masters across ε−4 . . . ε0 lie in the ζ-ring [13, 58]. The CM period of Eq. (59) can enter the
three-loop integral only at higher orders in ε, where its identi�cation is still pending (a raw-master
normalization reconciliation). For the boundary values of the ice-cream cone (Sec. 6) we have found
no analogous ring.

6 The ice-cream cone

We compute the two-loop ice-cream cone graph, whose Landau singularities were analyzed by
Hannesdottir, McLeod, Schwartz and Vergu [41] (Sec. 6.4 of that work), in d = 2−2ε dimensions on
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a one-scale slice, at equal internal masses and at one point with four distinct masses. The maximal
cut of its sunrise subgraph is an elliptic curve, non-modular at generic masses, and the graph has a
Landau singularity of its own.

6.1 Kinematics and the integral family

We label the four internal lines q1, . . . , q4, with masses m1, . . . ,m4, and the six external legs
p1, . . . , p6. Momentum conservation reads

p1 + p2 = q2 + q3 + q4, p4 − p3 = −q1 + q3 + q4, p5 + p6 = q1 + q2, (60)

with invariants p212 = (p1 + p2)
2, p234 = (p3 − p4)

2 and p256 = (p5 + p6)
2. We work on the symmetric

one-scale slice
p212 = p234 = x, p256 = −1, d = 2− 2ε, (61)

in units of m2
1, for two mass con�gurations: equal masses, m2

j = 1, and the single all-distinct mass

pointm2 = (1, 2, 3, 5). We �x boundary values at x = −1 and evaluate the integral at any Euclidean
point x < −1

2 of that slice.
In terms of the loop momenta ℓ1, ℓ2 and the combinations P12 = p1 + p2, P56 = p5 + p6 and

P34 = p4 − p3 = P12 − P56, the propagators are

D1 = ℓ22−m2
1, D2 = (P56− ℓ2)

2−m2
2, D3 = ℓ21−m2

3, D4 = (P12−P56+ ℓ2− ℓ1)
2−m2

4, (62)

with the scalar products D5 = (ℓ1+P56)
2, D6 = (ℓ2+P12)

2, D7 = (ℓ1+P12)
2 completing the basis.

We compute the scalar member [1, 1, 1, 1, 0, 0, 0] of this family,

m3

m4m1 m2

p34 p12

p56

= IICC(x) =

∫
ddℓ1 d

dℓ2

(iπd/2)2
1

D1D2D3D4
, d = 2− 2ε. (63)

In the graph, colors mark the masses. The sub-sectors are the sunrise subgraph [1, 0, 1, 1] on lines
1, 3, 4 (masses (1, 3, 5) at the generic point), a second sunrise [0, 1, 1, 1] on lines 2, 3, 4 (masses
(2, 3, 5); at equal mass the two coincide), and the bubble [1, 1, 0, 0]. Reducing by integration by
parts with Kira [46], we �nd 7 master integrals at equal mass (5 of uniform transcendental weight)
and 19 at the generic mass point.

In Feynman parameters,

IICC ∝
∫ ∞

0

( 4∏
e=1

dxe

)
δ
(
1−

∑
e xe

)
U ν−(L+1)d/2

F ν−Ld/2 , L = 2, ν = 4, (64)

with the Symanzik polynomials

U = x1x2+x1x3+x1x4+x2x3+x2x4, F
∣∣
me=0

= p21 x1x2x4+p
2
2 x1x2x3+p

2
3 (x1x3x4+x2x3x4),

(65)
and F = F|me=0 + U · (

∑
em

2
exe). Here x1, x2 are the parameters of D3, D4 and x3, x4 those of

D1, D2 (me is the mass on the line of parameter xe), p
2
3 = p256, and {p21, p22} = {p212, p234}, both equal
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to x on the slice. The mass term is quadratic in the individual xe, which makes the maximal cut of
the sunrise subgraph a curve of genus one.

The integral (63) is ultraviolet and infrared �nite (its super�cial degree of divergence is ω =
Ld − 2 ·4 = −4 − 4ε < 0 and all internal lines are massive), and its ε-expansion starts at ε0. We
follow the d0 = 2 convention of the sunrise literature [4] because in two dimensions the maximal
cut of the sunrise subgraph is directly the holomorphic period of the curve (66). Since Tarasov's
dimension shift to d = 4 involves the higher orders in ε, we also compute the order ε1.

6.2 Maximal-cut curves and periods

In d = 2 the maximal cut of the sunrise subgraph, taken loop by loop, is the one-dimensional
integral

∮
ds/Y over the invariant mass squared s of the pair (D3, D4), where

Y 2 = λ(s,m2
3,m

2
4)λ(s,m

2
1, x) (66)

and λ is the Källén function. The four branch points s = (m3 ±m4)
2 and s = (

√
x±m1)

2 of this
elliptic curve collide in pairs at x = 0 and at x = (±m1 ±m3 ±m4)

2. At the generic mass point we
thus �nd the singular locus xQsc(x), with

Qsc(x) = x4 − 36x3 + 302x2 − 564x+ 121 =
∏
±

(
x− (±1±

√
3±

√
5)2

)
, (67)

the product over the normal threshold and the three pseudo-thresholds of the (1, 3, 5) sunrise [2].
This curve is non-modular; its monodromy is not a congruence subgroup, so no Γ1(N) uniformization
exists. Similarly, the second sunrise (masses (2, 3, 5)) de�nes a distinct curve, with

Q14(x) = x4 − 40x3 + 352x2 − 960x+ 576 =
∏
±

(
x− (

√
2±

√
3±

√
5)2

)
, (68)

the subscript being the label of its sector (masters 11, . . . , 14 of the 19-master basis).
We denote by ψ1, ψ2 two solutions of the Picard�Fuchs equation of the curve (66). At the generic

mass point it reads
ψ′′ + P1(x)ψ

′ + P0(x)ψ = 0, (69)

with

P1 =
1

∆

(
24x9 − 996x8 + 15584x7 − 113796x6 + 369775x5

− 346709x4 − 60058x3 + 170738x2 + 50435x− 9317
)
,

P0 =
1

∆

(
24x7 + 442x6 − 8170x5 + 32705x4 − 18952x3 + 6992x2 + 15106x+ 6237

)
, (70)

∆ = x (2x+ 1) (2x2 − 17x− 7) (3x2 − 18x+ 11)Qsc(x).

The genuine singular points are the zeros of xQsc(x); the other factors of∆ contribute only apparent
singularities (at the zeros of 3x2 − 18x + 11 the local exponents are {0, 2}). We take ψ1 to be the
holomorphic period and �x the second solution by (ψ2, ψ

′
2)
∣∣
−1

= (0, 1).

At equal mass the curve (66) becomes Y 2 = s(s−4)λ(s, 1, x), the equal-mass sunrise curve [12, 4]
with monodromy group Γ1(6), cusps {0, 1, 9,∞} and singular locus x(x − 1)(x − 9). The sunrise
master S (the sub-sector integral [1, 0, 1, 1] at d = 2) obeys the inhomogeneous equation [52]

S′′ + p1S
′ + p0S =

6

x(x− 1)(x− 9)
, p1 =

3x2 − 20x+ 9

D
, p0 =

x− 3

D
, D = x(x− 1)(x− 9),

(71)
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x

−8 −6 −4 −3 −2

−1

9

r+

x

−1 − 1
2

− 1
4

0 r− 1

Figure 3: The alphabet of the equal-mass ice-cream cone on the real x-line, the boundary point
x = −1 where the constants are �xed, and the Euclidean points at which the closed form is compared
with numerical evaluations (Table 2 and App. C.1). Thick bars mark the letters of Eq. (75) that
are singular points of the solution: the sunrise points x = 0, 1, 9 and the roots r± = 5 ± 2

√
5

of the cone's own letter Lbub; open circles mark the apparent singular points x = −1
2 ,−

1
4 of the

di�erential equation; the �lled dot is the boundary point; short ticks are the comparison points
x = −2,−3,−4,−6,−8; the shaded half-line x < −1

2 is the region in which we evaluate the closed
form. Both axes are to scale; the lower one magni�es the neighborhood of the origin.

whose homogeneous solutions are the equal-mass sunrise period ψ1 and a second solution ψ2, again
�xed by (ψ2, ψ

′
2)
∣∣
−1

= (0, 1). Since the Γ1(6) curve is modular, it has a ring of cusp constants (zeta
values and logarithms) in which we can look for boundary values; the generic curve (67) has no such
ring.

6.3 Landau singularities and the alphabet

We obtain the singular locus of the family with the programs PLD.jl [35] and SOFIA.jl [26], in
agreement with refs. [41, 10]. At equal mass m the leading Landau locus of the cone, with all four
Feynman parameters nonzero (eq. (6.48) of ref. [41]), is

Licc = p212p
2
34p

2
56 +m2

[
9m2p256 + (p212 − p234)

2 − 5(p212 + p234)p
2
56 + 4p456

]
= 0. (72)

On the slice p212 = p234 = x, p256 = w, m2 = 1 this locus and the second-type (Källén) locus of the
underlying triangle graph reduce to

Licc

∣∣
slice

= w (x2 − 10x+ 4w + 9), Lδ

∣∣
slice

= w (w − 4x), (73)

and at w = −1 the �rst becomes

Lbub = x2 − 10x+ 5 = (x− r+)(x− r−), r± = 5± 2
√
5 = {9.4721 . . . , 0.5279 . . .}. (74)

With the sunrise points and two removable letters, the equal-mass alphabet is

{x, x− 1, x− 9, 2x+ 1, 4x+ 1, Lbub }. (75)

Physically, x = 0 is the �rst-entry letter of the p212 channel, and x = 1, x = 9 are the pseudo-
threshold and the normal threshold (3m)2 of the sunrise subgraph, both cusps of Γ1(6). At x = r±
the pair (D3, D4) sits at its threshold on the locus (72) (equivalently, Lbub is the Landau locus of
the triangle with masses (m,m, 2m)), and 2x+1, 4x+1 come from the external Gram determinants
and are removable (Fig. 3).
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At the generic mass point we �nd in place of the quadratic (74) the quartic

Lbub = x4 − 40x3 + 348x2 − 880x+ 196 (irreducible over Q), (76)

which is eq. (6.48) of ref. [41] with all four αe ̸= 0 and, up to the factor 4, the product of the
threshold and pseudo-threshold Landau loci of the triangle (m1,m2,m3 ±m4). The letter Lbub is
con�ned to the top sector. Dividing every denominator of the 19× 19 connection matrix of Sec. 6.4
by it, we �nd Lbub only in the top-sector rows {15, 16, 17, 18} and not in the rows {5, 6, 7, 8} and
{11, 12, 13, 14} of the two sunrises. At equal mass the poles at x = r± likewise sit only in the top

rows (4, 5, 6), with diagonal residue A[4][4]
∣∣
r+

= − 4
11 − 6

√
5

55 , and not in the rows (2, 3). The letter

Lbub already appears in the integration-by-parts reduction: the coe�cient of the top integral in the
reduction of its dotted partner is ((2− d)x+ d− 3)/(x2 − 10x+ 5).

6.4 The di�erential equation

The vector M of master integrals obeys

∂xM = A(d, x)M, A(2− 2ε, x) =
∑
k≥0

εkA(k)(x), (77)

with A rational in x and d and block-lower-triangular by sector; this system is not in the ε-form of
Eq. (1). We expand the masters as Mj =

∑
k ε

kfj,k(x). The top integral (63) has index j = 4 at
equal mass (15 at the generic point) and the sunrise master j = 2 (5); we abbreviate T ≡ f4,0 and
S ≡ f2,0 (or f15,0, f5,0). We derive A from a Baikov representation or, equivalently, from di�erential
operators in the external invariants. Order by order in ε we solve each diagonal block of Eq. (77)
by variation of parameters over its homogeneous solutions, through which the periods enter. The
lower blocks form the source, and every fj,k is then an iterated integral of the class of Eq. (11).

At the generic mass point we �nd for the self-coupling of the top and its coupling cS to the
sunrise subgraph

A[15][15] =
−270x4 + 2706x3 − 8658x2 + 10676x− 4004

(4x+ 1) (x4 − 40x3 + 348x2 − 880x+ 196)
, (78)

cS(x) =

− 192x9 + 8550x8 − 118439x7 + 691024x6 − 1762968x5

+ 1499645x4 + 880795x3 − 1000411x2 − 61114x+ 58410

(2x+ 1)(4x+ 1) (x4 − 40x3 + 348x2 − 880x+ 196) (x4 − 36x3 + 302x2 − 564x+ 121)
,

(79)

the latter with both Lbub and Qsc in its denominator. The self-coupling of the sunrise subgraph
and its source from the bubble sector read

A[5][5] =
10x4 − 121x3 + 336x2 + 27x− 24

(2x+ 1)Qsc(x)
, A[5][4] =

−3x4 + 78x3 − 350x2 + 94x+ 77

(2x+ 1)Qsc(x)
.

(80)
At equal mass the coupling of the sunrise subgraph to the top is

cS(x) = A[4][2] =
2 (10x4 − 65x3 − 131x2 + 37x+ 45)

3 (x− 9)(x− 1)(2x+ 1)(4x+ 1) (x2 − 10x+ 5)
, (81)

with a simple pole at Lbub = 0.
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As shown in refs. [50, 28], the top sector of the cone in d = 2 has a rank-two di�erential operator
with algebraic (Liouvillian) solutions for generic masses and momenta. The third-order operator
of ref. [27] for the top integral factorizes accordingly into a �rst-order and a second-order factor.
Consequently the sunrise periods enter the top integral only through its source, and the top integral
can be obtained by variation of parameters over an algebraic kernel. In our basis, at equal mass
and at order ε0 (grade zero), the top sector closes on T and the dotted top (master 5 of that basis).
Eliminating the latter, we obtain

LT = ∂2x + p̃1 ∂x + p̃0, p̃1 =
14x5 − 155x4 + 520x3 − 316x2 + 22x− 5

(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

p̃0 =
6 (x4 − 8x3 + 24x2 − 4x+ 3)

(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

(82)

whose kernel is algebraic,

y±(x) = q±(x)
−1/2, q± = 1

2

(
2x2 + 8x− 5±

√
5 (2x− 1)

√
4x+ 1

)
,

q+q− = (x− 1)2 (x2 − 10x+ 5),
(83)

with local exponents {−1
2 , 0} at r±, {0, 12} at x = −1

4 and {0, 2} at x = 2±
√
3.

We thus arrive at the inhomogeneous equation for the top,

LT [T ] = α(x)S(x) + β(x)S′(x) + g1(x)− gt(x) Tri0, (84)

with

α =
−8 (2x4 − 9x3 − 15x2 − 25x− 15)

3(x− 9)(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

β =
−2 (11x5 − 63x4 + 48x3 − 340x2 + 165x− 45)

3(x− 9)(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
,

g1 =
8

(x− 9)(x− 1)(x2 − 10x+ 5)
, gt =

2 (2x3 − 27x2 + 18x− 1)

(x− 1)(4x+ 1)(x2 − 10x+ 5)(x2 − 4x+ 1)
. (85)

Here Tri0 = 4 lnφ/
√
5, with φ the golden ratio, is the d = 2 bubble of the lines D1, D2 at p

2
56 = −1,

and the terms g1 − gtTri0 are the contribution of the bubble and tadpole masters. At the generic
mass point the source is the sum of a rational function, a rational function times S (through cS
of Eq. (79)) and a rational function times S14, the period of the second sunrise. This period
enters the source through the entries A[15][11], . . . , A[15][14], which have Q14 of Eq. (68) in their
denominators. However, for generic masses and momenta the homogeneous top block is the rank-
two algebraic operator of refs. [50, 28], which we have not reduced our 19-master system to (our
grade-zero elimination there is third-order).

6.5 Boundary conditions and the closed form

With LPF the operator on the left of Eq. (71), the sunrise master at equal mass is

S = Aψ1 +B ψ2 + 6P, LPF[S] =
6

x(x− 1)(x− 9)
, (86)

with source constant 6, where P is the particular solution with unit source,

LPF[P ] =
1

x(x− 1)(x− 9)
, (P, P ′)

∣∣
−1

= (0, 0). (87)
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Since ψ2(−1) = P (−1) = 0, we read o� the two constants from the value and the derivative of S at
the boundary point, after continuing S there from its large-x cusp expansion, whose free coe�cients
are logarithmic in the masses and vanish at equal mass: A = S(−1)/ψ1(−1) = −2.4880163 . . .
and B = S′(−1) − Aψ′

1(−1) = +0.33712992 . . . (Table 2). The bubble and tadpole masters are
elementary; their Laurent coe�cients (−2γE and 2γ2E + π2/6 at orders ε−1 and ε0 for the divergent
bubble-sector master, the integers (1,−2, 1) at order ε−2 for the tadpoles) enter the top only through
g1 and gt.

We now write the top integral at equal mass in closed form by variation of parameters over the
algebraic pair (83):

T (x) = c+y+(x) + c−y−(x) +

∫ x

−1

y−(x) y+(x
′)− y+(x) y−(x

′)

W (x′)

(
αS + βS′ + g1 − gtTri0

)
(x′) dx′

(88)
withW = y+y

′
−−y′+y− the Wronskian, α, β, g1, gt the kernels of Eq. (85), and two constants c±. For

Euclidean x < −1
4 the y± are complex conjugates, and so are c±. Equation (88) is the main result

of this section. It is an iterated integral of transcendental weight three in the class (11), a single
integral of algebraic kernels against a source containing the period pair of the curve (66), with the
six letters of Eq. (75). Its singular points are the sunrise cusps x = 0, 1, 9 (through the source), the
apparent points x = −1

2 ,−
1
4 , and the branch points r± of Lbub, where LT has exponents {−1

2 , 0}.
Because the period pair ψ1, ψ2 enters the integrand, T (x) is not a multiple polylogarithm.

We derive c± from two conditions at the large-x cusp. In u = 1/x the operator LT has indicial
exponents {1, 32} at u = 0, and the general solution of Eq. (84) behaves there as

T = u
(
t11 ln(−u) + t10

)
+ C u3/2

(
1 +O(u)

)
+ . . . , u =

1

x
, (89)

the omitted terms being �xed by the source once t10 and C are given. First we set C = 0, because
the large-x expansion of a Feynman integral contains only integer powers of u times logarithms.
Second, we �x t10 by matching to the large-x region in which the pair (D3, D4) carries the large
momentum (hard-bubble matching); the resulting constant τ0 is proportional to ln(m2

3m
2
4) Tri0 and

vanishes at equal mass, t10 = τ0 = 0. The logarithmic coe�cient requires no further input, since the
resonance of the exponent 1 with the source forces t11 = 2Tri0 = 8 lnφ/

√
5, which is also the value

obtained from the hard region. Continuing the solution so determined from the cusp to x = −1, we
obtain T (−1) and T ′(−1), hence c±. In this way the two cusp conditions give, with no numerical
input anywhere in the chain, the boundary value

T (−1) = 0.60984239 . . . , (90)

in agreement with an AMFlow [53] evaluation to 199 of its 202 digits (Table 2).
We have searched for a closed form of T (−1) with the PSLQ algorithm. At 120 digits, a search

in the weight-three ring

{1, π2, ζ3, π2log 2, π2log 3, log3 2, log3 3, ψ, ψπ2, ψ3, ψ log2 2, π2/ψ, ψ2, ψ2π}, ψ ≡ ψ1(−1), (91)

with integer coe�cients up to 109 returns only a dense seven-digit-coe�cient relation, which
is spurious and rejected. For the ratio T (−1)/ψ1(−1) in the classical ring {1, π, π2, log 2, log 3,
log2 2,

√
5,
√
3, ζ3, π

2log 2} with coe�cients up to 108 we �nd no relation. The constant T (−1) is
thus an elliptic period of transcendental weight three lying, like A and B, outside the classical cusp
ring at the searched heights, which is a search result and not a theorem.
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6.6 The boundary value as a period

The boundary value T (−1) has a direct integral representation. Feynman-combining the pair
(D3, D4) gives one line of spectral mass squared s(a) = m2

3/a + m2
4/(1 − a), raised to the power

2 − d/2, and the remaining loop is a one-loop triangle with internal masses (m2
1,m

2
2, s(a)). To all

orders in ε,

T (ε;x) = Γ(2 + 2ε)

∫ 1

0
da

∫
∆
d2α

[
a(1− a)

]−1−ε
α ε
3 F

(
α; s(a);x

)−2−2ε
, (92)

where T (ε;x) =
∑

k ε
kf4,k(x), ∆ is the simplex α1 + α2 + α3 = 1 with α3 the parameter of the

spectral line, and F is the second Symanzik polynomial of the triangle on the slice,

F (α; s;x) = α1m
2
1 + α2m

2
2 + α3 s− wα1α2 − xα3(α1 + α2), w = p256 = −1. (93)

At orders ε0 and ε1 we can do one of the two integrals over α in terms of logarithms and dilogarithms,
which leaves a convergent two-fold integral.

At equal mass the Landau locus of the e�ective triangle is the pair of zeros

s±(x) =
1
2

(
3 + 2x±

√
5
√
4x+ 1

)
(94)

of its Cayley determinant 2(s+ 1− x)2 − 10s, and at the threshold s = (m3 +m4)
2 of the spectral

line this determinant vanishes precisely on Lbub = 0. In d = 2 this triangle reduces to its three
bubbles, and at order ε0 and equal mass we can collapse Eq. (92) to the one-fold integral

T (x) = 2

∫ ∞

4

ds√
s(s− 4)

2(c− 2s)B(s;x) + (2c− 5)Tri0
2c2 − 10s

, c = s+ 1− x,

B(s;x) =

∫ 1

0

da

a+ s(1− a)− x a(1− a)
,

(95)

with B the d = 2 bubble of masses squared (1, s) at momentum squared x. The Tri0 term integrates
in closed form through its residues at s±. The remainder is the integral of the bubble logarithm
against ds/Y on the curve Y 2 = s(s − 4)λ(s, 1, x), with simple poles at s±, i.e. a length-two
elliptic polylogarithm with two third-kind punctures. Evaluating Eq. (92) by direct quadrature, we
reproduce the boundary value (90) to 284 digits (Table 2).

6.7 The generic mass point

At the mass pointm2 = (1, 2, 3, 5) most of the construction goes through unchanged. The curve (66)
with singular locus xQsc(x), the alphabet with the letter Lbub of Eq. (76) con�ned to the top rows,
the 19× 19 connection matrix with the kernels (78)�(80), and the structure of the source described
in Sec. 6.4 are all known analytically. In the lower sectors the sunrise master is S = ψ1E0, with
E0 a combination of elliptic dilogarithms on the (1, 3, 5) curve given in ref. [64], and the period
S14 of the second sunrise solves its own second-order equation. At large x we impose the same two
conditions as at equal mass, now with a nonzero hard-bubble constant

τ0 = ln 15 · ln(1 +
√
2)/

√
2 (96)

from m2
3m

2
4 = 15, where ln(1 +

√
2)/

√
2 is the value of Tri0 for the masses (m2

1,m
2
2) = (1, 2).

We lack an analog of the algebraic homogeneous pair (83) for the generic-mass top block, which
we have not brought to rank-two form (Sec. 6.4). Without a closed form like Eq. (88), we therefore
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integrate the system (77) numerically from x = −1 (App. C.1). We derive the boundary vector at
x = −1 in App. B.3, independently of AMFlow; its top component is de�ned by the integral (92)
with m2 = (1, 2, 3, 5). The boundary value of the top, and two values of the solution, are

T (−1) = 0.13489705 . . . , (97)

T (−2) = 0.13100788 . . . ,

T (−3) = 0.12736077 . . . ,

in agreement with numerical evaluations (Table 2). In contrast with the equal-mass case, here
no PSLQ search can be posed at all: the (1, 3, 5) curve is non-modular, there is no ring of cusp
constants, and ψ1 is itself transported rather than known to PSLQ depth (we obtain ψ1(−1) by
numerical solution of Eq. (69)).

6.8 Order ε

At order ε1 and equal mass the top row of Eq. (77) gives

d

dx
f4,1 = A

(0)
4j fj,1 +A

(1)
4j fj,0 +A

(2)
4j fj,−1 + · · · , (98)

summed over j. We list the rational kernels A
(k)
4j in App. B.1; Lbub divides their denominators

at both orders, and A
(0)
4,2 is the coupling cS of Eq. (81), through which the period ψ1 enters the

weight-four top integral f4,1 as well. Eliminating the dotted top as before, we �nd for f4,1 an
inhomogeneous equation with the operator LT of Eq. (82) and a grade-one source. In this source
the masters fj,0 (the top pair included) enter through A(1) and the sub-sector masters fj,1 through
A(0). We obtain f4,1 by one further integration against the same algebraic kernel, as a length-three
iterated integral with one new boundary constant

f4,1(−1) = −0.67751873 . . . (99)

At 110 digits an integer-relation search for this constant in the weight-four ring

{1, π2, ζ3, L, L2, L3, π2L,ψ, ψπ2, ψL2, ψ2, 1/ψ, π2/ψ}, ψ ≡ ψ1(−1), L ≡ log |q(−1)|, (100)

with q the nome of the Γ1(6) curve and coe�cients up to 106, �nds no relation, and we have not
identi�ed this constant.

The inputs to the two cusp conditions at this order are nevertheless in closed form. They include
the next two Laurent coe�cients of the bubble master at p256 = −1,

c1,0 = 2γE Tri0 + J, c1,1 = −
(
(2γ2E + ζ2) Tri0 + 2γEJ + K

2

)
,

J =

∫ 1

0

ln(1 + a− a2)

1 + a− a2
da, K =

∫ 1

0

ln2(1 + a− a2)

1 + a− a2
da.

(101)

The coe�cients (101) lie in the ring of logarithms and dilogarithms of the golden ratio. The
order-ε1 cusp constants of the sunrise subgraph, (−π2, −18ζ3), follow from Mellin residues of its
d-dimensional Bessel representation, and the two cusp conditions with these inputs reproduce the
value (99) to 127 digits (Table 2).
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quantity con�guration, point compared with digits note

(a) Threshold coe�cients and L-values, Secs. 3�5

c3/4, c5/4, Eq. (43) sunrise (1, 1, 4) PF continuation 159 ball arithmetic
c3/2, Eq. (38) banana (1, 1, 1, 9) PF continuation 195 ball arithmetic
c5/4, c7/4, Eq. (41) banana (14, 16) PF continuation 197 ball radii 198 and 197;

integer relations of height 4
and 15, stable at 118 and
197 working digits

c3/2, Eq. (45) CY4 slice (15, 25) PF continuation 248 ball arithmetic
A1 = 3

2
c3/2, Eq. (46) banana (1, 1, 1, 9) PF continuation 77 evaluation not used in any �t

A0, Eq. (46) banana (1, 1, 1, 9) PF continuation 153 ball arithmetic
A0 moment identity,
Eq. (49)

banana (1, 1, 1, 9) direct integration 34

α1 as a Bessel moment banana (14, 16) direct integration 35
α1, α2, Eq. (51) banana (14, 16) two

continuations
101

E2 quasi-period, Eq. (57) sunrise, equal mass PF continuation 99 �ve Euclidean points, worst
case

L(f3, 2) from Frobenius
traces

sunrise (1, 1, 4) newform L-value 55 integer-relation precision

L(f3, 2), Eq. (59) Γ-product newform L-value 70 no free constant
K3 quasi-period block banana, equal mass PF continuation 159 six points; distinct from the

�rst row
K3 critical L-values banana, equal mass eta-quotient 70

(b) The ice-cream cone, Sec. 6

T (−1), Eq. (90) equal mass, x = −1 AMFlow 199 of a 202-digit value; derived
boundary

T (x), Eq. (88) equal mass, x = −2 AMFlow 135
T (x) at order ε0 m2 = (1, 2, 3, 5),

x = −2
AMFlow 108

T (x) at order ε0 m2 = (1, 2, 3, 5),
x = −2,−3

earlier AMFlow
values

88 sampled before the solution
existed

T (−1), Eq. (97) m2 = (1, 2, 3, 5),
x = −1

AMFlow 129 of a 152-digit value; derived
boundary vector

f4,1(x) at order ε
1 equal mass, x = −2 AMFlow 75

top at order ε1 m2 = (1, 2, 3, 5),
x = −2,−3

AMFlow 68

Eq. (92) by quadrature equal mass, x = −1 AMFlow 284 of a 330-digit value
Eq. (95) equal mass, x = −1 AMFlow 330 working precision 345
Eq. (95), generic analog m2 = (1, 2, 3, 5),

x = −1
AMFlow 209 of a 210-digit value; working

precision 230
Eq. (92) at order ε1 equal mass, x = −1 AMFlow 133
cusp conditions for
f4,1(−1)

equal mass, x = −1 AMFlow 127 inputs of Eq. (101)

S, Eq. (86) equal mass,
x = −2,−3, . . .

AMFlow 61�62 62 at x = −3, 61 at the
worst point

S = ψ1E0 m2 = (1, 2, 3, 5) AMFlow 60

Table 2: Agreement, in digits, between the closed forms and boundary values of this paper and
numerical evaluations not used in their derivation. Block (a): the threshold coe�cients of Secs. 3�4
at the coalescence point t = 0 and the quasi-periods and L-values of Sec. 5, against numerical
continuation of the Picard�Fuchs operators (�PF continuation�), direct integration of the stated
Bessel moments, or the L-values of the newforms; block (b): the ice-cream cone of Sec. 6 against
auxiliary-mass-�ow evaluations [53]. Digit counts are rounded down; �ball arithmetic� marks entries
with rigorous error radii; working precisions and reference lengths are stated where they limit the
count (App. C). Mass labels list the squared masses, with (14, 16) ≡ (1, 1, 1, 1, 16) and (15, 25) ≡
(1, 1, 1, 1, 1, 25).
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6.9 Sequential discontinuities

The ice-cream cone is the example by which ref. [41] established a violation of the strict hierarchical
principle [51, 17]. The strict form con�nes the singularities of an absorption integral to higher-order
leading singularities, with all Feynman parameters of the inserted graph nonzero; the weak (Pham)
form also admits branches of a dominating graph's Pham locus on which some parameters vanish.
In the slice variables of Eq. (73) the principal subleading loci are the normal threshold of the sunrise
subgraph, x = (3m)2 = 9, and the bubble, w = (2m)2 = 4. In particular, the bubble-like singularity
of ref. [41] (their eq. (4.4), with α3 = α4 = 0 and α1, α2 ̸= 0) obeys the same Landau equations as
the bubble and sits on the same locus, p256 = (m1 +m2)

2. The slice w = −1 misses this locus; it
crosses the cone's own Pham locus only on the leading component Lbub, where the zeros s±(x) of
Eq. (94) reach the threshold s = 4 of the pair (D3, D4), with all parameters nonzero.

The letter Lbub enters the di�erential equation (77) only in the top rows and the closed form (88)
only through the branch points r± of the kernels y±, where LT has local exponents {−1

2 , 0}. On
the slice the singularity at Lbub = 0 is thus present in the top integral and absent from every sub-
sector, as the Landau equations require. The sequential discontinuity that contradicts the strict
principle, (1−Mbub)(1−Micc)IICC ̸= 0 with Mbub the monodromy around the bubble-like branch
at p256 = (m1+m2)

2 (eqs. (6.62)�(6.63) of ref. [41]), lives o� this slice, which therefore cannot exhibit
it. The sequential discontinuities in the orders sunrise-then-bubble and bubble-then-sunrise vanish
by the compatibility argument of Sec. 7 of ref. [41]. Exhibiting the nonvanishing discontinuity would
require a two-scale slice through p256 = (m1 +m2)

2, which we have not computed.

6.10 Numerical comparisons

Finally, we compare the closed forms and boundary values with numerical evaluations. For the cone
these are auxiliary-mass-�ow [53] values of the master integrals: the Laurent expansions at x = −1,
and values at Euclidean points x = −2,−3, . . . that enter no step of the construction. We evaluate
the closed form (88), its order-ε1 analog and the generic-mass solution by series solution of the
ε-expanded system (77) from x = −1 (App. C.1), and Eq. (92) by direct quadrature. The closed
form and the generic-mass solution agree with these values to 135 and 108 digits at x = −2 and
to 75 and 68 at ε1; Table 2 lists all comparisons. At the generic mass point the order-ε0 solution
also agrees to 88 digits, at x = −2 and x = −3, with values sampled independently before the
di�erential-equation solution existed.

An alternative to integrating the di�erential equation of the top would be a �t of its sampled
values to a basis of iterated integrals over the sunrise kernels. Empirically, at equal mass, the blind
canonical-frame �t �oors at 15 digits, while a �t of the sunrise-subgraph master from the same data
reaches 89�91 digits. The particular solution of the top, an integral of S and S′ against algebraic
kernels, lies outside the span of such a basis, which is why we integrate the di�erential equation
from the boundary value (90). Appendix C gives working precisions, truncation orders and the
search settings.

7 Conclusions

In this paper we studied sunrise and banana integrals whose heaviest internal mass equals the sum
of the others. We showed that the sunrise elliptic surface has an additive �ber of Kodaira Type III
at the coalescence point t = 0, with local monodromy of order four, and is therefore not modular. At
three loops the local monodromy there consists of a rank-three unipotent block and the order-two
factor known from the equal-mass K3 surface [13, 23], whereas for generic masses that monodromy is
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unipotent. Through �ve loops the order of the �nite monodromy factor alternates between four and
two (Table 1), depending on whether the inverse powers in the non-oscillatory Bessel tail are half-
integral or integral. From that tail we derived the connection coe�cients in closed form: rational
multiples of

√
3/π at three loops and, up to a power of

√
2, elements of the lemniscatic ring (13) at

two and four loops. Neither the equal-mass nor the three-equal-mass three-loop banana can realize
a non-CM weight-3 period (Proposition 5.1).

We also treated one complete integral, the two-loop ice-cream cone in d = 2−2ε dimensions. At
equal mass its order-ε0 top integral is a single integral of algebraic kernels against the period pair
of the sunrise subgraph, with the boundary constants �xed at the large-momentum cusp. Its one
new constant is the elliptic period T (−1). At one generic mass point we again obtained the kernels
and the boundary vector, and the top block is integrated numerically.

The Type III �ber, the indicial polynomials (Table 1), the connection coe�cients (Sec. 4) and
the equal-mass closed form (Sec. 6) are exact. Proposition 5.1 is a corollary of the factorization
of refs. [32, 31], the lattice classi�cation of ref. [30] and Livné's theorem [54]. The Bessel-moment
identity for A0 and the vanishing of one logarithmic coe�cient at four loops (Sec. 4.3) are numerical
statements, as is the analyticity of the complete two- and three-loop integrals at the coalescence
point (Sec. 3.4). At three loops we infer the order of the �nite monodromy factor from the period
monodromy only (App. A), and no �ve-loop graph realizing the last row of Table 1 is known. All
closed forms were compared with independent numerical evaluations (Table 2, App. C).

It would be interesting to know which other graphs acquire additive �bers at threshold con�gu-
rations, and of which Kodaira types. In particular, we have not found a graph realizing the Type II
pencil of App. A. In the pairwise-equal banana or on a surface with a nebentypus character, a non-
CM weight-3 period could still arise (Sec. 5). The arithmetic nature of the boundary period T (−1)
is open. We have not examined how an ε-form for the unequal-mass bananas continues through a
point of �nite local monodromy. We expect the Picard�Fuchs operator and, where available, the
Bessel representation to determine the local structure at threshold con�gurations of other Calabi�
Yau families.

A Threshold �bers and operators

We collect here the Weierstrass models and Picard�Fuchs operators used in Sec. 3, and the evidence
for the geometric label of Sec. 3.2.

A.1 The Type III �ber

We write the cut quartic of Eq. (15) as P (y; t) = a y4 + b y3 + c y2 + d y + e, with coe�cients
polynomial in t and in the squared masses. Its classical invariants are

I = 12ae− 3bd+ c2, J = 72ace+ 9bcd− 27ad2 − 27eb2 − 2c3, (102)

and the Jacobian of the curve Y 2 = P (y; t) is the (I, J)-Jacobian model

η2 = ξ3 +A(t) ξ +B(t), A = −27 I, B = −27 J, (103)

with c4 = −48A, c6 = −864B and ∆ = −16 (4A3 + 27B2). At (M1,M2,M3) = (1, 1, 4) this gives
the coe�cients of Eq. (17), with discriminant ∆(t) = 8707129344 t3(t − 16)2(t − 4)4. Both A and
B vanish at t = 0. This is the additive condition, and j stays �nite there (j(0) = 1728, with
vt=0(j − 1728) = 1). Running Tate's algorithm at t = 0 we �nd: v(∆) = 3 > 0; the singular point
of the reduced curve has v(b2) = ∞, hence the �ber is additive; v(a6) = 2 is not smaller than 2,
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Route Method Result

(i) Picard–Fuchs / Griffiths–Dwork; indicial r = ± 1
4 at

t=0
order-4 monodromy, eigen-
values ±i

(ii) Tate’s algorithm on the (I, J)-Jacobian model Type III, f=2, Euler sum
12

(iii) Independent Nagell Weierstrass model (distinct poly-
nomial form)

same config [III, I4, I2, I3]

(iv) By-hand Tate branching (v(b8)=2<3 ⇒ Type III) Type III; no table lookup

Table 3: Four identi�cations of the �ber at t = 0 for the (1, 1, 4) sunrise agree on Kodaira Type III.
Route (i) uses the Picard�Fuchs operator (20) of the period on the model (103), without Tate's
algorithm; routes (ii) and (iii) are computer-algebra runs of Tate's algorithm on the polynomially
distinct Weierstrass models (17) and (104); in route (iv) we follow the branching of the algorithm
by hand. For the two-mass family (1, 1,M), with M the third squared mass, the �ber at t = 0 is
multiplicative of Type I1 whenever M ̸= 4, including at the equal-mass point (the Γ1(6) surface);
the �ber type therefore changes only at the threshold con�guration M = 4.

which excludes Type II; and v(b8) = 2 < 3, which gives Type III [49]. The other singular �bers are
I4 at t = 4, I2 at t = 16 and I3 at t = ∞, Eq. (18); the conductor exponent at t = 0 is f = 2, and
the Euler numbers of the four singular �bers add up to 3 + 4+ 2+ 3 = 12. The curve Y 2 = P (y; t)
has a rational point at in�nity (the coe�cient of y4 is 1), and Nagell's reduction with respect to it
gives a second model of the same curve,

η2 = ξ3 + (4t2 + 192) ξ2 + (128t3 − 256t2 − 4096t+ 12288) ξ

+ (1024t4 − 16384t3 + 98304t2 − 262144t+ 262144) ,
(104)

with the same j-invariant as a function of t. Running Tate's algorithm on Eq. (104) we obtain
the same con�guration [III, I4, I2, I3]. These two applications of Tate's algorithm, a computer-
algebra run of it on the model (103), and the local exponents ±1

4 of the operator (20) are the four
identi�cations of Table 3.

The parity argument of Sec. 3.1, which excludes Type II �bers from the family (15), runs as
follows. An additive �ber of the family needs a triple root of P (y; 0) = λ(y,M1,M2) (y −M3)

2,
hence λ(M3,M1,M2) = 0. On both branches

√
M3 =

√
M1±

√
M2 of that locus, for genericM1 and

M2, we �nd
(
vt=0(c4), vt=0(c6), vt=0(∆)

)
= (1, 2, 3) for the model (103). In particular, v(c6) = 2 is

even at every additive �ber of the family, whereas Type II has
(
v(c4), v(c6), v(∆)

)
= (≥1, 1, 2) and

j → 0 [49]. A Type II �ber requires the three colliding Weierstrass roots to lie in one rami�ed orbit,
ξk − ξ∗ ∼ ζ k

3 (t− t∗)
1/3, hence an irreducible cubic. It does occur on the pencil

η2 = ξ3 + (t− 1) ξ + (t− 1) , (105)

which has ∆ = −16 (t − 1)2(4t + 23) and j(t) = 6912 (1 − t)/(−4t − 23); its �ber at t = 1 has(
v(c4), v(c6), v(∆)

)
= (1, 1, 2) and j(1) = 0. A by-hand Tate branching, which exits at v(a6) = 1 <

2, and two computer-algebra reductions (the PARI functions ellfromeqn and elllocalred) all give
Type II there. We expect pencils of this kind to arise from elliptic sub-sectors whose Baikov cut is
an irreducible, non-Källén cubic. Which named graph and mass tuple realize that pencil remains
open, and the additive-�ber gallery beyond these two entries is deferred.
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A.2 Picard�Fuchs operators

The sunrise operator (20), obtained by Gri�ths�Dwork reduction on the model (103) for the period
Π(t) =

∮
dξ/η, has singular points t ∈ {0, 4, 16,∞} and local exponents

{−1
4 ,

1
4} at t = 0, {0, 0} at t = 4 and at t = 16, {1, 1} at t = ∞ . (106)

For the banana family we use the variable z = −1/t, which puts the point of maximal unipotent
monodromy at z = 0 and the coalescence point at z = ∞, and the derivation θ = z d/dz. Near z = 0
we normalize the holomorphic period of the L-loop banana with squared masses M1, . . . ,ML+1 as
the series [14]

ϖ0 =
∑
n≥0

cn (−z)n, cn =
∑

k1+···+kL+1=n

(
n

k1, . . . , kL+1

)2 L+1∏
i=1

M ki
i , (107)

and each operator below, L =
∑

j Pj(z) θ
j with integer coe�cients, annihilates it term by term. If

d is the common degree of the Pj , a local solution t
ρ
(
1+O(t)

)
at the coalescence point has ρ a root

of
∑

j

(
[zd]Pj

)
(−ρ)j . We write indicial polynomials in the variable r of Table 1; there and in Sec. 3

they are quoted up to normalization. We obtain each operator from the series (107) by the following
search. For trial values of the order and of d we solve Lϖ0 = 0 for the coe�cients of the Pj modulo
31-bit primes, keep the smallest order and then the smallest d with a solution, and reconstruct the
rational coe�cients by Chinese remaindering over eight primes. The reconstructed operator then
annihilates the exact series term by term beyond the coe�cients used in the �t: n = 87�118 for
Eq. (108), at least 130 coe�cients for Eq. (110), and 361 coe�cients for Eq. (109) (reconstructed
over sixteen primes). Each operator is minimal in the sense that this search �nds no annihilator of
lower order, or of the same order and lower degree.

Three loops, (Mi) = (1, 1, 1, 9), order four and d = 5, with coe�cients

P4 = 36864 z5 + 63232 z4 + 20448 z3 + 2032 z2 + 78 z + 1 ,

P3 = 165888 z5 + 303872 z4 + 66272 z3 + 3704 z2 + 40 z − 1 ,

P2 = 276480 z5 + 563008 z4 + 87880 z3 + 4156 z2 + 54 z ,

P1 = 202752 z5 + 458304 z4 + 55464 z3 + 2424 z2 + 12 z ,

P0 = 55296 z5 + 137088 z4 + 13968 z3 + 576 z2 . (108)

The indicial polynomial at the coalescence point is 18432 (r− 1)3(2r− 3), Eq. (23), and at z = 0 it
is r3(r − 1); the leading coe�cient is P4 = (4z + 1)(16z + 1)(36z + 1)(16z2 + 22z + 1), with zeros
at t = 4, 16, 36 and at the roots of t2 − 22t+ 16.
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Three loops, generic point (1, 1, 4, 9), order �ve and d = 11, with coe�cients

P5 = 5682318075 z11 + 17598088998 z10 + 20014381251 z9 + 10040176276 z8

+ 1956538422 z7 − 60785644 z6 − 91575074 z5 − 17393552 z4

− 1660497 z3 − 86058 z2 − 2177 z − 20 ,

P4 = 51140862675 z11 + 130240419939 z10 + 118819214820 z9 + 44408552840 z8

+ 3048386666 z7 − 2231037078 z6 − 672783364 z5 − 88012540 z4

− 5921445 z3 − 163221 z2 + 648 z + 60 ,

P3 = 176151860325 z11 + 384587371602 z10 + 290492367399 z9 + 77570474648 z8

− 6038647302 z7 − 7492033772 z6 − 1655851210 z5 − 185353312 z4

− 10402671 z3 − 201846 z2 + 179 z − 40 ,

P2 = 289798221825 z11 + 563255181027 z10 + 361766166732 z9 + 62166922966 z8

− 20605309220 z7 − 11007304212 z6 − 2070411686 z5 − 210585158 z4

− 9888669 z3 − 108255 z2 + 1050 z ,

P1 = 227292723000 z11 + 405719482014 z10 + 227249430822 z9 + 20335504434 z8

− 19684521030 z7 − 7677470610 z6 − 1297419642 z5 − 122353866 z4

− 4893642 z3 − 24180 z2 + 300 z ,

P0 = 68187816900 z11 + 114409341648 z10 + 57170797920 z9 + 1128899412 z8

− 6387680052 z7 − 2089125864 z6 − 326459448 z5 − 28787580 z4

− 998136 z3 . (109)

The indicial polynomial at t = 0 is −5682318075 (r− 3)(r− 2)2(r− 1)2, whose roots are the integer
exponents {1, 1, 2, 2, 3} quoted in Sec. 3.2, and at z = 0 it is −20 r3(r − 2)(r − 1); P5 contains
the factors (z + 1)2(9z + 1)2(25z + 1)(49z + 1), with zeros at the singular points t = 1, 9, 25, 49.
The exponents quoted in Table 1 must be read o� from minimal operators, because a non-minimal
annihilator has additional local exponents, determined by its extra left factor, and these can be
fractional. We hit this failure mode ourselves: the order-six operator we �rst obtained at (1, 1, 4, 9)
was later found to be non-minimal, with true minimal order �ve and z-degree eleven as in Eq. (109).
Writing L6 for the order-six operator and L5 for the operator (109), we �nd an exact division
L6 = QL5; the non-integer indicial exponents of L6 belong to the left factor Q and do not occur in
the indicial polynomial of L5. At the second coalescence (1, 4, 4, 9) of Sec. 3.2 the minimal operator
likewise has order �ve and z-degree eleven; it annihilates the series exactly over 370 terms, and its
indicial polynomial at t = 0 is (r − 2)(r − 1)3(2r − 3).
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Four loops, (Mi) = (1, 1, 1, 1, 16), order six and d = 9, with coe�cients

P6 = 48922361856 z9 − 6370099200 z8 + 11541086208 z7 + 6748073984 z6

+ 839681280 z5 + 46303296 z4 + 1360432 z3 + 18396 z2

+ 24 z − 1 ,

P5 = 440301256704 z9 − 150759014400 z8 + 154779844608 z7 + 54403985408 z6

+ 4263832320 z5 + 147633024 z4 + 1990960 z3 − 30864 z2

− 672 z + 2 ,

P4 = 1623610884096 z9 − 765898260480 z8 + 787866845184 z7 + 175548016640 z6

+ 10208241984 z5 + 338424912 z4 + 3920536 z3 − 41892 z2

+ 180 z − 1 ,

P3 = 3137146454016 z9 − 1730118942720 z8 + 1929830989824 z7 + 297808437248 z6

+ 14887650688 z5 + 460978016 z4 + 1237040 z3 − 84368 z2

− 112 z ,

P2 = 3348124139520 z9 − 2011464990720 z8 + 2472912027648 z7 + 286440962048 z6

+ 13287063360 z5 + 379326928 z4 − 1036024 z3 − 60768 z2

− 20 z ,

P1 = 1871280340992 z9 − 1180591718400 z8 + 1599509495808 z7 + 148504248320 z6

+ 6636381440 z5 + 174709056 z4 − 1403872 z3 − 22240 z2 ,

P0 = 428070666240 z9 − 277736325120 z8 + 412251586560 z7 + 32313384960 z6

+ 1420765440 z5 + 34367040 z4 − 449760 z3 − 3360 z2 . (110)

The indicial polynomial at the coalescence point is 3057647616 (r − 2)2(r − 1)2(4r − 7)(4r − 5),
Eq. (28), and at z = 0 it is −r4(r− 1)2; P6 contains the factor (4z +1)(16z +1)(36z +1)(64z +1).
Similarly, at the generic point (1, 1, 1, 1, 9) we �nd a minimal operator with the same (order, d) =
(6, 9) and integer exponents {1, 1, 2, 2, 3, 3} at t = 0.
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Five loops, the slice (Mi) = (1, 1, 1, 1, 1, 25) of Sec. 3.3, order eight and d = 14, with coe�cients

P8 = 1262682245714411520000 z14 − 162978756058467532800 z13 − 440882373674171105280 z12

− 91347632004150591488 z11 − 866351410810454016 z10 + 630596191411503104 z9

+ 44966204165308416 z8 + 1543224351768576 z7 + 29437804680192 z6

+ 119374792704 z5 − 6752313024 z4 − 115320192 z3

− 517712 z2 + 96 z − 1 ,

P7 = 19571574808573378560000 z14 − 5692272592489021440000 z13 − 6773635709700176609280 z12

− 843341232668154003456 z11 + 55894216663924867072 z10 + 8269823864642961408 z9

+ 324698831066333184 z8 + 6907114504753152 z7 + 21842155083264 z6

− 3433981047936 z5 − 63340634304 z4 − 66715584 z3

+ 2827656 z2 − 1814 z + 3 ,

P6 = 130056271308584386560000 z14 − 52584372821543406796800 z13 − 44117712555601444208640 z12

− 2719277335419744681984 z11 + 519065099117717815296 z10 + 37448447659974033408 z9

+ 1141200321847885824 z8 + 23001165288044544 z7 − 118162367890176 z6

− 13298910687744 z5 − 96122298432 z4 + 343074720 z3

− 5189604 z2 + 696 z − 3 ,

P5 = 483607300108619612160000 z14 − 234614604919583696486400 z13 − 162793838102621989109760 z12

− 1637564566461328392192 z11 + 2024901960210866536448 z10 + 97670845227902574592 z9

+ 2867793891930961920 z8 + 43687149219165696 z7 − 1027931520749568 z6

− 35914588152192 z5 − 153208043040 z4 + 2188776 z3

+ 1593144 z2 − 508 z + 1 ,

P4 = 1099796236017252433920000 z14 − 597880784382573359923200 z13 − 372780128332139326341120 z12

+ 12373550000875184848896 z11 + 4440430219422666096640 z10 + 167295805865730760704 z9

+ 4826883535953586176 z8 + 48630323825644032 z7 − 2513508017332992 z6

− 56119985443200 z5 − 72499292832 z4 − 8864904 z3

− 1372764 z2 − 200 z ,

P3 = 1565094643563013079040000 z14 − 918151755868367172403200 z13 − 539854285730119837286400 z12

+ 37417312907971698622464 z11 + 5925846008968358559744 z10 + 193112649272054489088 z9

+ 5397641740327778304 z8 + 30393937146809856 z7 − 3745758789898752 z6

− 55660387944192 z5 − 1869180384 z4 − 269831544 z3

− 1020576 z2 − 30 z ,

P2 = 1359908778634421207040000 z14 − 841405830698604743884800 z13 − 480165486890736785817600 z12

+ 47701587605650666422272 z11 + 4806237246767640510464 z10 + 145153653565680197632 z9

+ 3821347973427574784 z8 + 5986928299818496 z7 − 3323489471618560 z6

− 33856531640960 z5 + 19896564512 z4 − 260988344 z3

− 472016 z2 ,

P1 = 659120132262922813440000 z14 − 423770665554787958784000 z13 − 238737323761662217420800 z12

+ 29675800855749950177280 z11 + 2185935854696519761920 z10 + 64027398414562181120 z9

+ 1544435398792048640 z8 − 3457628835732480 z7 − 1638655605570560 z6

− 11386785224960 z5 + 8774091840 z4 − 114424720 z3

− 126880 z2 ,

P0 = 136369682537156444160000 z14 − 90195332276447870976000 z13 − 50654873151952492953600 z12

+ 7349310535861193932800 z11 + 428240585230067957760 z10 + 12511583454886625280 z9

+ 270988445081763840 z8 − 1626133209477120 z7 − 345052030771200 z6

− 1599203573760 z5 + 918397440 z4 − 20777280 z3

− 15360 z2 . (111)
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The indicial polynomial at the coalescence point is 631341122857205760000 (r − 3)2(r − 2)3(r −
1)2(2r − 3), Table 1, and at z = 0 it is −r5(r − 1)3; P8 contains the factor (4z + 1)(16z + 1)(36z +
1)(64z + 1)(100z + 1). On the generic slice (1, 1, 1, 1, 1, 30) we �nd (order, d) = (8, 16) and integer
exponents {1, 1, 2, 2, 3, 3, 4, 4} at t = 0.

A.3 Evidence for the K3 label

At (1, 1, 1, 9) the indicial polynomial of Eq. (108) and the Frobenius branch (24), whose expansion
coe�cients lie in Q, are exact and �x the local monodromy spectrum {1, 1, 1,−1} at t = 0.
Integrating Eq. (108) numerically around t = 0, using none of the indicial data, we recover the
eigenvalue −1 to ∼ 10−12. The geometric label of Sec. 3.2, a non-semistable degeneration of the
K3 family in which the �nite part of the local monodromy has order two, rests on weaker evidence.
In the loop-by-loop Baikov representation the maximal cut is a double cover of the plane branched
along three conics (the iterated Källén factors), �bered by genus-one curves. Tate's algorithm on
the Jacobian of the �ber, with the discriminant computed from the �ber quartic, gives at (1, 1, 1, 9)
an additive �ber of Type III at t = 0 with

(
vt=0(c4), vt=0(c6), vt=0(∆)

)
= (1, 2, 3) and j = 1728. At

the generic point (1, 1, 4, 9) the same computation gives vt=0(∆) = 1 and j = ∞ (Type I1), and at
(1, 4, 4, 9) Type III again. A Picard�Lefschetz analysis of the vanishing cycles on the same model is
consistent with the spectrum {1, 1, 1,−1}.

We also tried two further computations, both inconclusive. The �rst, a computation of the
local monodromy after the base change t = τ2, gave the identity, as it does for a multiplicative
I1 �ber, whose monodromy is unipotent; this test is therefore blind to the unipotent part. The
second, a direct numerical integration of the reduced period around t = 0, gave a non-symplectic
matrix. Of the evidence above, therefore, only the period monodromy of Eq. (108), through its
exact indicial data and the numerically recovered eigenvalue, supports the statement that the �nite
part of the local monodromy at the coalescence point has order two. The Tate and Picard�Lefschetz
computations on the Baikov model are consistent with this order.

One earlier analysis of ours reached the opposite conclusion: classifying the local singularities
of the Baikov branch sextic (nodes, ordinary triple points, tacnodes), we found no tacnode at
the coalescence point of (1, 1, 1, 9) and concluded that the local monodromy there is unipotent.
However, the singularity type of the branch curve does not determine the period monodromy at
t = 0, whereas the numerical integration of Eq. (108) gives the eigenvalue −1 of that monodromy
directly. The tacnode that the earlier analysis does detect lies on the mass-equality locus (the
Shioda�Inose product K3); it is present at all t and is unrelated to the threshold coalescence.

B Further formulas for the ice-cream cone

In this appendix we collect details omitted from Sec. 6: the order-ε kernels of the top row, the
Feynman-parameter form of the boundary integral, and the construction of the boundary vector at
the generic mass point.

B.1 Order-ε kernels and cusp data

At equal mass the order-ε coe�cient f4,1 of the top master obeys Eq. (98), whose kernels A
(k)
4j are

the coe�cients of εk in row 4 of the connection matrix at d = 2− 2ε; below we write A
(εk)
4,j ≡ A

(k)
4j .

Rows 4, 5, 6 belong to the top sector, and column 2 multiplies the sunrise-subgraph master S ≡ f2,0.
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Columns 0 and 1 multiply the two x-independent masters

f0 = ε−2 Γ(1 + ε)2 , f1 = −Γ(ε) Γ(1 + ε)

∫ 1

0
(1 + a− a2)−1−ε da , (112)

where the Laurent expansion of f0 gives the bubble-sector constants of Sec. 6.5 and that of f1 the
cusp data of Sec. 6.8, namely c1,−1 = −Tri0 and the coe�cients c1,0, c1,1 of Eq. (101). The row-4
entries that enter are

A
(ε0)
4,4 =

2(−3x3 + 19x2 − 5x− 3)

(x− 1)(4x+ 1)(x2 − 10x+ 5)
, A

(ε1)
4,4 =

2(−2x3 + 8x2 + x− 2)

(x− 1)(4x+ 1)(x2 − 10x+ 5)
,

A
(ε0)
4,5 =

2(x2 − 4x+ 1)

(x− 1)(4x+ 1)(x2 − 10x+ 5)
, A

(ε1)
4,5 =

2(−9x2 − 10x+ 7)

(x− 1)(4x+ 1)(x2 − 10x+ 5)
,

A
(ε1)
4,6 =

6(3x− 2)

(x− 1)(4x+ 1)(x2 − 10x+ 5)
, A

(ε1)
4,1 =

2x

(x− 1)(x2 − 10x+ 5)
, (113)

and the order-ε0 couplings to S and f0,

A
(ε0)
4,2 =

2(10x4 − 65x3 − 131x2 + 37x+ 45)

3(x− 9)(x− 1)(2x+ 1)(4x+ 1)(x2 − 10x+ 5)
,

A
(ε0)
4,0 =

4x2(4x2 − 3x− 1)

(x− 9)(x− 1)(2x+ 1)(4x+ 1)(x2 − 10x+ 5)
. (114)

Here A
(ε0)
4,2 is the coupling cS of Eq. (81), and Lbub = x2 − 10x+ 5 divides every denominator.

B.2 Ingredients of the boundary integral

In the coordinates α1 = ut, α2 = u(1− t), α3 = 1− u (with d2α = u dudt on the unit square) the
polynomial F of Eq. (93) at w = −1 is quadratic in u,

F = s+
[
m2

2 − s− x+ (m2
1 −m2

2) t
]
u+

(
x+ t− t2

)
u2 . (115)

For Euclidean x < −1
4 the coe�cient of u2 is negative and F > 0 on the closed unit square.

Expanding Eq. (92) in ε, we obtain for the �rst two coe�cients of T (ε;x) =
∑

k ε
kf4,k(x)

T (x) =

∫ 1

0

da

a(1− a)

∫ 1

0
dt

∫ 1

0

udu

F 2
, (116)

f4,1(x) = 2(1− γE)T (x) +

∫ 1

0

da

a(1− a)

∫ 1

0
dt

∫ 1

0

udu

F 2

[
ln(1− u)− 2 lnF − ln

(
a(1− a)

)]
, (117)

with F taken at s = s(a). The u-integral is elementary (a rational function of the roots of Eq. (115)
in u plus a logarithm at order ε0 and dilogarithms at order ε), which leaves a convergent integral
over (a, t). At equal mass we substitute s = 1/(a(1− a)) on each half of the a-interval, which gives
da/(a(1 − a)) = ds/

√
s(s− 4) with s ≥ 4. Reducing the d = 2 triangle to its bubbles, we then

obtain Eq. (95) from Eq. (116).

B.3 The generic-mass boundary vector

Solving the system (77) numerically at m2 = (1, 2, 3, 5) requires at x = −1 the Laurent coe�cients
of all masters through order ε0. For the series solution of App. C.1 we take them from AMFlow;
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here we derive the same boundary vector independently, as follows. The tadpole and bubble sub-
sectors are elementary, as at equal mass, and the sunrise masters S and S14 are evaluated at the
boundary point from their own integral representations. The two sunrise sub-blocks (the sunrise-
sector masters other than S and S14) and the top sector contribute 25 further coe�cients to the
boundary vector. Seven of them, at order ε−2, are exact rationals, and eight, at order ε−1, are
elementary closed forms.

At order ε0 the coe�cients of the two sunrise sub-blocks and of the top sector are �xed at
the large-x cusp and continued numerically to x = −1. Six follow from four resonance conditions.
At a resonant cusp exponent the Frobenius recursion leaves a coe�cient of the local expansion
undetermined, and we �x it, as for τ0 in Sec. 6.7, by matching the large-x behavior of the sub-block
masters. We obtain two more by solving the cusp recursions of two top-sector components as a
coupled system. The last two, T (−1) of Eq. (97) among them, follow from the cusp conditions on
the top sector, and T (−1) is also given directly by the integral (92). No generic boundary coe�cient
is fabricated. The coe�cients so obtained agree with independent AMFlow [53] evaluations to at least
109 digits (the full length of the reference values) for twenty-three of the twenty-�ve, and to at least
89 digits for all 25 at a lower working precision.

C Numerical methods and integer-relation searches

Digit counts quoted in this paper are recorded agreements, rounded down, never working precisions,
except where a sentence labels a number as a working precision or as an internal consistency depth.
In this appendix we give the settings of the series solutions, numerical continuations and integer-
relation searches behind these counts, and the comparisons with AMFlow not listed in Table 2.

C.1 Series solutions and comparisons

We evaluate the ice-cream cone of Sec. 6 away from x = −1 by series solution of its di�erential
equation expanded in ε. With Mj(x) =

∑
K fj,K(x) εK for each master integral and A(2− 2ε, x) =∑

k≥0A
(k)(x) εk for the connection matrix, the system ∂xM = AM reads

f ′i,K(x) =
∑
j, k≥0

A
(k)
ij (x) fj,K−k(x), (118)

which we integrate from x = −1 by local Taylor series whose radius is set by the nearest singular
points of A, at x = −1/4,−1/2. At equal mass we use order 60 at a working precision of 130
digits for the 14-component state. In the generic-mass slice we use order 45 at 90 digits for the 57-
component state (19 masters × orders ε−2, ε−1, ε0). The initial data are the ε-Laurent expansions
of all masters at x = −1. We compute them by the auxiliary-mass-�ow method [53] with Kira [46]
reductions, to ∼ 120 digits at equal mass and ∼ 111 digits in the generic slice. We evaluate the
sunrise period ψ1 that enters the source term to 769 digits. For the order-ε0 comparisons at x = −2
in Table 2 whose digit counts exceed the working precisions of these series solutions, we made
separate runs of the same method at higher Taylor order and working precision. Of these runs, the
equal-mass one started from the boundary values of Sec. 6.5 instead of the AMFlow expansions.

We also compare the series solutions with AMFlow at Euclidean points beyond those of Table 2.
At equal mass and order ε0, with Taylor order 44 at working precision 130 we �nd agreement to 70,
69, 68, 68 digits at x = −3,−4,−6,−8. With order 60 and the same boundary data the agreement
is 95, 94, 93, 93 digits, while the AMFlow uncertainties there allow at least 110 digits, so the printed
�oors are truncation-limited, not reference-limited. At order ε1 we �nd agreement at equal mass to
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74, 74, 75 digits at x = −3,−5/2,−4, and a solution restarted from x = −4 reproduces the values
at x = −2,−3 to 70 digits. The weight-four cusp data of Eq. (101) di�er from the series solution
by ≤ 5× 10−51.

C.2 The threshold coe�cients

For the numerical continuations of Sec. 4.1 we expand ϖ0 at the point of maximal unipotent
monodromy, continue it to a circle around the coalescence point and apply the projector of Eq. (30).
For the four-loop coe�cients of Eq. (41) we ran two continuations that share only the operator (order
6, z-degree 9; App. A.2). The �rst works in s in multiple-precision �oating point and takes the
expansion coe�cients of ϖ0 from their closed multinomial formula (107). The second works in
z = −1/s in Arb [45] ball arithmetic at 896 bits, generates the same coe�cients from the recurrence
implied by the operator, and follows a di�erent monodromy contour. The coe�cients obtained in
the two ways agree over 301 terms.

In ball arithmetic we obtain rigorous enclosures of the four-loop coe�cients c5/4 and c7/4 to
198 and 197 digits. Their midpoints agree with Eq. (41) to 260/259 digits and are independent of
the matching radius to 260/258 digits; these are midpoint comparisons, corroborative rather than
ball-certi�ed. The �oating-point continuation reproduces both coe�cients to 72/71 digits, the limit
of its working precision. Substituting the three-loop operator, we recover the K3 coe�cient c3/2 =

−
√
3/(36π) in the same two continuations, to 223 digits in ball arithmetic (a midpoint comparison;

Table 2 lists the rigorous enclosure) and to 74 digits in �oating point. The integer relations behind
Eq. (41) come from PSLQ on logarithms over {1, log π, log 2, log 3, log 5, log 7, log Γ(14)}, with heights
4 and 15, unchanged between working precisions of 118 and 197 digits.

For the unipotent companions Ak of Eq. (46) we decomposed the continued period onto the local
Frobenius basis at two matching radii and identi�ed the coe�cients by PSLQ. A recomputation at
a third working precision with new matching radii gives coe�cients that agree between the two radii
to 77 digits (an internal consistency depth, distinct from the A1 comparison of Table 2). PSLQ
on a permuted basis padded with unrelated constants also returns the same relations, of height
≤ 24. A �rst pass at lower working precision had found the same two relations at 57 digits, but
its planned higher-precision con�rmation never ran, so we do not rely on it. Table 4 collects the
bounds behind the statements of Secs. 3.4 and 4.3 that the complete two- and three-loop master
integrals are analytic at the coalescence point and that certain logarithmic coe�cients of ϖ0 vanish.

We also tested whether the threshold coe�cients can be extracted without integrating through
the coalescence point, by �tting ϖ0 at regular points to the values of the holomorphic SymL−1-of-
sunrise solutions and reading o� the fractional coe�cient by PSLQ. Such a �t does not determine
this coe�cient to ≥ 30 digits at any of the four computed loop orders. Indeed, its agreement withϖ0

grows with basis size at the rate of Taylor interpolation (at four loops, from 8 → 37 digits over basis
sizes 4 → 16, against 8 → 29 digits for bare monomials), and PSLQ returns only point-dependent
relations with target coe�cient zero. The obstruction is monotone up the four computed rungs,
and we therefore integrate through the coalescence point in every case.

At three loops we also attempted a resurgence analysis in the spirit of ref. [56]. The holomorphic
period there is Gevrey-0, a convergent series with geometric coe�cient growth ∼ 36n, and hence
there is no divergent series to which a Borel�Padé analysis could be applied. Moreover, a numerical
continuation from the point of maximal unipotent monodromy to the coalescence point crosses three
singular �bers (t = 4, 16, 36). No K3 boundary PSLQ match at ≥ 30 digits was obtained by that
route.
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object data and method quantity bound

Complete two- and three-loop master integrals near the coalescence point, from fits to AMFlow values

(1, 1, 4) sunrise, master
integral I[1, 1, 1]
(coefficient M (0) of
Eq. (29))

ten points t ∈ [−0.3,−10−5] at
∼50 digits and an anchor at
t = −1 at 110 digits;
integer-power basis

prediction residual
across increasing
truncation orders

1.9× 10−6 →
1.1× 10−13

same same fitted t1/4 coefficient ∼ 3× 10−23 (bounded
< 1.8× 10−12)

same same fitted t log t
coefficient

∼ 10−12

same, orders ε0 and ε1 fractional basis against
integer-power basis

prediction residual 6.7× 10−3 and
1.0× 10−2 against
2.8× 10−8 and
2.3× 10−8; a
logarithmic basis sits
between the two

(1, 1, 1, 9) banana,
master integral
I[1, 1, 1, 1]

nine points; integer-power basis
against logarithmic basis

prediction residual 3× 10−23 against
2× 10−7

same same, at the best-determined
order in ε

coefficient b3/2 of
t3/2

|b3/2| ≤ 6.6× 10−30

Complete four-loop master at d = 2, from the threshold expansion of ref. [64] (logarithmic terms only)

(1, 1, 1, 1, 16) banana,
master integral at d = 2

threshold expansion [64] logarithmic tower absent at the 10−23

floor

Maximal-cut periods at the coalescence point, from numerical continuation of the Picard–Fuchs operator

(1, 1, 1, 9), ϖ0 ball arithmetic A2 of Eq. (46) below 10−156

(1, 1, 1, 1, 16), ϖ0 linear decomposition onto the
six local solutions, a hundred
working digits

the two logarithmic
coefficients

below 10−98

same same, 1400 bits, two paths and
two matching radii

same below 10−414

same ball arithmetic same below 10−89 (rigorous)

Table 4: Numerical bounds behind the statements that a fractional or logarithmic term is absent.
Upper block: the complete two- and three-loop master integrals are regular at the coalescence point
t = 0 while the cut periods carry the fractional exponents (Sec. 3.4). Auxiliary-mass-�ow values
at Euclidean points approaching t = 0 are �tted on the outer points in the stated local basis and
the �t is compared with the points nearest t = 0; an integer-power (analytic) basis is preferred
over fractional and logarithmic ones by the margins shown, and the �tted non-analytic coe�cients
are bounded as listed. Middle block: the four-loop row records only that the logarithmic tower is
absent from the threshold expansion of ref. [64]; whether that master is analytic at t = 0 is untested
(Sec. 3.4). Lower block: the coe�cients of the logarithmic local solutions in the threshold expansion
of the holomorphic period vanish to the depth shown (Sec. 4.3). `Ball arithmetic' marks rigorous
enclosures; the other entries hold at the stated working precision. Mass labels (M1, . . . ,ML+1) are
squared masses.
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p 2 5 7 11 13 17 19 23 29 31 37 41 43 47 53(−15
p

)
+1 0 −1 −1 −1 +1 +1 +1 −1 +1 −1 −1 −1 +1 +1

ap(f3) 1 5 0 0 0 −14 −22 34 0 2 0 0 0 −14 −86

p 59 61 67 71 73 79 83 89 97 101 103 107 109 113 127(−15
p

)
−1 +1 −1 −1 −1 +1 +1 −1 −1 −1 −1 +1 +1 +1 −1

ap(f3) 0 −118 0 0 0 98 154 0 0 0 0 106 −22 −206 0

p 131 137 139 149 151 157 163 167 173 179 181 191 193 197 199(−15
p

)
−1 +1 +1 −1 +1 −1 −1 +1 +1 −1 +1 −1 −1 +1 +1

ap(f3) 0 226 −262 0 −238 0 0 −254 154 0 122 0 0 −374 −142

Table 5: Fourier coe�cients ap of the weight-three newform f3 = 15.3.b.a at the primes p ≤ 199
other than p = 3, with the Kronecker symbol

(−15
p

)
. The coe�cient vanishes exactly at the 23

primes inert in Q(
√
−15), the CM law of Eq. (55); p = 5 is rami�ed. The toric point count of

Eq. (119) gives the same ap at each of the 44 primes 5 ≤ p ≤ 199.

C.3 Integer-relation searches and point counts

All integer relations quoted in this paper were found with PSLQ and are unchanged between two
working precisions. Each search was run together with a control search that recovers a known
relation of the same kind at the same settings. We used 120 digits with coe�cient bound 109 for the
weight-three ring of Sec. 6.5, 108 for the classical ring searched with the ratio T (−1)/ψ1(−1), and
110 digits with 106 for the weight-four ring of Sec. 6.8. The boundary constants of Sec. 6 are thus
PSLQ-negative against every named ring searched, at stated height with passing controls. For the
sub-sector constants of the cone, by contrast, PSLQ �nds relations: at 130 digits it returns [1, 2, 0]
on [bubble−1, γE , 1], [−6, 12, 1, 0] on [bubble0, γ2E , π

2, 1], and the integer triple (1,−2, 1) for the ε−2

coe�cient of the tadpole.
Finally, we tested the CM pattern of Eq. (55) by a point count that does not use the q-expansion

of f3. The toric model of the equal-mass three-loop banana degenerates at the on-shell value of the
modulus. We therefore count the Fp-points C(p) of a nearby non-degenerate �ber and �nd

C(p) = p2 + 11− 8p [ p ≡ 2 mod 3 ] + ap(f3), (119)

with [ · ] the indicator of the condition. The count obeys Eq. (119) with ap the newform coe�cient
at every one of the 44 primes 5 ≤ p ≤ 199 counted, and ap vanishes at exactly the 23 inert primes
among them (Table 5). It is a consistency cross-check, not a held-out arithmetic test of the on-shell
motive: the count reproduces the CM pattern on a neighboring �ber, and Proposition 5.1 does not
use it.
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